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MULTISTEP DISCRETIZATION OF INDEX 3 DAES*!

Yang Cao Qing-yang Li
(Department of Mathematics, Tsinghua University, Beijing 100084, China)

Abstract

In the past Index-3 DAEs were solved by BDF methods as multistep methods
or implicit Runge-Kutta methods as one-step methods. But if the equations are
nonstiff, not only BDF but other multistep methods may be applied. This paper
considers four different types of multistep discretization of index 3 DAEs in hes-
senberg form. The convergence of these methods is proven under the condition
that the multistep formula is striculy infinite stable. numerical tests also confirm
the results.
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1. Introduction

In this paper, we will consider the multistep discrezations of the differential-algebraic
equations (DAEs) in Hessenberg form

y' = F(y,z), (1.1a)
2 = K(y,zu), (1.1b)
0=G(y), (1.1c)

where F € RVtM RN K ¢ RNTM+L 5, RM G ¢ RV — RL, the initial value
(yo, 20, wo) at o are assumed to be consistent, i.e., they satisfy

0= G(yo), (1.2a)
0= (GyF)(yo,Zo), (12b)
0 = (Gyy (F, F) + Gy FyF + G, K) (yo, 70, un)- (1.2¢)

We supposes, F,G and K are sufficiently differentiable, and that
Gy FKu) (y, z,0)]7H < C. (1.3)

in a neighbourhood of the solution. Such problems often appear in the simulation of
mechanical systems with constraints and the singularly perturbed problems (see [2,
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5, 7]). BDF-methods were the first formula for solving DAEs. Convergence of BDF-
methods for (1.1) was given in [3]. During the same period, the implicit Runge-Kutta
(IRK) methods for solving index 3 DAEs were also considered. In [5] convergence
results of IRK-methods were given, which have been sharpened by L. Jay in [8, 9].
These methods are directly derived from those methods for solving stiff ODEs. But
if the equations are nonstiff, much more methods can be applied. For example, the
Adams_methods, Simposon formula, etc. Then a natural question is: do these formula
converge? So we need to consider the general multistep discretizations of DAEs of index
3. In [1], the multistep discretization for DAEs of index one and two were discussed.
Since the numerical solution of index 3 DAEs is such more complicate than that of
index 2 DAEs, different discretization may be applied to different part of the equations
(1.1). There are two different types of discretization: implicit formula and explicit
formula, which can be applied to (1.1a) and (1.1b) independently. So we distinguish
four types of discretizations as following;:
Type I: Implicit-Implicit type

k—1 k

Ynik = D CYnti + 1D BiF (Ynti Znti), (1.4a)
i=0 =0
k-1 k

Ik = Y Giznti +h Y 0K (Yntis Zntis Unti), (1.4b)
i=0 i=0

0 = G(yn+k), (1.4c)

where Y1k, Zntk, Un+k are unknown.
Type II: Implicit-Explicit type

k-1 k
Yntk = O QYnti+ B Y BiF (Yntis Znri), (1.5a)
i=0 i=0
k-1 k-1
Zn+k = Z A h Z biK(yn+i7 Zn4is un+i)7 (15b)
i=0 i=0
0 =G(Yn+r), (1.5¢)

where Y1k, Zntk, Un+k—1 are unknown.
Type III: Explicit-Implicit type

k1 k-1
Ynthtl = D Olntitl + 1 Y BiF (Yntitt, Znvis1), (1.6a)
i=0 i=0
k-1 k
Znk = D GiZngi + B Y 0K (Yntis Zntis Uni)s (1.6b)
i=0 i=0
0 =GYntk), (1.6¢)

where ypk+1, Zn+k, Un+k are unknown.
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Type IV: Explicit-Explicit type

k1 k1
Yniht1 = Y ilntitt +h D BiF (Yntitts Zntit), (1.7a)
i=0 i=0
k1 k1
Zn+k = Z QiZn+i + h Z biK(yn+i7 Zn+is un+i)7 (17b)
i=0 i=0
0 =GYntk), (1.7¢)

where Y k11, Zntk, Untk—1 are unknown.

The BDF methods in [3] belong to the type I, and the half-explicit methods (see
[7]) belong to the type IV. The following figures can illustrate the difference between
these four types of discretizations.
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Figure (a) shows the process of solving (1.1) by the type I discretization (1.4). In
each step we get Ypik, Zntk, Untr from the former values. Figure (b)—(d) show the
process by type II-IV respectively.

In the following paragraphs, §2 gives the existence, uniqueness and the influence of
perturbations. §3 proves the convergence. Because the proof for each type is similar,
we focus on the proof to type I. These results are confirmed in §4 by some numerical
tests.

2. Existence, Uniqueness and Influence of Perturbations

This section is devoted to analyseing the solution of the nonlinear equations (1.4).
the analysis to other types are similar. [5, p75] gives an example to which the implicit
Euler formula, which fall into the type I, has no solution. So some limits must be added
to the equations. Here we assume that K (y,z,u) depends linearly on u. The impor-
tant class of Euler-Lagrange equations describing a constrained mechanical system just
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satisfies this requirement. Moreover, numerical tests show that even if K is nonlinear
on u, the solution may still exist, so long as (1.3) is satisfied.

Theorem 2.1. Suppose that for a solution y(z), z(z), u(z) of (1.1) the starting
values (y;, zj, uj) satisfy for j =0,---,k =1 and x; = xo + jh:

yj —yl(z;) = O(h), Gly;) = O(h?),
zj — z(zj) = O(h), (Gy, F)(y;,2;) = O(h), (2.1)

and (1.3) holds in a neighbourhood of this solution, K depends linearly on u and if G,
b # 0, then the nonlinear system (1.4) has a solution for h < hgy. This solution is
locally unique and satisfies

Ye — y(zk) = O(h), 2p — 2z(zk) = O(h), up —u(zg) = O(1). (2.2)

Proof. Homotopy technique is used in our proof just like that in [5], Theorem 6.1.
We first reformulate (1.4) as following:

Yk =1+ hBeF Yk, 2k), (2.3a)

2k = & + hbp K (Yk, 2k, uk), (2.3b)

0= G(yx)- (2.3¢)
k-1 k—1

where n = Z(aiyi—l—hﬂiF(yi, zj)) and € = Z(aizi +hb; K (y;, zi,u;)) have been known.
=0 i=0

Select v close to u(zy,) such that (Gyy (F, F) + Gy FyF +GyF.k) (n,&,v) = 0. From the
initial conditons (2.1), it is easy to verify that:

n—yler) = O0(h), €= z(z) =0(h), Gn)=0(h*), (GyF)(n,€)=0(h). (24)

Consider the homotopy

y(r) = n+hBrF(y(r),z(r)) = (1 = ) (hBe F (1,£)), (2.5a)
2(r) = &+ hop K (y(r), 2(r), u(r)) = (1 = r)(hbe K (1€, v)), (2.5b)
0=G(y(r) — (1 —r)G(n), (2.5¢)

Obviously, when r = 0, (n,&,v) is the solution, and when r = 1, the solution (if it
exist) is just yg, 2k, ug. Differentiate (2.5) with respect to r, we get

Y = hBeFyy + hBpF.z + hBF(n, §), (2.62)
& = hbp Ky i) + hbpK .3 + hbp Ky + hbp K (1, €, 1)), (2.6b)
0= Gyy+G(n), (2.6¢)

Inserting (2.6a) into (2.6¢) and substituting (2.6a) and (2.6b) into the resulting equa-
tion, we get

0 =(BkGyFy + bkGyF. Ky + (BrGyFyF: + byGyF. K. )z + bpGy F. K i
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1 1
+ BuGy Fy F(1,€) + by Gy FK (0, €, v) + -Gy F (1, €) + hQ—ﬁkG(n)-
With (2.6a) and (2.6b), we have
Y hB F(n,§)
U w
where
I — hpLF, —hp,F, 0
M = ( —hbp K, I —hbK, —hb. K, )
BrGyF; + b Gy F.Ky [rGyF F, + G F. K, biGyF.K,
and 1 1
M has a bounded inverse
O(1) O(h) O(r?)
M~ = (O(h) 0(1) O(h) ) (2.8)
O(1) o) 0(Q)

provided that (1.3) holds at (y(r), z(r),u(r)). Since bi, B # 0 and K is linear on u, this
condition need only that (y(r),z(r)) lie in a neighbourhood V' of (y(zj), z(zx)). But
n,& do, so we have y(r) —y(zg) = O(h), z(r) — z(z) = O(h) for r < 1 and sufficiently
small h. When r = 1, this give the existence of the solution (y, 2k, yx) and (2.2).
Uniqueness can be gotten from the following result about perturbations. O
Theorem 2.2. Let (yg,zr,ug) be given by (2.3) and consider perturbed values

(UK, 2k, k) satisfying

Uk = 0 + hBeF (Jk, 2k) + ho, (2.9a)

26 = & + hbpK (i, 2, Q) + h, (2.9b)

0 = G(gx) + p. (2.9¢)
Suppose that

Then for h < hy we have the estimate:

19k = il <C(||77 0l + Rl = €I+ hllsl + R0 + llpll)
12k — zell < (IIG ()@ = )|l + kg = nll + RE €]

+ RIOI -+ R210] + ) (2.11)
1 — ukll <75 (IIG ()@ = )l + k= nll + RIGy () Fx (0, €) (€ = )]
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+ W€ =€)+ hllol| + R0 + llpll)

Proof. Consider the homotopy

y(r) =n+hBF(y(r),z(r)) + (1 = r)(H — n + hd), (2.12a)
2(r) = &+ hbp K (y(r), 2(r), u(r)) + (1 — 7) (€ — &€ + hO), (2.12b)
0==G(y(r) + (1 —r)u, (2.12¢)

then as in the proof in Theorem 2.1, we obtain the differential equations

] —(f) —n =+ hd)
M(z'):(—(f—wahH)), (2.13)
U v
where
v = #(Gy(ﬁ —n+hé) +u) + %(GyFy(ﬁ —n+ hd) + Gsz(éC — &+ ho))

From (2.8), we get the desired estimate by integration. O
For the multistep methods, the following corollary is more useful.
Corollary 2.1. Let (yg, 2k, ux) be given by

k-1 k
v =D cuyi+h Y BF (i z), (2.14a)
1=0 i=0
k—1 k
i=0 i=0
0= G(yk), (2.14c)

and perturbed values (Jx, 2, G) satisfy

k—1 k

e = Y cufii +h > BF (i, 2) + ho, (2.15a)
i=0 i=0
k-1 k

B =) aizi+ by biK(§i, i, ) + o), (2.15b)
i=0 i=0

0= G(Jk) + 1, (2.15¢)

Suppose for 5 =0,---,k—1
yj — Y= O(h2)7 2]' —Z = O(h)a 0= O(h)a 0= 0(1)7 n= O(h3)
The for h < hy we have the estimates

19k — yill SC(I¥o — Yoll + Al Zo — Zol + hllo[| + B> 61| + I|ll)

L= A A A
2k = 2ell <7 (| 3 Gl @5 = )| + RlIYo = Yoll + hll Zo - Zo|
=0
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+ h|l8]l + K201 + 1l (2.16)

A C /= . ) )
e = well <35 (| 22 Golww) (@5 = u)| + #21¥0 = Yol + Bl Zo — Zol
=0

k—2
) 3 Goyr) Fen 1) 25 — )| + Bl -+ 211011 + )
=0

where Yo=Yy = (§k-1— k-1, 9o —0)", [[Yo—Y0)|| = o nax 19—yl and likewise

for the z-component.

3. Local and Global Convergence

When initial values y; = y(z;), zj = 2(z;), uj = u(zj) (j =0,---,k — 1), applying
the multistep formula once, the difference yr — y(zx), 2z — 2(xk), ur — u(zy) are called
the local errors of the method.

In the following paragraph, denote

k—1 k k—1 k
pr(&) =€ =S ', o1 => B, p(&) =" =D al, o= b
i=0 i=0 i=0 i=0

If the multistep discretizaiton (p1,01) has order p, (p2,02) has order g for ODEs,
set 9; = y(x;), 2j = z(xj), 4; = u(z;), d = O(hP), § = O(h?), n = 0 in Corollary 2.1.
We get immediately.

Lemma 3.1. If the multistep discretization («, 3) has order p, (a,b) has order q,
the local errors satisfy

yr — y(ax) = O(WPH + hIT2), 2 — 2(xp) = O(KP + h41),
up — u(zy) = O(hp — 1 + h9). (3.1)

Theorem 3.1. If the multistep discretization (p1,01) has order p, (p2,02) has
order q, and both these discretizations are stable and strictly stable ot infinity, which
implies that the zeros of 01,09 lie inside the unit disc ||€|| < 1, then for z, = nh <
Const the global errors satisfy

Yn — y(zn) = O(R? + hY), z, — z(z,) = O(KP + h9),
Uy — u(x,) = O(RP~! 4 hY), (3.2)

whenever the initial values satisfy ( for j =0,---,k — 1)

yj = y(z;) = O+ b1, 25 — 2(z)) = OF T AT,
uj —u(x;) = O(RP~ + h9).
Proof. This proof is inspired by Lady Windermere’s Fan (see [5, Figure 4.1, p.36]).

We need just give thenpropagation of the errors, and use the standard technique in [5].
As in [5], let

S = Ku(GyF.K.) 'Gy, Qy=F.S, Py=1-Qy, Q. =SF,, P,=1-Q.
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and for any 1 <4 <mn,

AYn = (Ayn+k717 U 7Ayn)T7 AZn = (Azn+k717 o 7Azn)T7

AYnl (Py,n—l—k—lAyn—l—k—lu Tt 7Py,nAyn)T7 AYT? = (Qy,n-l—k—lAyn-i-k—lu Tt 7Qy,nAyn)T7
AZ%, (Pz,n-l—k—lAZn—l—k—la T 7Pz,nAZn)T7 AZ% = (Qz,n-l—k—lAZn-i-k—la M) Qz,nAZn)Tu
AUn = (Aun+k,1, e 7Aun)T'

Consider two neighbouring multistep solutions 4y, 2y, 4y, and Gy, Zy, Uy, from (1.4), we
have

Ayn-i—k = kz: aiAyn+i +h i@ Bze (gnJri; 2n+i)Azn+i
i= -
+ O(R|AY,[| + A2 A Z, ), (3.3a)
Azpyr = E Q;Azpyi+h Zk: bi Ky (Gn-+i> Zntiy nti) Ap g
i=0 i=0
+ O(B||AY, || + B AZy|| + h2(|AUL|)), (3.3b)
0 = Gy(In+k) AYntr + O(R[|AY,]]), (3.3¢)

where Ay ik = Gnik — Untks DZnik = Zntk — Znik, DUpyk = Upyk — Upyg. From
(3.3b),

k

k—1
h Z bi Aty :(GszKu)ileFz (Azn+k - Z aiAzn-i-i)
i=0 i=0

+ O(h|AY, || + hllAZy || + B | AU )
and so
k—1
PAzpip = ailMznyi + O(h||AY,|| + h|AZy|| + K2 |AUL ) (3.4)
i=0
Inserting (3.3a) into (3.3c) and Substituting (3.3b) into the result formula lead to

k-1
B2 Brbe At = — > (W BpbiAtin i + (GyF.Ky) ' Gy(hBraiF. Az g
i=0

+ hBiF Azpyi + @i Ayn))
+ O(h||AY, || + h2||AZ, + B3| AU,||). (3.5)

And then
k-1

hBr Az = Y (hBraiP Az i — hBiQ: 0% i — i SQyAyn i)

i=0
+ O(B||AY, || + K2 AZy || + B | AU, ), (3.6)
k-1

Aypik = Y (i PyAynii + h(Brai + Bi) Fo P Az i
i=0
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+ O(B|| A, + R AZy || + B* | AU, ). (3.7)

Multiplying it by Py (Jn+k, Zntks Untk)s Qu(Tntks Znks Untk)s Qz(Intks Zntks Unvk)
respectly, we get

PyAyp ik = lg(aiPyAynH + h(Brai + Bi) F P, Az )
i=0
+ O(h||AY, || 4+ h2|AZ, || + 3| AU, || (3.8a)
QyAynik =O(h||AY, || + B2 AZ,|| + h* | AU, (3.8b)
hBk Q. Azyy) = — kz_:l(hﬁinAZnﬂ' — @;SQyAYn4;)
i—0
+ O(B||AY, || + B2||AZ, || + BP[|AUL|), ) (3.8¢)

In the upper equations, Py, Qy, P,, Q. are at (Jntk, Zn+k, Untk). But because of
smoothness, Py (Un+k) — Py(9n;) = O(h) for 0 < i < k — 1, and likewise for Q,, P;, Q..
Denote

Qg-1 -+ Qa1 Qo Qg—1 -+ Q1 Qg
1 0 0 1 0 0
A = - : | A= - : N
1 0 1 0
0 0 0
1 0 0
N = N
1 0
and
By - B B T
1 0 0 1 0 0
B = : : ) By = )
1 0 1 0
, B, b
where 3, = —, b, = —. Then from (3.5), (3.8) and (3.4), we have
LB b
AY,l =(A; @ I)AY, + O(1)hAZ,
+O(hl|AY, || + B2 | AZy || + 1P (| AUL), (3.9a)
AY? ) =(N @ DAY, + O(h||AY,|| + B2|AZ, || + h* | AUL), (3.9b)

hAZyy =(A2 @ DAAZ, + O(WP|AY, | + R AZy|| + h* | AU,
(3.9¢)

hAZZ, =(B1 ® )hAZL + O(1)AY;
+O(h|AY,]| + h*|AZ, || + B2 || AU, (3.9d)
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W2 AU, 11 =(By ® I)h2AU, + O(1)AY,;? + O(1)hAZ2
+O(h|AY .| + W[ AZ, || + B2 || AU, (3.9¢)

According to [6, Lemma I11.4.4, p.343], we choose norms such that ||A; ® I]|4, < 1,
|A2 ® Il|a, < 1. And because 9p1,01), (p2,02) are both strictly stable, we can also
choose norms such that [|B1 ® I||p, < k1 <1, ||B2 ® ||, < ke < 1. The norm || - ||x
is also chosen to satisfy |V ® I||xy < ¢ < 1. Then

h|AZp i1l 4, L+0(h)  O(h?) O(h) O(h) O(h)
[N o@1) 1+0(h)  O(h) O(h) O(h)
IAY v | =] O(h) O(h)  o+0(h)  O(h) O(h)
h|AZE 1B, O(h) O(h) O1) k1 +0()  Oh)
h? | AUp+1]| B, O(h) O(h) o(1) O(1) K2+ 0O(h)
hI|AZy 414
IAY |4,
IAY v |- (3.10)
hl|AZ| B,
W || AU ||,
Denote the iterative matrix by W. Then W is power-bounded by
O(1) O(h) O(h) O(h) O(h)
O(n) O(1) 0O(1) 0O(1) 0(1)
W"=10(1) O(h) O(1) O(h) O(h) |, (3.11)
O(1) O(h) 0O(@1) O(1) O(h)
o) O(h) 0(@1) o) o)

and now if nh < Const, from the initial conditions, we get

1Ayl = O™+ BT, |Gy (Gns1) Aynsjll = O(RPT + RTHY,
1Azl = O(WP* + hT*E), |Gy F (ks Znk) Azl = O(RP + hf)

Summing up the propagated errors as in [7, p.496], we get

n—k+1

lyn = y(@a)ll < > llyn =y 'l = O(BP + A7)
=0
n—k+1

lzn — 2(zn) | < D |lzh — 25| = OB + hY)
=0

And applying Corollary 2.1 with §; = y(z;), 2 = z(x;), 4; = u(z;), § = O(hP),
6 = O(h?) and p = 0 yields

i = e <5 3G () s — )

7=1
+ hGy P (y(wn), 2(20))(zn—j — 2(2a—7)) + O(APH) + O(T2))
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=O(hP~! + h7)

Remark 3.1. The oo-stable requirement enable the application of Adams-Bashforth
methods and BDF methods. But unfortunately, all Adams-Moulton methods except
the trapeziodal rule are excluded.

Remark 3.2. The estimation of W in (3.11) is different from that in [5]. In fact,
there is an error in [5, Lemma 6.5, p.82], where

_/140(h) O
V‘( O(h) 1+0(h)>

was considered be power-bounded by

(G )

It can be proved wrong. Another estimation like (3.4) must be added so that O(h?)
appears in

C/1y0(m) O)
V‘( O(h?) 1+0(h)>'

Then the desired power-bound can be derived.

4. Numerical Tests

Numerical tests are carried out with the following two index-3 problems:
Problem 4.1.

Yi = 2y1ypz120,  Yh = —Y1Yo2s,
21 = (y1y2 + z122)u, 25 = —yly%zgu, (4.1)

0 :yly% - 1.

where K is linear in u. For the consistent initial values yo = (1,1)T, 2 = (1,1)7 and
up = 1 the exact solution is

y1(x) = 21(x) = €%, yo(x) = 20(x) = 7%, u(z) = e®. (4.2)

Problem 4.2.

Yi = 2y1ypz120,  Yh = —Y1Y22s,
21 = (y1yo + z122)u, 2 = —yly%zg’uz, (4.3)

0 :yly% - 1.

wher K is nonlinear in u. The solution is the same as in Problem 4.1.
Different formula-pairs are used to discrete the above two problems. We integrate

h
—, -+, then the

the equations with stepsize h = 0.1 initially. And change it to 2



336 Y. CAO AND Q.Y. LI

log ||lerror||

logh
are listed in Table 1, which confirm our convergence results in §3. To our surprise, the

corresponding convergence order can be approximated by . these results

convergence order of u is not (p — 1,¢) as in Theorem 3.1 but (p,q). This difference
implies that there should be deeper estimation for the convergence order of u. To
Problem 4.2, the convergence order remains the same as that to Problem 4.1. But
it is still an open question that what conditions should be added so that when K is
nonlinear in u, the existence of a solution can be assured.

Table 1 Convergence order for different formula-pairs

Type Methods Problem 4.1 | Problem 4.2

Yy oz U Yy oz U

I BDF-3/BDF-3 | 3 3 3 3 3 3

I ADM-3/ADM-3 | * = * ok *
II BDF-4/ADB-2 | 2 2 2 2 2 2
I ADM-3/ADB-3 | * = * ok *
11 ADB-2/BDF-4 | 2 2 2 2 2 2
v ADB-3/ADB-3 | 3 3 3 3 3 3

“x”: divergence, “BDF-£”: k-step BDF method,
“ADB-k”: k-step A dams-Bashforth method,
“ADM-k”: k-step A dams-Moulton method.
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