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LAYER STRIPPING METHOD FOR POTENTIAL INVERSION�1)Xue-li Dou(Beijing Resear
h Institute for Remote Sensing Information, Beijing 100011, China)Guan-quan Zhang(State Key Laboratory of S
ienti�
 and Engineering Computing, ICMSEC,Chinese A
ademy of S
ien
es, Beijing 100080, China)Abstra
tTo solve the potential inversion problem of the 
oupled system for one-way waveequations, the absorbing boundary 
onditions in the lateral dire
tion are derived.The di�eren
e s
hemes are 
onstru
ted and a layer stripping method is proposed.Some numeri
al experiments are presented.Key words: 2-D potential inversion, Layer stripping method, Absorbing boundary
ondition 1. Introdu
tionThe potential inversion problem of the following Plasma wave equation is dis
ussedin this paper:h �2�t2 � �2�x2 � �2�z2 + v(x; z)ip(x; z; t) = 0; x 2 R; z > 0; t > 0; (1.1)p(x; z; 0) = �p�t (x; z; 0) = 0; (1.2)p(x; 0; t) = Æ(t); (1.3)��z p(x; 0; t) = h(x; t): (1.4)That is, giving an impulse at the surfa
e z = 0, to determine the wave�eld p andpotential v from the impulse response h.There are three kinds of inverse problems of this Plasma wave equation:(1) To determine the di�erential equation from its spe
tral fun
tion[1℄;(2) To determine the potential from the wave fun
tion form at large distan
e. It isthe so-
alled inverse s
attering problem[2;3℄;(3) To determine the potential from the response on the boundary to a unit impulseat some referen
e time t = 0[4;5℄.Our problem belongs to the third kind.� Re
eived Mar
h 25, 1996.1)This work was supported by China State Major Key Proge
t for Basi
 Resear
h.



26 X.L. DOU AND G.Q. ZHANGIn the one dimensional 
ase, there are 
omprehensive results for this problem. Butfor the multi-dimensional 
ase, there is not any satisfa
tory result, whether theoreti
alor numeri
al. Be
ause in this 
ase the problem is non-linear and ill-possed.We have done some theoreti
al analysis about this potential inversion problem andsplit the original full-way wave equation into the system of one-way wave equations byusing the wave splitting method based on the theory of pseudo-di�erential operator[6℄.In order to make the problem 
losed, we also transformed the impulse 
ondition (1.3)into the 
onditions on the 
hara
teristi
 surfa
e by singularity analysis. We also provedthe stability of the dire
t problem for the system of equations, treated as Cau
hyproblems in the dire
tion of depth.As the results of wave splitting and singularity analysis the potential inversionproblem of the one-way wave equations is [6℄:� ��t � ��z�U1 � �2�t2 h nXm=1 amqU(sm)i+ vp2 = 0; (1.5)� ��t + ��z�D1 � �2�t2 h nXm=1 amqD(sm)i+ vp2 = 0; (1.6)�p�z = U1 �D1; (1.7)U1 = �U�t ; (1.8)D1 = �D�t ; (1.9)� �2�t2 � s2m �2�x2�qU (sm; x; z; t) = �2�x2U(x; z; t); (1.10)� �2�t2 � s2m �2�x2�qD(sm; x; z; t) = �2�x2D(x; z; t): (1.11)The initial 
onditions on the surfa
e z = 0 areU1(x; 0; t) = �D1(x; 0; t) = 12h(x; t); (1.12)p(x; 0; t) = 0: (1.13)The 
onditions for suÆ
ient large value T are:U(x; z; T ) = U1(x; z; T ) = qU(x; z; T ) = �qU�t (x; z; T ) = 0: (1.14)As the results of singularity analysis we get the 
onditions on the 
hara
teristi
 surfa
et = z + 0 D(x; z; t = z + 0) = � Z z0 v(x; y)2 dy = g(x; z); (1.15)D1(x; z; t = z + 0) = 12 Z z0 h �2�x2 � v(x; y)ig(x; y)dy � 12h(x; 0); (1.16)qD(x; z; t = z + 0) = �qD�t (x; z; t = z + 0) = 0; (1.17)



Layer Stripping Method for Potential Inversion 27v(x; z) = �4U1(x; z; t = z + 0): (1.18)where am = 1n+ 1 sin2 � m�n+ 1�; sm = 
os � m�n+ 1�: (1.19)If taking di�erent values of n, we 
an get di�erent orders of approximate one-waywave equations. For example, if taking n = 1 we get the so-
alled 15Æ approximateequations. And if taking n = 2 we get the so-
alled 45Æ approximate equations.It is important to point out that the order of all above equations is no more thantwo for all values of n. So it is very simple to dis
rete the equations and to do sometheoreti
al analysis for the 
orresponding di�eren
e equations. On the other hand, theforms of all equations are the same for all values of n, so it is possible for us to handlethem in a uniform manner. All of these features are valuable for pra
ti
al 
omputations.In this paper we 
onstru
t the absorbing boundary 
onditions and presented a layerstripping numeri
al method to solve the potential inversion problem. Some numeri
alexperiments performed by this method are illustrated.2. Absorbing Boundary ConditionsOne of the persistent problems in the numeri
al simulation of wave phenomena isthe arti�
ial re
e
tions that are introdu
ed by the boundaries of the 
omputationaldomain. This problem is 
ommon to all 
al
ulations where arti�
ial boundaries areintrodu
ed to limit the 
omputational size. To remove spurious re
e
tions in a dire
tand eÆ
ient manner, one would like to spe
ify boundary 
onditions whi
h absorb energyin
ident on the boundaries. A

ording to the above request, we 
onstru
t the so-
alledabsorbing boundary 
onditions.The 
onstru
tion of the absorbing boundary 
onditions should obey the followingrule: On the left boundary there is no re
e
tion for the left-going wave, therefore theright-going wave is zero. And it is the same on the right boundary. But this rule isdiÆ
ult to be satis�ed stri
tly, we should only obey it as well as possible.Now we introdu
e the 
onstru
tion of absorbing boundary 
onditions for the inverseproblem.The original full-way wave equation is:� �2�t2 � �2�x2 � �2�z2�p+ vp = 0:If we delete the term of vp whi
h is negligible near the boundaries of 
omputationaldomain, the dispersion relation is: !2 � k2x � k2z = 0, that is kz = �!r1� �kx! �2.It represents the up
oming wave if taking the sign as \+". And it represents thedowngoing wave if taking the sign as \�".Firstly we 
onsider the up
oming wave. The up
oming wave will be full transparentwithout re
e
tion if the following dispersion relation for the up
oming wave is satis�edon the boundaries: kz = !s1� �kx! �2:



28 X.L. DOU AND G.Q. ZHANGBut there is a term of k2x 
orresponding to the two-order di�erential of x in this equation,the dis
retization of whi
h on the boundaries will use not only the wave�eld inside theboundaries but also the wave�eld outside the boundaries. It is impossible in pra
ti
al
omputation. So we had only to get the boundary 
onditions approximately, that is, weshould express the square-root under the request that there are only one-order termsof kx=!. To do this we use the Pade weighted approximation[8℄, that is, we use thefollowing rational fra
tion P (x)Q(x) = a0 + a1xb0 + b1xto approximate the square-root p1� x2, where ai; bi are 
onstant values. Now thedispersion of the up
oming wave 
an be written as:kz � !a0 + a1���kx! ���b0 + b1���kx! ��� = !a0 � a1 kx!b0 � b1 kx!If kx! > 0, the sign is taken as \+", it represents the left-going wave;If kx! < 0, the sign is taken as \�", it represents the right-going wave.If we write the above relation into di�erential equations, we get the absorbingboundary 
onditions for the up
oming wave:a0�2U�t2 + a1 �2U�t�x � b0 �2U�t�z � b1 �2U�x�z = 0; x = xmin; (2.1)a0�2U�t2 � a1 �2U�t�x � b0 �2U�t�z + b1 �2U�x�z = 0; x = xmax: (2.2)We 
an get the absorbing boundary 
onditions for the downgoing wave in the samemanner. a0�2D�t2 � a1 �2D�t�x + b0 �2D�t�z � b1 �2D�x�z = 0; x = xmin; (2.3)a0�2D�t2 + a1 �2D�t�x + b0 �2D�t�z + b1 �2D�x�z = 0; x = xmax: (2.4)3. Di�eren
e S
hemesDi�eren
e s
hemes for integration U1;D1; U;D and p are 
onstru
ted by the trape-zoidal formula:Uk+11ij+1 � Uk1ij�t + vij�12 pk+12ij�122 � �2x�x2 hUk+1ij�1 + Ukij4 + nXm=1 ams2mqU(sm)k+12ij�12 i = 0; (3.1)



Layer Stripping Method for Potential Inversion 29Dk1ij �Dk�11ij�1�t + vij�12pk�12ij�122 � �2x�x2 hDkij +Dk�1ij�14 + nXm=1 ams2mqD(sm)k�12ij�12 i = 0;(3.2)pk+12ij�12 � pk+12ij�32�z = 12[(Uk1ij�1 + Uk+11ij�1)� (Dk1ij�1 +Dk+11ij�1)℄ (3.3)Uk+1ij � Ukij�t = 12(Uk+11ij + Uk1ij) (3.4)Dkij �Dk�1ij�t = 12(Dk1ij +Dk�11ij ) (3.5)where F kij is the approximate value of F (i�x; j�z; k�t), �2x = Fi+1 � 2Fi + Fi�1,�t = �z.Di�eren
e s
hemes for integrating qU and qD are expli
it, 
ommonly used for solving1-D wave equations.qU (sm)k+12ij�12 � 2qU (sm)k+32ij�12 + qU(sm)k+52ij�12 � s2m �t2�x2�2xqU (sm)k+32ij�12= �t24�x2�2x(Uk+1ij�1 + Uk+2ij�1 + Uk+1ij + Uk+2ij ); (3.6)qD(sm)k�12ij�12 � 2qD(sm)k�32ij�12 + qD(sm)k�52ij�12 � s2m �t2�x2�2xqD(sm)k�32ij�12= �t24�x2�2x(Dk�1ij�1 +Dk�2ij�1 +Dk�1ij +Dk�2ij ): (3.7)These di�eren
e s
hemes are similar to that 
onstru
ted for the one-way wave equations[9℄,its stability 
ondition for the dire
t initial value problem is sm�t=�x < 1.The trun
ation error of these di�eren
e s
hemes is O(�x2 +�z2 +�t2).Now we 
onstru
t the di�eren
e s
hemes for absorbing boundary 
onditions. For
onvenien
e, we take the up
oming wave U1 at the left boundary as an example. The
ondition (2.1) 
an be written asa0�U1�t + a1�U1�x � b0 �U1�z � b1 �2U�x�z = 0;the di�eren
e s
heme isa02�t(Uk+110j + Uk+110j�1 � Uk10j � Uk10j�1)� b02�z (Uk10j + Uk+110j � Uk10j�1 � Uk+110j�1)+ a14�x(Uk11j�1 + Uk11j + Uk+111j�1 + Uk+111j � Uk10j�1 � Uk10j � Uk+110j�1 � Uk+110j )� b12�x�z (Uk1j � Uk0j + Uk+11j � Uk+10j � Uk1j�1 + Uk0j�1 � Uk+11j�1 + Uk+10j�1) = 0:The potential inversion problem formulated in terms of 
oupled system is numeri-
ally solved by �nite di�eren
e method 
onstru
ted above in layer stripping fashion.



30 X.L. DOU AND G.Q. ZHANGThe numeri
al pro
edure for solving the potential inversion problem is as follows:1. Suppose we have Uk1ij�1;Dk1ij�1; Ukij�1;Dkij�1 and pk+12ij�32 for all i and k.2. From (3.3) we 
an obtain pk+12ij�12 . For j = 1 we use the �rst order approximationpk+12i12 � pk+12i0�z=2 = 12[(Uk1i0 + Uk+11i0 )� (Dk1i0 +Dk+11i0 )℄3. In order to obtain Uk1ij ; Ukij from (3.1), (3.4) and Dk1ij ;Dkij from (3.2), (3.5), weuse the predi
tor-
orre
tor method in whi
h one iteration is needed. vij�12 is taken tobe �4U j�11ij�1 in a

ordan
e with 
ondition (1.18) in the predi
tor step, and �2(U j�11ij�1+eU j1ij) in 
orre
tor step where eU j1ij is the value of U j1ij obtained in the predi
tor step.4. Dk1ij and qD(sm)k+12ij�12 are obtained by solving (3.2) and (3.5) su

essively fromk = j to k = J = T=�t. Uk1ij and qU (sm)k�12ij�12 are obtained by solving (3.1) and (3.4)su

essively from k = J � 1 to k = j.5. The potential inversion problem is numeri
ally solved layer by layer for j =1; 2; � � �. 4. Numeri
al ExperimentsWe give some numeri
al results below. It should be noted that the following isonly a representative and illustrative sample of our results. The impulse responseh(x; t) needed in the inverse problem are generated by solving numeri
ally the forwardproblem (1.1{1.3) with the known potential v(x; z). It is worthwhile to point out thatthe 
omputation in the inversion is not the reverse of that in the dire
t problem, be
ausethe equations involved in the dire
t and in the inverse problems are quite di�erent.All examples take n = 1 in (1.19) and use �x = 0:1;�t = �z = 1=30. The 3-Dplots depi
t 2-D fun
tion v(x; z). The grid number are 30 � 30. In ea
h Figure, (a) isthe model of potential fun
tion, (b) is the numeri
al results of re
onstru
tion.In Fig. 1, v(x; z) = 
os �x 
os 5�z. The absorbing boundary 
onditions are imposedon the x boundaries.In Figs. 2 and 3, v(x; z) is a mountain like fun
tion.In Fig. 4, v(x; z) is also a mountain like fun
tion, but it is dis
ontinuous in thedire
tion of x.From the numeri
al experiments we draw the following 
on
lusions:1. The proposed method is numeri
ally stable and the numeri
al results show thatit 
an reprodu
e the potentials with satisfa
tory a

ura
y.2. The absorbing boundary 
onditions in x dire
tion are e�e
tive. That is, when thewaves propagate to the boundaries there isn't notable re
e
tions. The waves transmitalong the previous dire
tions with the previous velo
ities, there is no notable re
e
tions.
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Fig. 1(a) Fig. 1(b)

Fig. 2(a) Fig. 2(b)

Fig. 3(a) Fig. 3(b)
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Fig. 4(a) Fig. 4(b)3. Almost for all inverted potentials the errors between the jumps of the fun
tionvalues are very small. The reason for this is that although we do approximate splittingto the wave equation, the 
onditions on the 
hara
teristi
 surfa
e are pre
ise, whi
h areobtained by singularity analysis.4. The re
onstru
ted potentials are well when the lateral variation is slow. Thereasons for this are as follows. On one side, the dis
retization of the equations isvery 
rude be
ause the two order derivative of x is simply repla
ed by its two orderdi�eren
e quotient. On the other side, we use the 15Æ approximate equations whi
hrequires relatively little lateral 
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