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VERIFYING THE IMPLICITIZATION FORMULAE FORDEGREE n RATIONAL B�EZIER CURVES�1)Guo-jin Wang(Department of Applied Mathemati
s, Zhejiang University, Hangzhou 310027, China)T.W. Sederberg(Department of Computer S
ien
e, Brigham Young University, Provo, UT 84602, USA)Abstra
tThis is a 
ontinuation of short 
ommuni
ation[1℄. In [1℄ a veri�
ation of theimpli
itization equation for degree two rational B�ezier 
urves is presented whi
hdoes not require the use of resultants. This paper presents these veri�
ations inthe general 
ases, i.e., for degree n rational B�ezier 
urves. Thus some interestinginterplay between the stru
ture of the n � n impli
itization matrix and the deCasteljau algorithm is revealed.Key words: Rational B�ezier 
urve, Impli
itization, Resultant, de Casteljau algo-rithm. 1. Introdu
tionIn order to investigate impli
it representations of parametri
 
urves and surfa
es, thetraditional algebrai
 geometry theory is always used. Re
ently some resear
h reports,e.g.[1℄, show that the rising Blossoming prin
iple[2;3℄ is more intuitive and eÆ
ient thanthe method of algebrai
 geometry for the impli
itization. This paper is a 
otinuationof [1℄.Given a degree n plane rational B�ezier 
urveP(s) = [P0;P1; � � � ;Pn℄ "(1� s)n; n1!(1� s)n�1s; � � � ; sn#T (0 � s � 1); (1)where Pi = (wixi; wiyi; wi) are the homogeneous B�ezier 
ontrol points. Denote by������ PPiPj ������ � wiwj ������ x y wxi yi 1xj yj 1 ������ ; (2)� Re
eived April 16, 1996.1)The Proje
t was supported by National Natural S
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34 G.J. WANG AND T.W. SEDERBERGwhere P = (x; y; w) is the homogeneous point. LetLij =  ni! nj! ������ PPiPj ������ ; (3)Lhk = min(h;k)Xl=max(0;h+k+1�n)Ll;h+k+1�l; (4)F (P;P0;P1; � � � ;Pn) = Fn�n = 26664 L00 L01 : : : L0;n�1L10 L11 : : : L1;n�1... ... ... ...Ln�1;0 Ln�1;1 � � � Ln�1;n�1 37775 : (5)Using polynomial resultants, the impli
it equation of (1) 
an be written[4;5℄ as [Gold-man, Sederberg et al., 1984℄ f(x; y) = det (F ) = 0: (6)In the short 
ommuni
ation[1℄ a proof is presented | whi
h does not rely on thetheory of resultants | that f(x; y) = 0 for all points on the degree two rational B�ezier
urve, and hen
e some insight into the determinantal stru
ture of the impli
it equationis given. But in the general 
ases, i.e., for degree n rational B�ezier 
urves, the proofis not given yet. This paper will present these veri�
ations, and show that the deCasteljau algorithm[2;3℄ is very useful to investigate the impli
itization equations ofparametri
 
urves.2. Verifying the Impli
itization EquationsWe will prove for all points on the degree n rational B�ezier 
urve,f(x; y) = det (F ) = 0:Before the proof we will show the followingTheorem 1. If subdivide the rational B�ezier 
urve (1) at an arbitrary parametervalue �, and denote a part of the 
urve (1) that 
orresponds to [0; �℄ by a new degree nrational B�ezier 
urveP�(s) = [P�0;P�1; � � � ;P�n℄ "(1� s)n; n1!(1� s)n�1s; : : : ; sn#T (0 � s � 1); (7)then we have� � A(�) � F (P;P0;P1; : : : ;Pn) � AT (�) = F (P;P�0;P�1; � � � ;P�n): (8)Where A(�) 
an be shown to be a lower triangular n� n matrix, with the elementsaij =  n� ji� j!�i�j�j�1 (i; j = 1; 2; � � � ; n); (9)
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h � = 1� �: (10)In order to prove Theorem 1, we need the following two Lemmas.Lemma 1. Let �1(a; b; 
; r) = rXk=0 a+ 1k ! br + 
� k!; (11)�2(a; b; 
; r) = rXk=0 a� kr � k! b+ k
+ k!: (12)Then �1(a; b; 
; r) = �2(a; b; 
; r) (0 � r � a): (13)Proof. We will perform mathemati
al indu
tion for a. First, we have�1(0; b; 
; r) = �2(0; b; 
; r):Now we show that Lemma 1 hold for a = d+1 provided it hold when a is repla
edby d. In fa
t, from the postulate of our indu
tion, we have�1(d+ 1; b; 
; r) = rXk=0 " d+ 1k � 1!+  d+ 1k !# br + 
� k!= r�1Xk=0 d+ 1k ! b+ 1(r � 1) + (
+ 1)� k!+  d+ 1r ! b
!= r�1Xk=0 d� kr � 1� k! b+ 1 + k
+ 1 + k!+  d+ 1r ! b
! = �2(d+ 1; b; 
; r):Thus Lemma 1 is proved.Lemma 2. �1(a; b; 0; r) = �2(a; b; 0; r) =  a+ b+ 1r !: (14)Proof. By the following identi
al relation [Abramowitz & Stegun'72, P822℄:rXk=0 pk! qr � k! =  p+ qr !; (15)Lemma 2 is evident.Proof of Theorem 1. In this paper, we set np! = 0 (p > n): (16)Thus (4) 
an be rewritten as Lhk = min(h;k)Xl=0 Ll;h+k+1�l: (17)



36 G.J. WANG AND T.W. SEDERBERGAlso, we denote a n� n metrix E by (ei+1;j+1), where ei+1;j+1 is an element of E thatlies in row i+ 1 and 
olumn j + 1, (i; j = 0; 1; � � � ; n� 1). Now letF (P;P0;P1; � � � ;Pn) = (fh+1;k+1); (18)F (P;P�0;P�1; � � � ;P�n) = (f�i+1;j+1): (19)Without loss of generality, we will prove�(afaT )i+1;j+1 = f�i+1;j+1 (20)for the 
ase of i � j only. First, we have(af)i+1;k+1 = n�1Xh=0 ai+1;h+1fh+1;k+1 = iXh=0 ai+1;h+1Lhk= iXh=0 n� 1� hi� h !�i�h�hLhk:let uhk =  n� 1� hi� h ! n� 1� kj � k !�h+k�i+j�h�k (0 � h � i; 0 � k � j); (21)vlm = �l+m�1�i+j+1�l�m ������ PPlPm ������ ; (22)w = 8>><>>: 0 (i = j)iXh=j+1uhjLhj (i > j); (23)�klm =  n� 1� kj � k ! n� l �m+ ki+ 1� l �m+ k!: (24)Then when i > j, w = jXl=0 iXh=j+1uhjLl;h+j+1�l;and hen
e(afaT )i+1;j+1 = n�1Xk=0(af)i+1;k+1aTk+1;j+1 = jXk=0 iXh=0uhkLhk= jXk=0 kXh=0uhkLhk + j�1Xk=0 iXh=k+1uhkLhk +w



Verifying the Impli
itization Formulae for Degree n Rational Bezier Curves 37= jXk=0 kXh=0uhk hXl=0 Ll;h+k+1�l + j�1Xk=0 iXh=k+1uhk kXl=0 Ll;h+k+1�l +w= jXk=0 kXl=0 kXh=l uhkLl;h+k+1�l + j�1Xk=0 kXl=0 iXh=k+1uhkLl;h+k+1�l + w= jXk=0 kXl=0 iXh=l uhkLl;h+k+1�l= jXk=0 kXl=0 i+1+k�lXm=1+k  nl! nm!�klmvlm (i; j = 0; 1; : : : ; n� 1): (25)On the other hand, we know thatf�i+1;j+1 = jXk=0 nk! ni+ j + 1� k! ������ PP�kP�i+j+1�k ������ :By the de Casteljau algorithm,P�k = kXl=0 kl!�k�l�lPl;P�i+j+1�k = i+j+1�kXm=0  i+ j + 1� km !�i+j+1�k�m�mPm:Therefore by applying the identity relation nk! ni+ j + 1� k! kl! i+ j + 1� km != nl! nm! n� lk � l! n�mi+ j + 1�m� k!;we have f�i+1;j+1 =� jXk=0 kXl=0 i+j+1�kXm=0  nl! nm! n� lk � l! n�mi+ j + 1�m� k!vlm(i; j = 0; 1; � � � ; n� 1): (26)Now let (afaT )i+1;j+1 = X0�l�j1�m�i+j+1l+m�i+j+1l<m  nl! nm!�lmvlm; (27)



38 G.J. WANG AND T.W. SEDERBERGf�i+1;j+1 = � X0�l�j1�m�i+j+1l+m�i+j+1l<m  nl! nm!�lmvlm: (28)From (25), it is easy to know that
�lm = min(j;m�1)Xk=max(l;l+m�1�i) �klm = 8>>>>>>>>>>><>>>>>>>>>>>:

�(1)lm = m�1Xk=l �klm (m < j + 1)�(2)lm = jXk=l �klm (j + 1 � m � i+ 1)�(3)lm = jXk=l+m�1�i�klm (m > i+ 1):On the other hand, let �lm = 8>><>>: �(1)lm (m < j + 1)�(2)lm (j + 1 � m � i+ 1)�(3)lm (m > i+ 1):Applying Lemma 1 and 2, we have�(1)lm = min(j;i+j+1�m)Xk=l  n� lk � l! n�mi+ j + 1�m� k!� jXk=m n�mk �m! n� li+ j + 1� l � k!= �1(n� 1� l; n�m; i+ 1�m; j � l)� �1(n� 1�m;n� l; i+ 1� l; j �m)= �2(n� 1� l; n�m; i+ 1�m; j � l)� �2(n� 1�m;n� l; i+ 1� l; j �m)= jXk=l �klm � jXk=m�klm = �(1)lm ;�(2)lm = min(j;i+j+1�m)Xk=l  n� lk � l! n�mi+ j + 1�m� k!= �1(n� 1� l; n�m; i+ 1�m; j � l)= �2(n� 1� l; n�m; i+ 1�m; j � l) = �(2)lm ;�(3)lm = i+j+1�mXk=l  n� lk � l! n�mi+ j + 1�m� k!
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itization Formulae for Degree n Rational Bezier Curves 39= �1(n� 1� l; n�m; 0; i+ j + 1� l �m)= �2(n+ i� l �m;n� 1� i; 0; i + j + 1� l �m) = �(3)lm :Thus �lm = �lm (8l;m): (29)And hen
e (20) hold, proof of Theorem 1 is 
ompleted.Corollary 1. For any point on the rational B�ezier 
urve (1), we havef(x; y; w) = det (F ) = 0: (30)Proof. By Theorem 1, we obtain�n � fdet (A(�))g2: det fF (P;P0;P1; � � � ;Pn)g = det fF (P;P�0;P�1; � � � ;P�n)gor �n2 � det fF (P;P0;P1; � � � ;Pn)g = det fF (P;P�0;P�1; � � � ;P�n)g (0 � � � 1):Sin
eLi;n�1 � Ln�1;i � Li;n =  ni! ������ PPiPn ������ (i = 0; 1; � � � ; n� 1);det fF (Pn;P0;P1; � � � ;Pn)g = ���������� L00jP=Pn � � � L0;n�2jP=Pn 0... ... ...Ln�2;0jP=Pn � � � Ln�2;n�2jP=Pn 00 : : : 0 0 ���������� = 0:Similarly, det fF (P(�);P�0;P�1; � � � ;P�n)g � 0 (8�):Therefore det fF (P;P0;P1; � � � ;Pn)g = 0for all s.A
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