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COMBINED LEGENDRE SPECTRAL-FINITE ELEMENTMETHOD FOR THE TWO-DIMENSIONAL UNSTEADYNAVIER-STOKES EQUATION�Song-nian He Cai-ping Yang(Department of Basi
 Courses, Civil Aviation University of China, Tianjin 300300, China)Abstra
tA 
ombined Legendre spe
tral-�nite element approximation is proposed forsolving two-dimensional unsteady Navier-Stokes equation. The arti�
ial 
ompress-ibility is used. The generalized stability and 
onvergen
e are proved stri
tly. Somenumeri
al results show the advantages of this method.Key words: Navier-Stokes equation, Combined Legendre spe
tral-�nite elementapproximation. 1. Introdu
tionThere is mu
h literature 
on
erning numeri
al solutions of Navier-Stokes equations,e.g., see [1-4℄. For semi-periodi
 problems, some author used 
ombined Fourier spe
tral-�nite di�eren
e and Fourier spe
tral-�nite element approximations (see[5-8℄). In 
uiddynami
s, most of pra
ti
al problems are fully non-periodi
. But the se
tions of domainmight be re
tangular in 
ertain dire
tions. For example, the 
uid 
ow in a 
ylindri
al
ontainer. In this paper, we 
onsider 
ombined Legendre spe
tral-�nite element ap-proximation for the two-dimensional, non-periodi
, unsteady Navier-Stokes equation.The method in this paper 
an raise the a

ura
y by Legendre spe
tral approximationin some dire
tions and so saves work. On the other hand, su
h approximation is suit-able for 
omplex geometry in the remaining dire
tions. Surely it is not ne
essary touse this approa
h for su
h two-dimensional problem. But it is easy to generalize it tothree-dimensional problems with 
omplex geometry.2. The S
hemeLet Ix = fx = 0 < x < 1g; Iy = fy = � 1 < y < 1g and 
 = Ix � Iy withthe boundary �
. The speed ve
tor and the pressure are denoted by U(x; y; t) andP (x; y; t) respe
tively. � > 0 is the kineti
 vis
osity. U0(x; y); P0(x; y) and f(x; y; t)are given fun
tions. Let T > 0; �t = ��t ; �x = ��x ; and �y = ��y : The Navier-Stokesequation is as follows8>>><>>>: �tU + (U � r)U +rP � �r2U = f; in 
� (0; T ℄;r � U = 0; in 
� (0; T ℄;U(x; y; 0) = U0(x; y); P (x; y; 0) = P0(x; y); in 
 (2:1)� Re
eived November 8, 1995.



496 S.N. HE AND C.P. YANGSuppose that the boundary is a non-slip wall and so U = 0 on �
: In addition, Psatis�es the following normalizing 
ondition:Z
 P (x; y; t) dxdy = 0; 8t 2 [0; T ℄:Let D be an interval (or a domain) in R1(or R2). We denote by (�; �)D and k �kD theusual inner produ
t and norm of L2(D): For simpli
ity, (�; �)
 and k � k
 are repla
edby (�; �) and k � k respe
tively. Hr(D) and Hr0(D) denote the usual Hilbert spa
es withthe usual inner produ
ts and norms. We also de�neL20(D) = f� 2 L2(D) = ZD � dD = 0 g:To ta
kle the in
ompressible 
onstraint (i.e., the se
ond equation of (2.1)), we adoptthe idea of arti�
ial 
ompression, that is, to approximate the in
ompressible 
onditionby the equation � �P�t +r � U = 0where � > 0 is a small parameter.In order to approximate the nonlinear term, we introdu
e a trilinear form J(�; �; �) :[(H1(
))2℄3 ! R1 as follows:J(�; '; �) = 12 [((' � r)�; �)� ((' � r)�; �)℄:Clearly, we have J(�; '; �) + J(�; '; �) = 0; (2:2)and if r � ' = 0; then J(�; '; �) = ((' � r)�; �):Now we 
onstru
t the s
heme. For any integer k � 0, we denote by Pk the set of allpolynomials of degree � k, de�ned on R1. Suppose N is a positive integer, we de�neVN (Iy) = fv(y) 2 PN = v(�1) = v(1) = 0g:Next, we divide Ix into Mh subintervals with the nodes 0 = x0 < x1 < � � � < xMh = 1:Let Il = (xl�1; xl); hl = xl�xl�1; h = max1�l�Mh hl and h0 = min1�l�Mh hl: Assume that thereexists a positive 
onstant d independent of the divisions of Ix, su
h that h=h0 � d: Let~Skh(Ix) = fv(x) = v(x) jIl2 Pk; 1 � l �Mhg; Skh(Ix) = ~Skh(Ix)\H10 (Ix):The trial fun
tion spa
es for the speed and the the pressure are de�ned respe
tively asfollows Xkh;N (
) = fSk+1h (Ix)
 VN (Iy)g � fSk+2h (Ix)
 VN (Iy)g;Y kh;N (
) = f ~Skh(Ix)
PN�2(Iy)g\L20(
):



Combined Legendre Spe
tral-Finite Element Method for ... 497We denote by Qk+1h the pie
ewise Lagrange interpolation of order k+1 from C(�Ix)onto ~Sk+1h (Ix)TH1(Ix); ~Ph;N : L20(
) ! Y kh;N(
) be the L2�orthogonal proje
tion.We also introdu
e the operator QN : C(�Iy)! PN (Iy) su
h that for any v 2 C(�Iy);8<: QNv(�1) = v(�1);R 1�1(v �QNv)q dy = 0; 8q 2 PN�2(Iy):Let � be the mesh size in time t and S� = ft = l� = 0 � l � [T� ℄g: For simpli
ity,u(x; y; t) is denoted by u(t) or u usually. Letut(t) = 1� (u(t+ �)� u(t)):A fully dis
rete Legendre spe
tral-�nite element s
heme for (2:1) is to �nd the pair(u(t); p(t)) 2 Xkh;N (
)� Y kh;N (
) for all t 2 S� su
h that8>>>>>><>>>>>>: (ut; v) + J(u+ Æ�ut; u; v) + �(r(u+ ��ut);rv)+(r(p+ ��pt); v) = (f; v); 8v 2 Xkh;N (
);(�pt; v) + (r � (u+ ��ut); v) = 0; 8v 2 Y kh;N(
);u(0) = �k+1h QNU0; p(0) = ~Ph;NP0; (2:3)where Æ; � � 0 and � > 12 are parameters.3. Some LemmasFor error estimations, we need some notations. Let B be a Bana
h spa
e with thenorm k � kB : De�neL2(D; B) = nv(z) : D ! B = v is strongly measurable; kvkL2(D;B) <1o ;C(D; B) = fv(z) : D ! B = v is strongly 
ontinuous; jjjvjjjB <1gwhere kvkL2(D;B) = �ZD kv(z)k2B dz� 12 ; jjjvjjjB = maxz2D kv(z)kB :Moreover for all integer � � 0; de�neH�(D; B) = nv(z) 2 L2(D; B) = kvkH�(D;B) <1owith the norm kvkH�(D;B) =  �Xk=0 k�kv�zk k2L2(D;B)!12 :For real � � 0, we de�ne the spa
e H�(D; B) by the 
omplex interpolation betweenH [�℄(D; B) and H [�+1℄(D; B):



498 S.N. HE AND C.P. YANGWe also introdu
e some non-isotropi
 Sobolev spa
es. LetHr;s(
) = L2(Iy;Hr(Ix))\Hs(Iy; L2(Ix)); r; s � 0equipped with the normkvkHr;s(
) = �kvk2L2(Iy;Hr(Ix)) + kvk2Hs(Iy;L2(Ix))�12 :Also let M r;s(
) = H1(Iy;Hr(Ix))\Hs(Iy;H1(Ix)); r; s � 0;Ar;s(
) = Hs(Iy;Hr+1(Ix))\Hs+1(Iy;Hr(Ix)) r; s � 0:Their norms are de�ned in the way similar to k � kHr;s(
):Besides, we denote by L1(Ix); L1(
) and W 1;1(
) the usual Sobolev spa
es withthe usual norms k�k1;Ix ; k�k1 and k�k1;1 respe
tively. The 
orresponding semi-normsare denoted by j � j1;Ix ; j � j1 and j � j1;1; et
..For simpli
ity, we denote throughout this paper by C a positive 
onstant inde-pendent of h;N; � and any fun
tion, whi
h may be di�erent in di�erent 
ases. Let�r = min(r; k + 2) and r̂ = min(r; k + 1):Lemma 3.1. There exists a positive 
onstant 
d depending only on the value of d,su
h that for all u 2 (H1(Ix)T ~Sk+mh (Ix))
PN (Iy); m = 1; 2;jvj21 � (
dh�2 + 43N4)kvk2:Proof. Let uq and u(1)q be the 
oeÆ
ients of Legendre expansions of u 2 PN anddudy respe
tively. By (2.3.15) of [9℄,u(1)q = (2q + 1) NXl=q+1l+qodd ul; q = 0; 1; � � � ; N � 1:Thus (u(1)q )2 � 12(N + 1)(2q + 1)2 NXl=0 u2landkdudy k2Iy � 12(N+1)N�1Xq=0 (2q+1)2kuk2Iy = N(N + 1)(2N + 1)(2N � 1)6 kuk2Iy � 43N4kuk2Iy :Therefore for any v 2 (H1(Ix) \ ~Sk+mh (Ix))
PN (Iy); m = 1; 2; we havek�yvk2 � 43N4kvk2:



Combined Legendre Spe
tral-Finite Element Method for ... 499On the other hand, we have from the inverse inequality (3.2.30) of [10℄ thatk�xvk2 � 
dh�2 Z 1�1 kvk2Ix dy � 
dh�2kvk2:Then the 
on
lusion follows.Lemma 3.2. For any v 2 ~Sk+mh (Ix)
PN (Iy); m = 1; 2;kvk1 � CNph kvk:Proof. By the inverse inequality (3.2.30) of [10℄ and (9.4.3) of [9℄, we havekvk1 = supy2Iy kvk1;Ix � Cph supy2Iy kvkIx � Cph(Z 10 supy2Iy v2 dy) 12 � CNph kvk:Let PN : L2(Iy) ! PN (Iy) and Lh : L2(Ix) ! ~Skh(Ix) be the L2� orthogonalproje
tion operators. We know from (9.4.6) of [9℄ that for any u 2 Hs(Iy) with s � 0;ku� PNukIy � CN�skuks;Iy : (3:1)Also by Lemma A.5 of [1℄, we get that for any v 2 Hr(Ix) with r � 0;kv �LhvkIx � Chr̂jvjr̂;Ix: (3:2)Clearly, if v 2 L20(
); then LhPN�2v 2 L20(
): (3:3)Lemma 3.3. For any v 2 Hr;s(
) \ L20(
) with r; s � 0;kv � ~Ph;Nvk � C(hr̂ +N�s)kvkH r̂;s(
):Proof. The 
ombination of (3.1){(3.3) leads to the 
on
lusion.Lemma 3.4. For any v 2 H10 (Iy) \Hs(Iy) with s � 1;kv �QNvk�;Iy � CN��skvks;Iy ; � = 0; 1:Proof. Firstly, the de�nition of QN implies that for any w 2 PN (I);Z 1�1(v �QNv)0w0 dy = � Z 1�1(v �QNv)w00 dy = 0:Thus jv �QNvj21;Iy = Z 1�1(v �QNv)0v0 dy = Z 1�1(v �QNv)0(v0 � PN�1(v0)) dy� jv �QNvj1;Iykv0 � PN�1(v0)kIy :Furthermore, we have from (3.1) thatjv �QNvj1;Iy � kv0 � PN�1v0kIy � CN1�skvks;Iy :



500 S.N. HE AND C.P. YANGNext, by means of the duality, we 
an show the 
on
lusion for the 
ase � = 0:To analyze the 
onvergen
e of S
heme (2.3), we introdu
e the operatorQh : (H10 (Ix))2 !Sk+1h (Ix)� Sk+2h (Ix) su
h that for any � = (�(1); �(2)) 2 (H10 (Ix))2;Qh� = (Q(1)h �(1); Q(2)h �(2)) 2 Sk+1h (Ix)� Sk+2h (Ix)where Q(m)h �(m) 2 Sk+mh ; m = 1; 2; are de�ned byQ(m)h �(m)(xl) = �(m)(xl); 0 � l �Mh;RIl [Q(m)h �(m)(x)� �(m)(x)℄w(x) dx = 0; 8w 2 Pk+m�2(Ix); 1 � l �Mh:Lemma 3.5. (Lemma 3 of [7℄) Let �rm = min(r; k+m+1); m = 1; 2: Then for any� 2 H10 (Ix) \Hr(Ix) with r � 1;k� �Q(m)h �k�;Ix � Ch�rm��j�j�rm;Ix; � = 0; 1:Lemma 3.6. There exists a linear operator Qh;N : (H10 (
))2 ! Xkh;N (
) su
h that(i) (r�(��Qh;N�); w) = 0; 8w 2 Y kh;N (
); 8� 2 (H10 (
))2: (3:4)(ii) If r; s � 1; then we have for all � 2 (M r;s(
))2 thatj� �Qh;N�j1 � C(h�r�1 +N1�s)k�kM �r;s(
); (3:5)k� �Qh;N�k � C(h�r +N�s)k�kM �r;s(
); (3:6)Proof. De�ne Qh;N = QhQN : Hen
e (3.4) follows from the de�nitions of Qh andQN . By using Lemma 3.4 and Lemma 3.5, we 
an prove (3.5) and (3.6).Lemma 3.7. Let Nh � C: Then for any v 2 H1(Iy;H1(Ix));kQh;Nvk1 � CkvkH1(Iy;H1(Ix)):If in addition v 2 Ar;1(
) with r > 12 ; thenkQh;Nvk1;1 � CkvkAr;1(
):Proof. We have from Sobolev inequality together with Lemma 3.4 and Lemma 3.5that kQNuk1;Iy � Ckuk1;Iy ; 8u 2 H1(Iy); (3:7)kQhuk1;Ix � Ckuk1;Ix ; 8u 2 H1(Ix): (3:8)Then the �rst 
on
lusion follows from (3.7) and (3.8). We now prove the se
ond one.Observing that �k+1h QN = QN�k+1h ; by Lemma 3.2, Theorem 3.1.5, Theorem 3.2.1 andTheorem 3.2.6 of [10℄, (9.4.3) of [9℄ and previous estimates of QN and Qh, we obtainthat k�xQh;Nvk1 � k�xQhQNv � �x�k+1h QNvk1 + kQN (�x�k+1h v��k+1h �xv)k1 + k�k+1h QN�xvk1� Cphk�x(Qh ��k+1h )(QNv)kC(Iy;L2(Ix))+ Cphk�x�k+1h v ��k+1h �xvkH1(Iy;L2(IX)) + CkvkH1(Iy;Hr+1(Ix))� CkvkH1(Iy;H 32 (IX)) + CkvkH1(Iy;Hr+1(Ix)) + CkvkH1(Iy;Hr+1(Ix))� CkvkH1(Iy;Hr+1(Ix));



Combined Legendre Spe
tral-Finite Element Method for ... 501andk�yQh;Nvk1 � k�yQhQNv � �y�k+1h QNvk1+k�y�k+1h QNv ��k+1h QN�yvk1 + k�k+1h QN�yvk1� CNph k(Qh ��k+1h )(�yQNv)k+ CNk�yQNv �QN�yvkL2(Iy;Hr(Ix)) + CkvkH2(Iy;Hr(Ix))� CNhkvkH1(Iy;H 32 (Ix)) + CkvkH2(Iy;Hr(Ix))� CkvkH1(Iy;H 32 (Ix))\H2(Iy ;Hr(Ix)):Lemma 3.8. (Lemma 4:16 of [2℄). Suppose that the following 
onditions are ful�lled(i) Z(t) is a non-negative fun
tion de�ned on S� , D1;D2 and � are non-negative
onstants;(ii) H(�) is a real-valued fun
tion de�ned on R1, su
h that H(�) � 0 for � � D2;(iii) for all t 2 S� and t > 0;Z(t) � �+ � Xt0�t��(D1Z(t0) +H(Z(t0));(iv) Z(0) � � and �eD1t1 � D2 for some t1 2 S� :Then for all t 2 S� and t � t1; we haveZ(t) � �eD1t:4. Error EstimationWe �rst analyze the generalized stability of S
heme (2:3). Assume that the ini-tial values and the right terms of S
heme (2.3) have the errors ~u(0); ~p(0); ~f (t) and~g(t) respe
tively, whi
h indu
e the errors of u(t) and p(t), denoted by ~u(t) and ~p(t)respe
tively. They satisfy8>>><>>>: (~ut; v) + J(u+ Æ�ut; ~u; v) + J(~u+ Æ� ~ut; u+ ~u; v) + �(r(~u+ �� ~ut);rv)+ (r(~p+ �� ~pt); v) = ( ~f; v); 8v 2 Xkh;N (
);(�~pt; v) + (r � (~u+ �� ~ut); v) = (~g; v); 8v 2 Y kh;N(
): (4:1)Let " > 0, and m be an undetermined positive 
onstant. By taking v = 2~u(t) +m� ~ut(t) in the �rst formula of (4.1), we have from (2.2) that(k~uk2)t + �(m� 1� ")k~utk2 + 2�j~uj21 + ��(� + m2 )(j~uj21)t + ��2(�m� � � m2 )j~utj21+ (r(~p+ �� ~pt); 2~u+m� ~ut) + 3Pj=1Fj(t) � k~uk2 + (1 + �m24" )k ~fk2 (4:2)where F1(t) = J(u+ Æ�ut; ~u; 2~u+m� ~ut);F2(t) = �(m� 2Æ)J(~u; u; ~ut);F3(t) = �(m� 2Æ)J(~u; ~u; ~ut):



502 S.N. HE AND C.P. YANGSimilarly, we get by taking v = 2~p+m� ~pt in the se
ond formula of (4.1) that�(k~pk2)t + ��(m� 1� ")k~ptk2 + (r � (~u+ �� ~ut); 2~p+m� ~pt)� �k~pk2 + ( 1� + �m24�" )k~gk2: (4:3)By (4.2) and (4.3), we obtain(k~uk2 + �k~pk2)t + �(m� 1� ")(k~utk2 + �k~ptk2) + 2�j~uj21+ ��(� + m2 )(j~uj21)t + ��2(�m� � � m2 )j~utj21 + 3Pj=1Fj(t) +H(t)� k~uk2 + �k~pk2 + (1 + �m24" )(k ~fk2 + 1�k~gk2) (4:4)where H(t) = (r(~p+ �� ~pt); 2~u+m� ~ut) + (r � (~u+ �� ~ut); 2~p+m� ~pt)= (m� 2�)� [(r � ~u; ~pt) + (r~p; ~ut)℄:Let jkukj1;1 = maxt2S� ku(t)k1;1; et
.. We now estimate j Fj(t) j (j = 1; 2; 3). It iseasy to show that,j F1(t) j = C(1 + Æ)jkukj1;1j2~u+m� ~utj1k~uk� "�j~uj21 + "��2j~utj21 + C(1 + Æ2)(1 +m2)"� jkukj21;1k~uk2:By integrating by parts in F2(t); we have from k~utk � Cj~utj1 thatj F2(t) j � C� jm� 2Æj jkukj1;1j~utj1k~uk� "��2j~utj21 + C(m� 2Æ)2"� jkukj21;1k~uk2:By Lemma 3.2, we get furthermore thatj F3(t) j � C� jm� 2Æj k~uk1j~uj1k~utk� "�k~utk2 + C�(m� 2Æ)2N2"h k~uk2j~uj21:By substituting the above estimations into (4.4), we have(k~uk2 + �k~pk2)t + �(m� 1� 2")(k~utk2 + �k~ptk2) + �(1� ")j~uj21 + ��(� + m2 )(j~uj21)t+ ��2(�m� � � m2 � 2")j~utj21 +H(t)�M1(k~uk2 + �k~pk2) +B(k~uk)j~uj21 +G1(t) (4:5)where M1 = 1 + C[(m� 2Æ)2 + (1 + Æ2)(1 +m2)℄"� jjjujjj21;1;B(k~uk) = �� + C�(m� 2Æ)2N2"h k~uk2;G1(t) = (1 + �m24" )(k ~fk2 + 1� k~gk2):



Combined Legendre Spe
tral-Finite Element Method for ... 503Now we 
hoose the 
onstants m and ". Take m = 2� and r0 � 0 to be suÆ
ientlysmall. If � > 12 and � > �2� � 1 ; then we 
an take " and r0 to be so small that2� � max(1 + 2"+ r0; 2(� + 2")2� � 1 ):If � � �2� � 1 ; and ��(
dh�2 + 43N4) < 2� � 1� + �(1� 2�) ; (4:6)then we take " and r0 to be so small that2� � 1� 2"� r0 � ��(� + � � 2�� + 2")(
dh�2 + 43N4):By Lemma 3.1, we have in both 
ases that�(m� 1� 2")(k~utk2 + �k~ptk2) + ��2(m� � � � m2 )j~utj21 � r0�(k~utk2 + �k~ptk2):Thus we obtain from (4.5) that(k~uk2 + �k~pk2)t + r0�(k~utk2 + �k~ptk2) + �2 j~uj21 + ��(� + m2 )(j~uj21)t�M1(k~uk2 + �k~pk2) +B(k~uk)j~uj21 +G1(t) (4:7)LetE(~u; ~p; t) = k~u(t)k2 + �k~p(t)k2 + � Xt02S� ;t0<tfr0�(k~ut(t0)k2 + �k~pt(t0)k2) + �2 j~u(t0)j21g;�(t) = k~u(0)k2 + �k~p(0)k2 + ��(� + m2 )j~u(0)j21 + � Xt02S� ;t0<tG1(t0):By summing (4.7) for all t0 2 S� and t0 < t; we obtainE(~u; ~p; t) � �(t) + � Xt02S� ;t0<tfM1E(~u; ~p; t0) +B(k~u(t0)k)j~u(t0)j21g:By Lemma 3.8, we have the following result.Theorem 4.1. Assume that(i) �(T )eM1T � "�hC�N2(m� 2Æ)2 :In addition, either of the following two 
onditions is satis�ed:(ii) � > �2� � 1;(iii) � � �2� � 1 and ��(
dh�2 + 43N4) < 2� � 1� + �(1� 2�) :Then for all t 2 S� ; E(~u; ~p; t) � �(t)eM1t:



504 S.N. HE AND C.P. YANGNext, we 
onsider the 
onvergen
e of S
heme (2.3). Let the pair (U;P ) be thesolution of (2.1). Let U�(t) = Qh;NU(t); P �(t) = ~Ph;NP (t):Then we have from (2.1) and (3.4) that8>>>>>>><>>>>>>>: (U�t ; v) + J(U� + Æ�U�t ; U�; v) + (r(P � + ��P �t ); v)+ �(r(U� + ��U�t );rv) = (f; v) + 7Pl=1El(v); 8v 2 Xkh;N(
);�(P �t ; v) + (r � (U� + ��U�t ); v) = E8(v); 8v 2 Y kh;N(
);U�(0) = Qh;NU0; P �(0) = ~Ph;NP0; (4:8)where E1(v) = (U�t � �tU; v); E2(v) = J(U�; U�; v) � J(U;U; v);E3(v) = Æ�J(U�t ; U�; v); E4(v) = (r(P � � P ); v);E5(v) = ��(rP �t ; v); E6(v) = �(r(U� � U);rv);E7(v) = ���(rU�t ;rv); E8(v) = �(P �t ; v):Let the pair (u; p) be the solution of (2.3). De�ne~U = u� U�; ~P = p� P �:By subtra
ting (4.8) from (2.3), we obtain that8>>>>>>><>>>>>>>: ( ~Ut; v) + J(U� + Æ�U�t ; ~U; v) + J( ~U + Æ� ~Ut; U� + ~U; v)+ �(r( ~U + �� ~Ut);rv) + (r( ~P + �� ~Pt); v) = � 7Pl=1El(v); 8v 2 Xkh;N(
);�( ~Pt; v) + (r � ( ~U + �� ~Ut); v) = �E8(v); 8v 2 Y kh;N(
);~U(0) = �k+1h QNU0 �Qh;NU0; ~P (0) = 0:We estimate jEl(v)j; l = 1; 2; � � � ; 8: First we havejE1(2 ~U +m� ~Ut)j � k ~Uk2 + "�k ~Utk2 + (1 + �m24" )kU�t � �tUk2;jE2(2 ~U +m� ~Ut)j � jJ(U;U� � U; 2 ~U +m� ~Ut)j+ jJ(U� � U;U�; 2 ~U +m� ~Ut)j� C(kUk1;1 + kU�k1;1)j2 ~U +m� ~Utj1kU� � Uk� "�j ~U j21 + "��2j ~Utj21 + C(1+m2)"� (kUk21;1 + kU�k21;1)kU� � Uk2:Next, it is not diÆ
ult to show that5Pl=3 jEl(2 ~U +m� ~Ut)j � "�j ~U j21 + "��2j ~Utj21 + C"� (1 + m24 )fÆ2�2jU�t j21kU�k21+ kP � � Pk2 + �2�2kP �t k2g;jE7(2 ~U +m� ~Ut)j � ��� jU�t j1j2 ~U +m� ~Utj1� "�j ~U j21 + "��2j ~Utj21 + C��2�2" (1 + m24 )jU�t j21;



Combined Legendre Spe
tral-Finite Element Method for ... 505and jE8(2 ~P +m� ~Pt)j � �kP �t k k2 ~P +m� ~Ptk� �k ~Pk2 + "��k ~Ptk2 + �(1 + �m24" )kP �t k2:The de�nitions of QN and Qh imply that for any v 2 Xkh;N (
);(r(U� � U);rv) = R
 �x(QhQNU � U)�xv dxdy + R
 �y(QhQNU � U)�yv dxdy= R
 �x(Qh(QNU)�QNU)�xv dxdy + R
(QN (�xU)� �xU)�xv dxdy+ R
 �y[QN (QhU)�QhU ℄�yv dxdy + R
[Qh(�yU)� �yU ℄�yv dxdy= �MhPl=1 RIyfRIl [Qh(QNU)�QNU ℄�xxv dxgdy + R
[QN (�xU)� �xU ℄�xv dxdy� RIxfRIy [QN (QhU)�QhU ℄�yyv dygdx+ R
[Qh(�yU)� �yU ℄�yv dxdy= R
(QN (�xU)� �xU)�xv dxdy + R
(Qh(�yU)� �yU)�yv dxdy:FinallyjE6(2 ~U +m� ~Ut)j � �(kQN (�xU)� �xUk+ kQh(�yU)� �yUk)j2 ~U +m� ~Utj1� "�j ~U j21 + "��2j ~Utj21 + C�" (1 + m24 )[kQN (�xU1)� �xU1k+ kQh(�yU2)� �yU2k℄2:So far, we 
an obtain a 
on
lusion similar to Theorem 4.1, but with~�(t) = k ~U (0)k2 + ��(� + m2 )j ~U (0)j21 + � Xt02S� ;t0<tG2(t0);where G2(t) = (1 + �m24" )(kU�t � �tUk2 + �kP �t k2)+ C"� (1 + m24 )f(kUk21;1 + kU�k21;1)kU� � Uk2 + Æ2�2jU�t j21kU�k21+ kP � � Pk2 + �2�2kP �t k2 + �2�2�2jU�t j21+ �2(kQN (�xU)� �xUk+ kQh(�yU)� �yUk)2g:It means that if ~�(T ) = O� h�N2� ; (4:9)then we have for all t 2 S� E( ~U; ~P ; t) = O(~�(t)):Thus, in order to obtain the 
onvergen
e, we only need to estimate the order of ~�(t)and verify (4.9).By Lemma 3.4{3.6 and Theorem 3.2.1 of [10℄, we havek ~U(0)k = kQN (�k+1h �Qh)U(0)k� k(�k+1h U(0)� U(0)) + (U(0)�QhU(0))kH1(Iy;L2(Ix)) � Ch�rkU(0)kH1(Iy;H�r(Ix));j ~U(0)j1 � k�yQN (�k+1h �Qh)U(0)k + kQN�x(�k+1h �Qh)U(0)k� Ch�r�1kUkH1(Iy;H�r(Ix));kU� � Uk � C(h�r +N�s)kUkM �r;s(
);



506 S.N. HE AND C.P. YANGand kQN (�xU1)� �xU1k+ kQh(�yU2)� �yU2k � C(h�r +N�s)kUkM �r;s(
):Besides, we have from Lemma 3.3 thatkP � � Pk � C(hr̂ +N�s)kPkH r̂;s(
):By using Lemma 3.7, we obtainkU�k1;1 � CkUkA�;1(
); � > 12 :On the other hand, we have from Lemma 3.6 thatjU�t j1 = 1� j Z t+�t �tU�(t0) dt0j1 � �� 12 (Z t+�t j�tU�(t0)j21 dt0) 12� �� 12 (Z t+�t j�tU(t0)j2H1(Iy;H1(Ix)) dt0) 12 :kP �t k � kPtk � �� 12 (Z t+�t k�tP (t0)k2 dt0) 12Sin
e �tU(t)� Ut(t) = �1� Z t+�t (t+ � � �)�2U(�)��2 d�:Then kU�t (t)� �tU(t)k � kUt(t)� U�t (t)k+ kUt(t)� �tU(t)k� C�� 12 (h�r +N�s)[Z t+�t k�tU(t0)k2M �r;s(
) dt0℄ 12+ C� 12 [Z t+�t k�2U�t2 (t0)k2 dt0℄ 12 :Thus we have from the above estimates that~�(t) �M2(�2 + � + �h2�r�2 + h2r̂ +N�2s)where M2 is a positive 
onstant depending only on � and the norms of U and P in thespa
es mentioned in the above. Finally by an argument similar to the proof of Theorem1, we have the following result.Theorem 4.2. Assume that(i) Nh � C; and �N2h�1 � C;(ii) 
ondition (ii) or (iii) of Theorem 4.1 holds;(iii) For r; s � 1 and � > 12 ;U 2 C(0; T ; (H10 (
))2T(M r;s(
))2T(A�;1(
))2 T(W 1;1(
))2);�U�t 2 L2(0; T ; (M r;s(
))2);�2U�t2 2 L2(0; T ; (L2(
))2);P 2 C(0; T ;Hr;s(
)); �P�t 2 L2(0; T ;L2(
)):
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tral-Finite Element Method for ... 507Then there exists a positive 
onstant M3 depending only on � and the norms of U andP in the spa
es mentioned in the above, su
h that for all t � T ;jjU(t)� u(t)jj2 �M3(� + �2 + �h2�r�2 + h2r̂ +N�2s):5. The Numeri
al ResultsIn this se
tion, we examine the numeri
al performan
es. We 
hoose the fun
tion fin su
h a way that the solution of (2.1) is of the formU1 = AeBtx(x� 1)(2x � 1)(y2 � 1)2;U2 = �2AeBtx2(x� 1)2(y3 � y);P = 4Ae2Bt(2x3 � 3x2 + 0:5)(y3 � 3y):We use the Legendre spe
tral-�nite element s
heme(LSFM) (2.3) with k = Æ =0 and � = � = 1. Besides, we take � = 0:001 and � = 0:005. Ix is subdivideduniformly. For 
omparison, we also solve (2.1) by �nite element s
heme(FEM), in whi
h
 is divided into MN 
ongruent small re
tangles, ea
h with the length hx = 1=M andthe width hy = 2=N . The �nite element s
heme is 
onstru
ted similarly to (2.3) byarti�
ial 
ompression and the trial spa
es for u and p are pie
ewise biquadrati
 andpie
ewise 
onstant separately.For des
ribing the errors of numeri
al solutions, letÎx = fxj = xj = jhx 0 � j �Mg;Îy = fyj = yj = �1 + jhy ; 0 � j � Ng:and E(U(t)) = 0BBBB� 2Pi=1 Px2Îx Py2Îy j ui(x; y; t)� Ui(x; y; t) j22Pi=1 Px2Îx Py2Îy j Ui(x; y; t) j2 1CCCCA12
E(P (t)) = 0BB� Px2Îx Py2Îy j p(x; y; t)� P (x; y; t) j2Px2Îx Py2Îy j P (x; y; t) j2 1CCA 12 :A

ording to Theorem 4.2, we would 
hoose the parameter � = O(�2) so that the
onvergen
e order is not be lowered. But if � is too small, then the stability may bea�e
ted. Indeed, we 
an see the fa
t from Theorem 4.1.The numeri
al results are shown in Table I and Table II. We �nd that s
heme LSFMgives better results than s
heme FEM.



508 S.N. HE AND C.P. YANGTable I. A = 0:2; B = 0:1; � = 0:001S
heme LSFM, M = 10; N = 4 S
heme FEM, M = N = 10t E(U(t)) E(P (t)) E(U(t)) E(P (t))0.5 0.1268E-2 0.1508E-2 0.2726E-2 0.8294E-21.0 0.2427E-2 0.1584E-2 0.5291E-2 0.8717E-21.5 0.3445E-2 0.1668E-2 0.7721E-2 0.9165E-22.0 0.4360E-2 0.1751E-2 0.1003E-1 0.1012E-12.5 0.5183E-2 0.1841E-2 0.1224E-1 0.1063E-1Table II. A = 0:2; B = 0:1; � = 0:0001S
heme LSFM, M = 10; N = 4 S
heme FEM, M = N = 10t E(U(t)) E(P (t)) E(U(t)) E(P (t))0.5 0.1279E-2 0.1585E-2 0.2975E-2 0.8719E-21.0 0.2490E-2 0.1750E-2 0.5392E-2 0.9133E-21.5 0.3631E-2 0.1935E-2 0.7822E-2 0.9690E-22.0 0.4702E-2 0.2139E-2 0.1034E-1 0.1053E-12.5 0.5713E-2 0.2363E-2 0.1281E-1 0.1110E-1Referen
es[1℄ V. Girault, P.A. Raviart, Finite Element Methods for Navier-Stokes Equations, Theory andAlgorithms, Springer- Verlag, Berlin, 1986.[2℄ Ben-yu Guo, Di�eren
e Methods for Partial Di�erential Equations, S
ien
e Press, Beijing,1988.[3℄ Y. Maday, A. Quarteroni, Spe
tral and pseudospe
tral approximations of the Navier-Stokesequations, SIAM, J. Numer. Anal., 19 (1982), 761-780.[4℄ Ben-yu Guo, Spe
tral method for solving Navier-Stokes equation, S
ientia Sini
a, SeriesA, 28 (1985), 1139-1153.[5℄ C. Canuto, Y. Maday, A. Quarteroni, Combined �nite element and spe
tral approximationof the Navier-Stokes equations, Numer. Math., 44 (1984), 201-217.[6℄ Wei Huang and Ben-yu Guo, The spe
tral-di�eren
e for Navier- Stokes equations, North-eastern Math. J., 8 (1992), 157-176.[7℄ Ben-yu Guo and Wei-ming Cao, A 
ombined spe
tral-�nite element method for solvingtwo-dimensional unsteady Navier-Stokes equations, J. Comp. Phys., 101 (1992), 375-385.[8℄ Ben-yu Guo and He-ping Ma, Combined �nite element and pseudospe
tral method for thetwo-dimensional evolutionary Navier-Stokes equations, SIAM J. Numer. Anal., 30 (1993),1066-1083.[9℄ C. Canuto, M.Y. Hussaini, A. Quarteroni, T.A. Zang, Spe
tral Method in Fluid Dynami
s,Springer-Verlag, Berlin, 1988.[10℄ P.G. Ciarlet, The Finite Element Method for Ellipti
 Problems, North-Holland, Amsterdam,1978.


