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THE NUMERICAL STABILITY OF THE �-METHOD FOR DELAYDIFFERENTIAL EQUATIONS WITH MANY VARIABLEDELAYS�Lin Qiu Taketomo Mitsui(Graduate S
hool of Human Informati
s, Nagoya University, Furo-Cho, Chikusa-ku, Nagoya,464-8601, Japan)Jiao-xun Kuang(Department of Mathemati
s, Shanghai Normal University, 100 Guilin Road, Shanghai200234, China)Abstra
tThis paper deals with the asymptoti
 stability of theoreti
al solutions and nu-meri
al methods for the delay di�erential equations(DDEs)8><>: y0(t) = ay(t) + mXj=1 bjy(�jt) t � 0;y(0) = y0;where a; b1; b2; : : : ; bm and y0 2 C; 0 < �m � �m�1 � : : : � �1 < 1. A suf-�
ient 
ondition su
h that the di�erential equations are asymptoti
ally stable isderived.And it is shown that the linear �-method is �GPm-stable if and only if12 � � � 1.Key words: Delay di�erential equation, Variable delays, Numeri
al stability, �-methods. 1. Introdu
tionIn this paper,we will investigate the numeri
al solutions of the following initial valueproblems for DDEs with many variable delays8><>: y0(t) = ay(t) + mXj=1 bjy(�jt) t � 0;y(0) = y0; (1.1)where a; b1; b2; : : : ; bm and y0 2 C; 0 < �m � �m�1 � : : : � �1 < 1.It is diÆ
ult toinvestigate numeri
ally the long time dynami
al behaviour of the exa
t solution due tolimited 
omputer memory. To avoid this problem we transform (1.1) into the di�erential� Re
eived August 19, 1996.



524 L. QIU, T. MITSUI AND J.X. KUANGequations with 
onstant time lags in the following way.(see [3℄) Let x(t) = y(et) fort � log �m.Then x(t) satis�es the following initial value problems8><>: x0(t) = aetx(t) + mXj=1 bjetx(t+ log �j) t � 0;x(t) = y(et) := �(t) t 2 [log �m; 0℄; (1.2)where y(t); 0 � t � e0 = 1,
an be obtained numeri
ally by using � -method to (1.1).Then,let us 
onsider the following linear test equations whi
h were introdu
ed in [4℄,( y0(t) = a(t)y(t) + b(t)y(t� �) � > 0; t � 0;y(t) = �(t) � � � t � 0; (1.3)where y : [��;+1)! C; a; b : [0;+1)! C.If a(t) and b(t) are 
ontinuous and satisfyRe(a(t)) � �� < 0; (1.4a)jb(t)j � �q � Re(a(t)); 0 � q < 1 (1.4b)and �(t) is 
ontinuous,then the solution y(t) of (1.3) is asymptoti
ally stable, namely,y(t)! 0,as t!1.In [4℄,the authors introdu
ed two de�nitions of stability based on the test equations(1.3) as follows.De�nition 1. A numeri
al method for DDEs is 
alled TP-stable if, under the
ondition (1.4),the numeri
al solution yn of (1.3) satis�eslimn!1 yn = 0 (1.5)for every stepsize h su
h that h = �=l where l � 1 is a positive integer.De�nition 2. A numeri
al method for DDEs is 
alled TGP-stable if, under the
ondition (1.4),the numeri
al solution yn of (1.3) satis�es (1.5) for every stepsize h > 0.It is the purpose of this paper to investigate the asymptoti
 stability behaviour ofthe theoreti
al solution and the numeri
al solution of (1.1).In Se
tion 2,we derive asuÆ
ient 
ondition for (1.1) su
h that the solution of (1.1) is asymptoti
ally stable. InSe
tion 3,it is proven that the linear �-method is �GPm-stable if and only if 12 � � � 1.2. Asymptoti
 Stability Of The Theoreti
 Solution Of DDEsNow we 
onsider the following equations:( x0(t) = a(t)x(t) + b2(t)x(t� �2) + b1(t)x(t� �1) t � 0; �2 � �1 > 0;x(t) = �(t) t � 0; (2.1)where x : R! C; a; b1; b2 : [0;+1)! C,and � : (�1; 0℄! C.
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al Stability of the �-method For Delay Di�erential Equations with ... 525Theorem 2.1. Assume that the 
ontinuous fun
tions a; b1 and b2 : [0;+1) !R,and satisfy b1(t); b2(t) � 0;�(t) � 0; (2.2a)a(t) � �� < 0; (2.2b)b1(t) + b2(t) � �q � a(t) 0 � q < 1; (2.2
)then all exa
t solutions to (2.1) satisfy limt!1 x(t) = 0.Proof. At �rst,let � = �1 and if �2=�1 = 2,then when t 2 [0; � ℄,(2.1) reads( x0(t) = a(t)x(t) + b2(t)�(t� 2�) + b1(t)�(t� �) t 2 [0; � ℄;x(0) = �(0): (2.3)The solution of (2.3) isx(t) = eA0(t) � �(0) + eA0(t) Z t0 e�A0(s) � [b2(s)�(s� 2�) + b1(s)�(s� �)℄ds; (2.4)where Ai(t) = R ti� a(s)ds; t 2 [i�; (i + 1)� ℄; i = 1; 2; : : : : Sin
e (2.2 a)� (2.2 
) wehave x(t) � [e��t + q(1� e��t)℄ �M= G0(t) �M; (2.5)where M = max�2��t�0 �(t); G0(t) = e��t + q(1� e��t).When t 2 [�; 2� ℄,then (2.1) reads( x0(t) = a(t)x(t) + b2(t)�(t� 2�) + b1(t)x(t� �) t 2 [�; 2� ℄;x(�) = x(�): (2.6)



526 L. QIU, T. MITSUI AND J.X. KUANGThen the solution of (2.6) isx(t) = eA1(t) � x(�) + eA1(t) Z t� e�A1(s)[b2(s)�(s� 2�) + b1(s)x(s� �)℄ds� feA1(t) �G0(�) + eA1(t) Z t� e�A1(s)[b2(s) + b1(s)G0(s� �)℄dsg �M= feA1(t) �G0(�) + eA1(t) Z t� e�A1(s)b2(s)ds+ eA1(t)G0(�0) Z t� e�A1(s)b1(s)dsg �M (�0 2 [0; � ℄)� feA1(t) �G0(�) + eA1(t) Z t� e�A1(s)b2(s)ds+ eA1(t)G0(0) Z t� e�A1(s)b1(s)dsg �M= feA1(t) �G0(�) + eA1(t) Z t� e�A1(s)[b1(s) + b2(s)℄dsg �M� feA1(t) �G0(�) + qeA1(t) Z t� e�A1(s)[�a(s)℄dsg �M= feA1(t) �G0(�) + q(1� eA1(t))g �M� fe��(t��) �G0(�) + q(1� e��(t��))g �M= G1(t� �) �M;
(2.7)

where G1(t) = e��t �G0(�) + q(1� e��t).When t 2 [2�; 3� ℄,then (2.1) reads( x0(t) = a(t)x(t) + b2(t)x(t� 2�) + b1(t)x(t� �); t 2 [2�; 3� ℄x(2�) = x(2�): (2.8)Then we 
an getx(t) = eA2(t) � x(2�) + eA2(t) Z t2� e�A2(s)[b2(s)x(s� 2�) + b1(s)x(s� �)℄ds� feA2(t) �G1(�) + eA2(t)G0(�1) Z t2� e�A2(s)b2(s)ds+ eA2(t)G1(�2) Z t2� e�A2(s)b1(s)dsg �M (�1; �2 2 [0; � ℄)� feA2(t) �G0(�) + eA2(t)G0(�1) Z t2� e�A2(s)b2(s)ds+ eA2(t)G0(�2) Z t2� e�A2(s)b1(s)dsg �M� feA2(t) �G0(�) + eA2(t) Z t2� e�A2(s)[b1(s) + b2(s)℄dsg �M� fe��(t�2�) �G0(�) + q(1� e��(t�2�))g �M= G1(t� 2�) �M:
(2.9)
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al Stability of the �-method For Delay Di�erential Equations with ... 527When t 2 [3�; 4� ℄,then we havex(t) � eA3(t) � x(3�) + eA3(t) Z t3� e�A3(s)[b2(s)x(s� 2�) + b1(s)x(s� �)℄ds� feA3(t) �G1(�) + eA3(t)G1(0) Z t3� e�A3(s)[b1(s) + b2(s)℄dsg �M� G1(0)feA3(t) + q(1� eA3(t))g �M� G0(�)fe��(t�3�) + q[1� e��(t�3�)℄g �M= G0(�)G0(t� 3�) �M: (2.10)
When t 2 [4�; 5� ℄,we have x(t) � G0(�)G0(t� 4�) �M: (2.11)When t 2 [5�; 6� ℄,we get x(t) � G0(�)G1(t� 5�) �M: (2.12)By indu
tion for k = 0; 1; 2; : : :, we obtain8><>: x(t) � [G0(�)℄kG0(t� 3k�) �M for t 2 [3k�; (3k + 1)� ℄x(t) � [G0(�)℄kG1(t� (3k + 1)�) �M for t 2 [(3k + 1)�; (3k + 2)� ℄x(t) � [G0(�)℄kG1(t� (3k + 2)�) �M for t 2 [(3k + 2)�; (3k + 3)� ℄; (2.13)where M = max�2��t�0 �(t); G0(t) = e��t + q(1 � e��t); G1(t) = e��t �G0(�) + q(1�e��t).If �2=�1 = s 2 Z,where Z is the integeral set,then for k = 0; 1; 2; � � �,we 
an obtain8>>>>>>><>>>>>>>:

x(t) � [G0(�)℄kG0(t� (s+ 1)k�) �Mfor t 2 [(s+ 1)k�; ((s + 1)k + 1)� ℄x(t) � [G0(�)℄kG1(t� ((s+ 1)k + i)�) �Mfor t 2 [((s+ 1)k + i)�; ((s + 1)k + i+ 1)� ℄(i = 1; 2; : : : ; s); (2.14)where M = max�s��t�0 �(t).If �2=�1 is not an integer,then there exists s; s 2 Z,su
h that s < �2=�1 < s+1. Welet P0 = 0;Pi = (k + 1)�2 � [(k + 1)(s+ 1)� i℄�1i = k(s+ 1) + 1; k(s + 1) + 2; : : : ; (k + 1)(s+ 1)(k = 0; 1; 2; : : :):We 
an get 8>>>>>>><>>>>>>>:
x(t) � [G0(�2 � s�1)℄kG0(t� P(s+2)k) �Mfor t 2 [P(s+2)k; P(s+2)k+1℄x(t) � [G0(�2 � s�1)℄kG�2�s�1(t� P(s+2)k+i) �Mfor t 2 [P(s+2)k+i; P(s+2)k+i+1)℄(i = 1; 2; : : : ; s+ 1); (2.15)



528 L. QIU, T. MITSUI AND J.X. KUANGwhere G�2�s�1(t) = e��t �G0(�2 � s�1) + q(1� e��t);M = max��2�t�0�(t):Sin
eG0(�); G0(�2�s�1) < 1, from (2.13), (2.14), (2.15) we 
an obtain limt!1 x(t) =0. This 
ompletes the proof of this theorem.Analogous to the proof of the previous theorem,we have the following Theorems.Theorem 2.2. Assume that Re(a(t)); jb1(t)j; jb2(t)j are 
ontinuous andRe(a(t)) � �� < 0; (2.16a)jb1(t)j+ jb2(t)j � �qRe(a(t)) 0 � q < 1; (2.16b)then the solution to (2.1) is asymptoti
ally stable.Proof. From (2.4),we 
an getjx(t)j � jeA0(t)jM + jeA0(t)jM Z t0 je�A0(s)j[jb1(s)j+ jb2(s)j℄ds;sin
e je�A0(s)j = e� R s0 Re(a(u))du,and jb1(s)j+ jb2(s)j � �qRe(a(s)), then we obtainjx(t)j � [e��t + q(1� e��t)℄ �M= G0(t) �M;where M = max��2�t�0 j�(t)j; G0(t) = e��t+ q(1� e��t). The remaining parts 
an beproved analogously.Theorem 2.3. Assume that Re(a(t)); jb1(t)j; jb2(t)j; : : : ; jbm(t)j are 
ontinuous andRe(a(t)) � �� < 0; (2.17a)mXj=1 jbj(t)j � �qRe(a(t)) 0 � q < 1; (2.17b)then the solution to( x0(t) = a(t)x(t) +Pmj=1 bj(t)x(t� �j) t � 0;x(t) = �(t) t � 0; (2.18)for any �m � �m�1 � � � � � �1 > 0 is asymptoti
ally stable.Corollary 2.4. Assume that a; b1; b2; : : : ; bm 2 C, andRe(a) < 0; (2.19a)mXj=1 jbj j < �Re(a); (2.19b)then the solution to (1.2) is asymptoti
ally stable,i.e.,the solution to (1.1) is asymptot-i
ally stable for any 0 < �m � �m�1 � : : : � �1 < 1.Proof. Sin
e (2.19a) and (2.19b) hold,we getRe(aet) � �� < 0; t � 0;mXj=1 jbjetj � �qRe(aet) t � 0; 0 � q < 1;
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e,we 
an take � = �Re(a),and q = mXj=1 jbjj=(�Re(a)).)Then we use Theorem 2.3 to prove this 
orollary.3. Numeri
al Stability Of The Linear �-methodFor the initial problemx0(t) = f(t; x(t); x(�1[t℄); : : : ; x(�m[t℄)) t � 0; (3.1a)x(t) = �(t) t � 0; (3.1b)we 
onsider the following method 
alled the linear �-methodxn+1 = xn + h�f((n+ 1)h; xn+1; xh(�1[(n+ 1)h℄); : : : ; xh(�m[(n+ 1)h℄))+ h(1� �)f(nh; xn; xh(�1[nh℄); : : : ; xh(�m[nh℄)); (3.2)for n = 0; 1; 2; : : :, here � is a parameter with 0 � � � 1; h > 0 is the stepsize.x0 = �(0); xh(t) = �(t); for t � 0,and xh(t) with t � 0 is de�ned by pie
ewise linearinterpolation,i.e.xh(t) = t� nhh xn+1 + (n+ 1)h� th xn; for nh � t � (n+ 1)h; n = 0; 1; : : : : (3.3)Applying (3.2) and (3.3) to (1.2),we arrive at the following re
urren
e relationxn+1 = Rn � xn + mXi=1 S(i)n f(1 � �)[(1� Æi)xn�li + Æixn+1�li ℄+ �eh[(1� Æi)xn+1�li + Æixn+2�li ℄g; (3.4)where Rn = (1 + (1 � �)ahetn)=(1 � �ahetn+1); S(i)n = (bihetn)=(1 � �ahetn+1);� log �i = (li � Æi)h; Æi 2 [0; 1); li 2 Z; (i = 1; 2; : : : ;m). At on
e we 
an �nd oneimportant observation is thatR := limn!1Rn = �1� ��eh ; S(i) := limn!1S(i)n = � bi�eha (i = 1; 2; : : : ;m): (3.5)De�nition 3. Leta; bi 2 C(i = 1; 2; : : : ;m); and Æi 2 [0; 1) (i = 1; 2; : : : ;m);whi
h are de�ned in (*):Then a numeri
al method for DDEs is 
alled �(Æ1; Æ2; : : : ; Æm)-stable at (a; b1; b2; : : : ; bm),if any appli
ation of the method to (1.1) or (1.2) yields approximation xn ! 0 asn!1, whenever �i; (i = 1; 2; � � � ;m) and stepsize h satisfy 0 < �i < 1,h > 0, andÆi = li + h�1 log �i; (i = 1; 2; : : : ;m): (*)The set 
onsisting of all (a; b1; b2; : : : ; bm) at whi
h the method is � (Æ1; Æ2; : : : ; Æm)-stable is 
alled � (Æ1; Æ2; : : : ; Æm)-stability region. For the linear �-method we denoteit by S�;Æ1;Æ2;:::;Æm . The stability region S� of the �-method is de�ned byS� = \0�Æ1;Æ2;:::;Æm<1S�;Æ1;Æ2;:::;Æm :



530 L. QIU, T. MITSUI AND J.X. KUANGDe�ne H = f(a; b1; b2; : : : ; bm) : (a; b1; b2; : : : ; bm) satis�es (2:19)g:De�nition 4. The linear �-method for DDEs (1.1) is 
alled �Pm-stable if and onlyif H � S�;0;0;:::;0.De�nition 5. The linear �-method for DDEs (1.1) is 
alled �GPm-stable if andonly if H � S�.A polynomial is said to be S
hur type if all of its roots are less than 1 in modulus.Now we will prove the following lemma.Lemma 3.1. Under the 
ondition (2.19),if 1 � � � 12 ,the 
hara
teristi
 polynomialof ~xn+1 =R � ~xn + mXi=1 S(i) f(1� �)[(1� Æi)~xn�li + Æi~xn+1�li ℄ (3.6)+�eh[(1� Æi)~xn+1�li + Æi~xn+2�li ℄ois a S
hur polynomial.Proof. The 
hara
teristi
 polynomial of di�eren
e equation (3.6) isP (z; Æ1; Æ2; � � � ; Æm) = Qm+1(z) � zlm � mXj=1Qj(z; Æj)zlm�lj (3.7)where Qm+1(z) = z �R;Qj(z; Æj) = S(j) � [��hz + (1� �)℄[Æjz + (1� Æj)℄ j = 1; 2; � � � ;m:The following proof is always under the 
ondition 1 � � � 12 .(i)we 
an easily get that jRj < 1,(ii)we will show that mXj=1 jQj(z; Æj)j < jQm+1(z)j;8z 2 
.Here 
 denotes the unit 
ir
le in the 
omplex plane. Let z = ei�.Sin
ejÆjei� + (1� Æj)j � jÆjei�j+ j1� Æj j (Æj 2 [0; 1); j = 1; 2; � � � ;m)� Æj + 1� Æj= 1;we 
an get mXj=1 jQj(z; Æj)j � mXj=1 j � bja (ei� + 1� ��eh )jjÆjei� + (1� Æj)j� mXj=1 jbj jj � aj jei� � (�1� ��eh )j< jz �Rj= jQm+1(z)j:
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al Stability of the �-method For Delay Di�erential Equations with ... 531From (i),(ii),we 
an get that the p(z; Æ1; � � � ; Æm) is a S
hur polynomial (see [2℄ or [5℄).Theorem 3.1. Suppose that 1 � � � 12 ,then the linear � -method is �GPm-stable.Proof. LetL[xn℄ =xn+1 �R � xn � mXi=1 S(i) f(1� �)[(1� Æi)xn�li + Æixn+1�li ℄��eh[(1� Æi)xn+1�li + Æixn+2�li ℄o :Then the equation (3.4) 
an be written asL[xn℄ = Fn n � 0; (3.8)where Fn =(Rn �R)xn + mXj=1(S(j)n � S(j))n(1� �)[(1� Æj)xn�lj + Æjxn+1�lj ℄ (3.9)+�eh[(1� Æj)xn+1�lj + Æjxn+2�lj ℄o n � 0:Let Xn = xn + mXj=1 bja [(1 � Æj)xn�lj + Æjxn+1�lj ℄: (3.10)It follows from (3.8) that Xn+1 = RXn + Fn; n � 0;from whi
h we dedu
e by iteration thatXn+1 = nXk=0RkFn�k +Rn+1X0; n � 0: (3.11)Let M be a positive 
onstant su
h thatjFkj �Me�kh � max�lm�j�k jxjj; k � 0:If �Re(a) > mXj=1 jbj j,then we obtain from (3.11) thatjxn+1j � (1 +M(n+ 1)e�nh) max�lm�k�n jxkj+ jRjn+1jX0j; n � 0whi
h implies thatjxn+1j � f nYk=0(1 +M(k + 1)e�kh + jRjk+1)gmaxf max�lm�i�0 jxij; jX0jg; n � 0:



532 L. QIU, T. MITSUI AND J.X. KUANGSin
e the produ
t in the previous inequality 
onverges as n!1,the solution sequen
eof (1.2) is bounded. If �Re(a) > mXj=1 jbj j,then xn tends to zero as n ! 1.This isbe
ause that fxng1n=0 satis�es equation (3.8) whose right hand side term Fn tends tozero with the exponential form as n ! 1,and that the 
orresponding 
hara
teristi
polynomial of (3.8) is of S
hur type. This 
ompletes the proof of this theorem.Corollary 3.2. The linear �-method is �GPm-stable if and only if 1 � � � 12 .Proof. The \if" part is obtained from Theorem 3.1. The "only if" part 
an berea
hed by 
he
king the 
ase where bj = 0; (j = 1; 2; � � � ;m).Referen
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