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Abstract

This paper deals with the asymptotic stability of theoretical solutions and nu-
merical methods for the delay differential equations(DDEs)

y'(t) :ay(t)+ijy(Ajt) t>0,

y(0) =y,

where a,by,by,...,0, and yg € C,0 < Ay < A1 < .00 <A < 1. A suf-
ficient condition such that the differential equations are asymptotically stable is
derived.And it is shown that the linear #-method is AGP,,-stable if and only if
$1<h<1
3 <O<1L

Key words: Delay differential equation, Variable delays, Numerical stability, 6-
methods.

1. Introduction

In this paper,we will investigate the numerical solutions of the following initial value
problems for DDEs with many variable delays

y'(t) :ay(t)"‘]z_:lbjy()‘jt) t>0, L1)

y(O) = Yo,
where a,b1,09,...,b,, and yg € C,0 < A, < A1 < ... < A < LIt is difficult to

investigate numerically the long time dynamical behaviour of the exact solution due to
limited computer memory. To avoid this problem we transform (1.1) into the differential
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equations with constant time lags in the following way.(see [3]) Let z(t) = y(e') for
t > log A\, Then z(t) satisfies the following initial value problems

aetz(t) + Z bie'z(t +logA;) t>0,
= (1.2)

z(t) =uy(el) := (¢ t € [log A\, 0],

8
~
—
o~
=

Il

where y(t),0 < t < e = 1,can be obtained numerically by using 6 -method to (1.1).
Then,let us consider the following linear test equations which were introduced in [4],

y'(t) =a(t)y(t) +b)y(t —7) 7>0,t>0, (1.3)
y(t) =) —7<t<0, '
where y : [-7,400) = C, a,b:[0,+00) = C.
If a(t) and b(t) are continuous and satisfy
Re(a(t)) < -4 <0, (1.4a)
|b(t)| < —q- Re(a(t)),0<g< 1 (1.4b)

and ®(t) is continuous,then the solution y(t) of (1.3) is asymptotically stable, namely,
y(t) — 0,a8 t — oo.

In [4],the authors introduced two definitions of stability based on the test equations
(1.3) as follows.

Definition 1. A numerical method for DDEs is called TP-stable if, under the
condition (1.4),the numerical solution y,, of (1.3) satisfies

nlgrr;oyn =0 (1.5)

for every stepsize h such that h = 7/l where | > 1 is a positive integer.

Definition 2. A numerical method for DDEs is called TGP-stable if, under the
condition (1.4),the numerical solution y,, of (1.3) satisfies (1.5) for every stepsize h > 0.

It is the purpose of this paper to investigate the asymptotic stability behaviour of
the theoretical solution and the numerical solution of (1.1).In Section 2,we derive a
sufficient condition for (1.1) such that the solution of (1.1) is asymptotically stable. In
Section 3,it is proven that the linear #-method is AG P,,-stable if and only if % <6< 1.

2. Asymptotic Stability Of The Theoretic Solution Of DDEs

Now we consider the following equations:

{ 2'(t) =at)z(t) + bo(t)x(t — m2) +bi(t)z(t —7) t>0,79>7 >0, 2.1)

2(t) =®(t) t<0,

where z: R — C, a,by,by:[0,400) = C,and @ : (—o0,0] — C.
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Theorem 2.1. Assume that the continuous functions a,byandby : [0,+00) —
R, and satisfy

bi(t),ba(t) > 0,9(t) >0, (2.2a)
a(t) < B <0, (2.2b)
bi(t) +ba(t) < —q-a(t) 0<¢g<1, (2.2¢)

then all exact solutions to (2.1) satisfy limy_, o 2:(t) = 0.

Proof. At first,let 7 = 7 and if 79/7; = 2,then when ¢ € [0, 7],(2.1) reads

{ ' (t) =a(t)z(t) +bo(t)P(t —27) + b1 (1)P(t —7) t€[0,7], (2.3)

The solution of (2.3) is

z(t) = e . §(0) + eAo®) /Ot e A00) by (s)B(s — 27) + by (8)®(s — 7)]ds,  (2.4)

where A;(t) = [ a(s)ds, t e fir,(i+1)7],7 = 1,2,.... Since (2.2 a)~ (2.2 ¢) we

1T
have

z(t) <le P+ q —e P M

_ Golt) - M, (2.5)
where M = max_o,<1<o ®(t), Go(t) = e Pt 4+ q(1 — e PY).
When t € [r,27],then (2.1) reads
{ .r'((t)) i ait)):r(t) + ba(t)®(t — 27) + by (t)z(t — 1) t € [7,27], (2.6)
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Then the solution of (2.6) is

z(t) = eAr(t) . x(1) + eA1(t) /t efAl(s)[bg(s)q)(s —27) + bi(s)z(s — 7)]ds

T

< {eMW . Gy(r) + M) /t e M) [by(s) + by (s)Go(s — 7)]ds} - M

JT

t
= {eM®) . Gy(7) + M) / e M1 )py(s)ds

JT

+ MGy (&) /t e by (s)ds}t- M (& € [0,7])

t
< {eM® . Gy(r) + eM® / e M)y (s)ds
t : (2.7)
+ MGy (0) / e A1)y, (s)ds) - M

T

¢
= {eAl(t) -Go(1) + eA1(®) / efAl(s)[bl(s) + by(s)]ds} - M

JT t
< {eM®W . Gy(r) + gD / e M) —a(s)]ds} - M

= {eM10- Go(r) +q(1 — M)} M
< {6,,3@,7) -Go(r) 4+ q(1 — e*ﬂ(tff))} M
=Gy (t — T) - M,

where Gy (t) = e Pt Go(7) + q(1 — e=5Y).
When ¢ € [27,37],then (2.1) reads

{ '(t) = a(t)z(t) + by(t)x(t — 27) + by (t)z(t — 7),t € [27,37]

z(27) z(27). (2:8)

Then we can get

z(t) = e g(2r) 4 M0 /zj e A2 by (s)z(s — 27) + by (s)z(s — 7)]ds

< {2 . (1) + DG (&) /: e A2()py(s)ds
2061 (6) [ e MO (s)ds} M (61,6 € [0,7)
< {2 Go(r) + Gy (&) /: e 28y (s)ds (2.9)
+eMOG(6) /Z L e M), (s)ds) - M
t

< {eMW . Gy(r) + 20 / e 2O [by(s) + by(s)]ds} - M
2

<{e P2 Go(r) + q(1 — e P2} M
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When t € [37,47],then we have

t
z(t) < e™® . £(37) 4 M0 / e~ A3G)[by(s)z(s — 27) + by (s)z(s — 7)]ds
37
t
450 G (1) + M0 (0) / e A56)[by (5) + bo(s)|ds} - M
37

IN
——
o

When ¢ € [471,57],we have
z(t) < Go(1)Go(t —47) - M.

When ¢ € [57,67],we get
z(t) < Go(1)G1(t — 57) - M.

By induction for £ = 0,1,2,..., we obtain

527

(2.10)

(2.11)

(2.12)

(2.13)

z(t) < [Go(T)]FGo(t — 3kT) M for t € [3kT, (3k + 1)7]
z(t) < [Go(T)FGi(t — 3k +1)7)- M for t € [(3k + 1)7, (3k + 2)7]
z(t) < [Go(T)FGi(t — 3k +2)7) - M for t € [(3k + 2)7, (3k + 3)7],
where M = max_o;<i<o ®(t), Go(t) = e P+ q(1 —e ), Gi(t) = e P - Go(7) + q(1 —

e B,

If 79/m1 = s € Z,where Z is the integeral set,then for k = 0, 1,2, ---,we can obtain

((z(t) <[Go(T)]FGo(t — (s + 1)k7) - M
fort € [(s+ 1)k7,((s + 1)k + 1)7]
z(t) < [Go(M)FGi(t — ((s+ Dk +i)r) - M
fort € [((s + Dk 4+4)7, ((s + Dk 44+ 1)7]
{ (i=1,2,...,s),

where M = max_,<i<o ®(t).

(2.14)

If 79/71 is not an integer,then there exists s, s € Z,such that s < 7o/7 < s+ 1. We

let
Py =0,
Po=((k+1)r—[(k+1)(s+1) —in
i=k(s+1)+1Lk(s+1)+2,...,(k+1)(s+1)
(k=0,1,2,...).
We can get

(z(t) <[Golre = sm1)FGo(t — Pyiay) - M
for t € [Pisio)ks Pls+2)k+1]
z(t) < |[Go(r2 — 57—1)]kGTzfsn (t— P(s+2)k+i) - M
for t € [Plsyokris Psr2phritn))
L (1=1,2,...,8+1),

(2.15)



528 L. QIU, T. MITSUI AND J.X. KUANG

where G,_s;, (t) = e P - Go(ra — s71) + q(1 — e P1), M = max_,,<1<0 ®(¢).
Since Go(7), Go(mo—s71) < 1, from (2.13), (2.14), (2.15) we can obtain limy_,, z(t) =
0. This completes the proof of this theorem.
Analogous to the proof of the previous theorem,we have the following Theorems.
Theorem 2.2. Assume that Re(a(t)), |bi(t)|, |b2(t)| are continuous and

Re(a(t)) < -8 <0, (2.16a)
|b1(t)| + [b2(t)| < —qRe(a(t)) 0<¢g<1, (2.16b)

then the solution to (2.1) is asymptotically stable.
Proof. From (2.4),we can get

t
(1)) < Jeto® M + IeAO(t)IM/ e[y (s)] + [b2(s)[]ds,
J0

since |e 40| = ¢~ I Re(a(u)du i nq |b1(s)| + |b2(s)] < —qRe(a(s)), then we obtain
o (t)] < [ +q(1 —e )] - M
= GO(t) ’ Mu

where M = max_,,<;<q |®(t)], Go(t) = e ' + ¢(1 — e P!). The remaining parts can be
proved analogously.

Theorem 2.3. Assume that Re(a(t)), |bi(t)|, [b2()],. .., |bm(t)| are continuous and
Re(a(t)) < -6 <0, (2.17a)
> 1bi()] < —qRe(a(t)) 0<g<1, (2.17b)
=

then the solution to

a'(t) = al)z(t) + X bj(t)a(t — 1) >0, (2.18)
w(t) =) t<0, '
for any 1, > Truo1 > -+ > 11 > 0 is asymptotically stable.
Corollary 2.4. Assume that a, by, ba,..., b, € C, and
Re(a) < 0, (2.19a)
m
> |bj| < —Re(a), (2.19b)
j=1

then the solution to (1.2) is asymptotically stable,i.e.,the solution to (1.1) is asymptot-
ically stable for any 0 < A, <A1 <. <A < 1.
Proof. Since (2.19a) and (2.19b) hold,we get

Re(ae') < =<0, t>0,

m
Z bje’| < —qRe(ae’) t>0,0<qg<1,
7=1
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m
(For instance,we can take 8 = —Re(a),and ¢ = Z b;|/(—Re(a)).)
j=1
Then we use Theorem 2.3 to prove this corollary.

3. Numerical Stability Of The Linear #-method
For the initial problem
2 (1) = f(to(t), 2(cat]),...,wlamlt)) >0, (3.1a)
z(t) = ®o(t) ¢ <0, (3.1b)
we consider the following method called the linear -method
Tptl = Ty + hof((n + ]‘)h‘a In+17$h(a1[(n + l)h‘])ﬂ s 7$h(am[(n + l)h‘]))
+ h(1 = 6)f (nh, zn, 2" (@[], ..., 2" (o [nR]),

for n = 0,1,2,..., here 6 is a parameter with 0 < 6 < 1, h > 0 is the stepsize.
zg = ®(0), 2"(t) = ®(t),for t < 0,and z"(¢) with ¢+ > 0 is defined by piecewise linear
interpolation,i.e.

t —nh h—t
zh(t) = hn Tpi1 + %xn,for nh<t<(n+1)h,n=0,1,.... (3.3)

(3.2)

Applying (3.2) and (3.3) to (1.2),we arrive at the following recurrence relation

Tp41 = R, -z, + Z 57(12){(1 - 0)[(1 - 6i)$nfli + 6i$n+lfli] (3 4)
=1 .

+ Heh[(]' - 5i)mn+1fl,- + 5izn+27li]}a

where R, = (1 + (1 — 0)ahe™)/(1 — ahetn+1), S = (bihe!)/(1 — Qahetn+),
~logA; = (I; — &)h,0; € [0,1),l; € Z, (i = 1,2,...,m). At once we can find one
important observation is that

R:= lim R, = —1;0 S0 .= lim Sff) = bi

n—oc Qe ’ n—oc _Heha
Definition 3. Let

(i=1,2,...,m). (3.5)

a,b € C(i=1,2,...,m),and 6; € [0,1) (i =1,2,...,m), which are defined in (*).

Then a numerical method for DDEs is called A(d1, 02, . .., 0 )-stable at (a,by, ba, ..., by),

if any application of the method to (1.1) or (1.2) yields approzimation x, — 0 as
n — oo, whenever X\, (i = 1,2,---,m) and stepsize h satisfy 0 < A\; < 1,h > 0, and

Si=1li+hlog\, (i=1,2,...,m). (*)
The set consisting of all (a, by, ba, ..., by,) at which the method is A (d1,d2, ..., 0m)-
stable is called A (1,02, ..., 0., )-stability region. For the linear #-method we denote
it by S¢5,.6,,..6,- The stability region Sy of the §-method is defined by
Sy = ﬂ 50,61,6,....6m -

0<01,02,...,0m <1
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Define
H = {(a,b1,ba,...,by) : (a,b1,ba,..., by,) satisfies (2.19)}.

Definition 4. The linear 0-method for DDFEs (1.1) is called AP,,-stable if and only
if H C Spo,0,..0

Definition 5. The linear 8-method for DDEs (1.1) is called AGP,,-stable if and
only if H C Sy.

A polynomial is said to be Schur type if all of its roots are less than 1 in modulus.
Now we will prove the following lemma.

Lemma 3.1. Under the condition (2.19),if 1 > 0 > %,the characteristic polynomial
of
m .
Fngr =R -3+ SD{LA = 0)[(1 = ;) @01, + 6ins1-1,] (3.6)
i=1
+0e"[(1 = 6;)Ent11; + 5z'fi‘n+24i]}

1s a Schur polynomial.
Proof. The characteristic polynomial of difference equation (3.6) is

P(Za(Sla(sQa e 75771) = Qm+1(z) 'Zlm o ZQj(Zv(sj)zlmilj (37)
j=1

where

Qm+1(2) =z = R7
Qj(z,0;) = SY - [9e"z + (1 = 0)][6;2 + (1 = 3;)] j=1,2,---,m.

The following proof is always under the condition 1 > 6 > %

(i)we can easily get that |R| < 1,
m

(i) we will show that Y [Q;(2,6;)| < |Qm+1(2)|,Vz € c.
j=1
Here ¢ denotes the unit circle in the complex plane. Let z = ¢’ _Since

0;¢" + (1 —6;)] < [0 +1—6;] (§; €[0,1),5=1,2,---,m)

§5j+1—5j
:17
we can get
10420 < D01 - Zei® 4+~ 856 + (1 )
j=1 j=1
bl e 1-6
< — (=
_j;_a|e ( geh )‘
<|z— R
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From (i),(ii),we can get that the p(z,01,- -, dn) is a Schur polynomial (see [2] or [5]).
Theorem 3.1. Suppose that 1 > 6 > 1 5,then the linear 6 -method is AG Py, -stable.
Proof. Let

Llzy) =xp41 — R-xp — Z S {1 =0)[(1 —di)zn_t;, + bizn+1-1,]

—0e"[(1 — 6;)pi1 1, + 51‘!Iin+241—]} .

Then the equation (3.4) can be written as

Llzp]=F, n >0, (3.8)
where
Fy =(Ry — R)zn + Z Dy {0 - 6)zn 1, + Gjmni1 4]
(3.9)
+9€ [(1 — 5j):vn+1,lj + 6j$n+2flj]} n > (0.
Let

17(5 Tn L + 6, i Tn41— l]. (310)

It follows from (3.8) that

_J
a

Xps1=RXn,+F,, n>0,

from which we deduce by iteration that

n
Xpi1 =Y R'F, y + R" X, n > 0. (3.11)
k=0

Let M be a positive constant such that

|Fi| < Me™™ . max |z, k> 0.
i<k

m
If —Re(a) > Z b;|,then we obtain from (3.11) that
7=1

|Zni1| < (14 M(n+1)e ™) lmax 2| + |R|" T Xo|,n >0
which implies that

|Tni1] < {H 1+ M(k+1)e k4 |R\k+1)}max{ max \:L“Z| Xol},n > 0.
k=0
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Since the product in the previous inequality converges as n — oo,the solution sequence
m

of (1.2) is bounded. If —Re(a) > > |b;|,then z, tends to zero as n — oco.This is
=1

because that {z, }>2, satisfies equat]ion (3.8) whose right hand side term F), tends to

zero with the exponential form as n — oc,and that the corresponding characteristic

polynomial of (3.8) is of Schur type. This completes the proof of this theorem.
Corollary 3.2. The linear 8-method is AGP,,-stable if and only if 1 > 0 > %
Proof. The “if” part is obtained from Theorem 3.1. The "only if” part can be

reached by checking the case where b; = 0,(j =1,2,---,m).

References

[1] Z. Jackiewicz, Asymptotic stability analysis of the #-methods for functional equation, Nu-
mer.Math., 43 (1984), 389-396.

[2] M.Z. Liu, M.N. Spijker, The stability of the f-methods in the numerical solution of delay
differential equations, IMA J.Num.Anal., 10 (1990), 31-48.

[3] Y. Liu, Stability analysis of the §-methods for neutral functional-differential equations,
Numer.Math., 70 (1995), 473-483.

[4] H.J. Tian and J.X. Kuang, The stability analysis of the §-methods for delay differential
equations, J.C.M., 14 (1996).

[5] H.J. Tian and J.X. Kuang, The stability of the #-methods in numerical solution of delay
differential equations with several delay terms, J.Comput.Appl. Math., 58 (1995), 171-181.



