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A V-CYCLE MULTIGRID METHOD FOR THE PLATE BENDINGPROBLEM DISCRETIZED BY NONCONFORMING FINITEELEMENTS�Xue-jun Xu(ICMSEC, Chinese Aademy of Sienes, Beijing 100080, China)Li-kang Li(Department of Mathematis, Fudan University, Shanghai 200433, China)AbstratIn this paper, an optimal V-yle multigrid algorithm for some famous nonon-forming plate elements is established.Key words: The plate problem, V-yle multigrid, Nononforming elements.1. IntrodutionMultigrid methods have beome some of the most powerful methods for solving par-tial di�erential equations disretized by the �nite element and �nite di�erene methods.(f. [7℄[11℄[14℄ and referene therein). Multigrid methods for the nononforming �niteelements have been studied by some reseahers reently. For the seond order problems,some optimal multigrid methods for the P1 nononforming element and the Wilsonnononforming element have been established.(f.[5℄[18℄[22℄). Mutilgrid methods forbiharmoni problem have also attrated many reseahers attention, in [9℄[12℄[17℄, theauthors presented some optimal order multigrid methods for the Morely element, butonly onsidered W-yle multigrid. In [21℄, Zhang proposed a V-yle multigrid forBonger-Fox-Shmit (BFS) onforming plate element, the onvergene of the methodrests on the nestness of the mesh spaes. But until now eÆtive V-yle multigrids forthe nononforming plate elements have not been onstruted.The purpose of this paper is to develop an optimal and e�etive V-yle multigridmethod for some well-known nononforming �nite elements suh as the Morley element,the Adini elemet. The basi idea is that no matter how �nite element spaes we dealwith, we insist on using the Powell-Sabin (PS) �nite element spae as orretion spaeon the level l (l = 1; :::; L � 1). The V-yle multigrid method for the nononformingplate elements needs smooth enough steps on the last level L, but on the oarse meshl (l = 1; :::; L � 1) only needs smooth one step. Moreover, beause we use the PS�nite element as oarse mesh spaes(l = 1:::; L�1), the intergrid transfer operator onlyhoose the most simple interpolation opertor, the omputation beome very heap.� Reeived Marh 12, 1996.



534 X.J. XU AND L.K. LI2. Plate Bending Problem and Nononforming ElementsLet 
 be a onvex polygonal domain in R2, the variational form of the plate bendingproblem is de�ned as follows: Find u 2 H20 (
)( f. [10℄ for Sobolev spae notations)suh that a(u; v) = (f; v); 8v 2 H20 (
); (2.1)where f is a funtion on L2(
) anda(u; v) = Z
4u4v + (1� �)(2 �2u�x1�x2 �2v�x1�x2 � �2u�x21 �2v�x22 � �2u�x22 �2v�x21 )dx;(f; v) = Z
 fvdx;and 0 < � < 12 is the Possion ratio. It is well-known that (2.1) has a unique solutionu 2 H20 (
), and a(u; v) � Cjuj2jvj2; 8u; v 2 H20 (
); (2.2)a(v; v) � Cjvj22; 8v 2 H20 (
); (2.3)where j � j2 is seminorm over spae H2(
).Throughout this paper, , C always denote stritly positive onstant independentof h and L.We assume the following ellipti regularity for the problem (2.1). For any f 2H�1(
) =(H10 (
))0, there exists a solution u 2 H3(
) \H20 (
) andkuk3 � Ckfk�1:It was proved in [2℄ that the above assumption is true if 
 is a onvex polygonal domain.We assume that �h is a quasiuniform triangular or retangular partition of 
, letVh � L2(
) be a �nite element spae with respet to �h. De�neah(u; v) = XK2�h ZK(4u4v + (1� �)(2 �2u�x1�x2 �2v�x1�x2 � �2u�x21 �2v�x22 � �2u�x22 �2v�x21 ))dx;and jvj2i;h = XK2�h jvj2i;K ; (i = 0; 1; 2):We assume that the above de�nitions satisfy:(H1) (1). ah(u; v) � Cjuj2;hjvj2;h; 8u; v 2 Vh;(2). ah(v; v) � Cjvj22;h;8v 2 Vh;(3). juj2;h is a norm over Vh.(4). Dh(u; v) � Chjuj3jvj2;h; 8u 2 H3(
); v 2 Vh, andDh(u; v) =XK Z�K((�4u+ (1� �)�2u��2 )�v�n � (1� �) �2u�n�� �v�� )dswhere � and n denote the unit tangential and outward normal vetor along �K.



A V-yle Multigrid Method for the Plate Bending Problem ... 535The disretization form of (2.1) is as follows: Find uh 2 Vh, suh thatah(uh; vh) = (f; vh); 8vh 2 Vh: (2.4)By (H1), it is easy to hek that (2.4) has a unique solution uh 2 Vh. De�ne an operatorAh : Vh ! Vh as follows (Ahu; v) = ah(u; v); 8u; v 2 Vh:Then (2.4) an be expressed as: Ahuh = fh; (2.5)where fh 2 Vh, (fh; v) = (f; v); v 2 Vh:3. An Abstrat TheoryIn order to onstrut our V-yle multigrid algorithm, we must hoose suitableoarse mesh �nite element spaes. De�ne Sl as the following Powell-Sabin �nite elementspae (f.[15℄[16℄ for details).Let �l(l = 1; :::; L � 1) be triangular partition of 
 with mesh size hl = 2L�lh.�l is obtained by linking the minpoints of two side of all triangle of �l�1. AssumehL�1 = h=2. Now we de�ne the following PS �nite element spaes on triangulation �l(1 � l � L� 1).The shape funtion spae P (K) is a pieewise quadrati polynomail spae, thedegrees of freedom of this element are given byfp(ai); �p�x1 (ai); �p�x2 (ai); i = 1; 2; 3g;where ai is the vertex of triangle K. Obviously, we haveS1 � S2 � � � � � SL�1:Now we an de�ne operators ASl , QSl as followsASl : Sl ! Sl; (ASlu; v) = a(u; v); 8u; v 2 Sl (l = 1; :::; L � 1):QSl : SL�1 ! Sl; (QSlu; v) = (u; v); 8u 2 SL�1; v 2 Sl (l = 1; :::; L � 1):Let operator JL�1 : H3(
)\H20 (
)! SL�1 be the standard interpolation operatorwith respet to spae SL�1.(H2). Assume there exists an opertor �h : SL�1 ! Vh suh that(1):j�hv � vjr;h � Ch2�rjvj2; 8v 2 SL�1 (r = 0; 1; 2)(2):jv � �hJL�1vj2;h � Chjvj3; 8v 2 H3(
) \H20 (
):Remark 3.1. In what follows, we an �nd that the operator �h will be appeared inthe following multigrid algorithm, so its implementation should be heap, beause wehoose Sl as PS �nite element spae, we an �nd that the onstrution of operator �his very simple and heap for any nononforming plate element spaes.



536 X.J. XU AND L.K. LIDe�ne operators QL�1 and PL�1:Vh ! SL�1 as follows:(QL�1u; v) = (u; �hv); 8u 2 Vh; v 2 SL�1; (3.1)a(PL�1u; v) = ah(u; �hv); 8u 2 Vh; v 2 SL�1 (3.2)By the de�nition of PL�1 and (H1),(H2), it is easy to hek thatjPL�1uj2 � Cjuj2;h: (3.3)In order to de�ne our V-yle multigrid algorithm, we must introdue some smooth-ing operators. For simpliity, we only onsider the following symmetri smoothers.(H3). Assume that there exists a symmetri smoother Rh : Vh ! Vh suh that(1): C 1�h (v; v) � (Rhv; v); 8v 2 Vh;(2): ah(RhAhv; v) � �ah(v; v); 8v 2 Vh;where � 2 (0; 2) and �h is the maximum eigenvalue of Ah.By (H3) and the similar arguments of Theorem 3.6, Theorem 5.1 of [7℄, we haveLemma 3.1. For all v 2 Vh, we havekAhKmh vk2�h � ah((I �K2h)Kmh v;Kmh v) � C 1mah(v; v):where Kh = I �RhAh and m is the number of smoothing.On the oarse mesh spae Sl(l = 0; :::; L� 1), using the similar idea of hapter 5 in[7℄, we an onstrut symmetri smoothers RSl : Sl ! Sl whih satisfyC 1�l (v; v) � (RSlv; v);and a(RSlASlv; v) � �a(v; v); 8v 2 Vh;where � 2 (0; 2) and �l is the maximum eigenvalue of Al.In fat, the Rihardson, Jaobi and symmtri Gauss-Seidel smoother satisty theabove smoothing ondition.(f.[7℄ for details)Now we an de�ne the following V-yle multigrid algorithm.V-yle multigrid algorithmFor any given g 2 Vh, de�ne BLg as follows(1). Set x0 = 0; xn = xn�1 +Rh(g �Ahxn�1); n = 1; :::;m:(2). De�ne xm+1 = xm + �hq,whereq =ML�1QL�1(g �Ahxm):(3). Let y0 = xm+1 andyn = yn�1 +Rh(g �Ahyn�1); n = 1; :::;m:



A V-yle Multigrid Method for the Plate Bending Problem ... 537(4). Set BLg = ym:Moreover the operater ML�1 is de�ned as follows: Set M1 = A�1S1 , for any givengl 2 Sl, Mlgl (l = 2; :::; L � 1) is de�ned by(i). Set x1 = Rlgl.(ii). De�ne Mlgl = x1 + p, where p 2 Sl�1 is given byp =Ml�1Ql�1(gl �ASlx1):It is easy to hek thatI �BLAh = Kmh (I � �hPL�1 + �h(I �ML�1ASL�1)PL�1)Kmh : (3.4)In what follows, we give an estimate of operator I �ML�1ASL�1 .Lemma 3.2. Let QS0 = 0, then for any u 2 SL�1, we haveL�1Xl=1 h�4l kQSlu�QSl�1uk20 � Cjuj22:we refer the proof of this lemma to Theorem 5.1 in [6℄.In order to obtain the so-alled strengthen Cauhy-Shwarz inequality for the PS�nite element spae Sl, we �rst introdue the frational Sobolev spae Hm+�0 (
) (m =0; 1; 2 and 0 < � < 1), whih is de�ned by the ompletion of C10 (
) in the followingnorm kvkm+� = (kvk2m + jvj2m+�) 12 ;where jvj2m+� = Xj�j=m Z
 Z
 jD�v(x)�D�v(y)j2jx� yj2+2� dxdy:For � 2 (0; 2℄, we de�ne H��(
) = (H�0 (
))0; the dual of H�0 (
). The following inverseinequality (f. [20℄ for details) holdsjvj2+� � h��l jvj2; 8v 2 Sl;jvjs � h�sl kvk0; 8v 2 Sl;where � 2 (0; 12 ) and s 2 [0; 2℄.Lemma 3.3. There exists  2 (0; 1) suh that for any ui 2 Si; uj 2 Sj, (i < j), wehave a(ui; uj) � Cj�ih�2j a(ui; ui) 12 kujk0;Proof. Obviously, by Green formulation, we know that 4 : H20 (
) ! L2(
)is ontinuous, and by duality 4 : L2(
) ! H�2(
) is ontinuous. By interpola-tion, for � 2 (0; 12); 4 : H2��(
) ! H��(
) is also ontinuous. Hene j4vj�� �Cjvj2��; 8v 2 H20 (
): Thereforea(ui; uj) � j4uij�j4uj j��� Cjuij2+�juj j2��:



538 X.J. XU AND L.K. LIBy the above inverse inequality, we havea(ui; uj) � Ch��i juij2 � h�2+�j kujk0� C((12)�)j�ih�2j a(ui; ui) 12 kujk0;whih yields Lemma 3.3.Based on Lemma 3.2, 3.3 and the similar arguments of Theorem 4.4, Lemma 6.3 in[19℄, we haveTheorem 3.1. For the operator I �ML�1ASL�1 , we haveja((I �ML�1ASL�1)u; u)j � Æ0a(u; u); 8u 2 SL�1:where Æ0 2 (0; 1) is independent of L and h. In fat, Theorem 3.1 provides a V-yleonvergene analysis for the PS �nite element.Let f�jgNhj=1 and f'jgNhj=1 be the eigenvalues and orresponding normalized eigen-funtions of Ah, i.e. Ah'j = �j'j ; j = 1; :::; Nh;and ('i; 'j) = Æij ;where Æij is Kroneker symbol.For any vh 2 Vh, vh = PNhj j'j; let A s2h v = PNhj � s2j j'j ; then we an de�ne thefollowing disrete norm on the spae Vhkvks;h=̂(A s2h v; v) 12 :Note that kvk2;h = ah(v; v) 12 , kvk0;h = kvk0 and for any u; v 2 Vh the following inequal-ities are not diÆult to hekkvks;h � Cht�skvkt;h; s > t; (3.5)ah(u; v) � kuk2+t;hkvk2�t;h; t 2 R; (3.6)kvk3;h � kvk 124;hkvk 122;h: (3.7)Let Ih denote the linear or bilinear �nite element interpolation operator with respetto �h.(H4).For the operator Ih, we assume that Ih : Vh ! H10 (
) andjv � Ihvj1;h � Chjvj2;h; 8v 2 Vh:Lemma 3.4. Under the assumptions (H3), (H4), we havekvk1;h � Cjvj1;h:Proof. By an argument ompletely similar to the one used to prove proposition 8.1 of[17℄, we an show that kvk1;h � C(jIhvj1 + hjvj2;h); 8v 2 Vh:



A V-yle Multigrid Method for the Plate Bending Problem ... 539Hene, it follows that the inverse inequality and (H4), we havekvk1;h � C(jIhv � vj1;h + jvj1;h + hjvj2;h)� C(hjvj2;h + jvj1;h) � Cjvj1;h:So this Lemma is true.Lemma 3.5. Under the assumptions (H1), (H2), (H4), for the operator PL�1de�ned by (3.2), we haveju� PL�1uj1;h � Chkuk2;h; 8u 2 VhProof. By the triangle inequality, we getju� PL�1uj1;h � ju� Ihuj1;h + jIhu� PL�1uj1;h;where Ih is de�ned by (H4).By (H1), (H4), we haveju� Ihuj1;h � Chjuj2;h � Chkuk2;h:Note that Ihu � PL�1u 2 H10 (
), then � = 4(Ihu � PL�1u) 2 H�10 (
). Consider thefollowing auxiliary problem 8<: 42� = �; in 
;� = ���n = 0; on �
; (3.8)By regularity assumption, we know thatk�k3 � Cj�j�1 � CjIhu� PL�1uj1: (3.9)Furthermore, there holds that (f.[10℄ for details)� Z
r(4�)r�dx = (4(Ihu� PL�1u); �);= (r(Ihu� PL�1u);r�); 8� 2 H10 (
):Then, we havejIhu� PL�1uj21 = � Z
r(4�)r(Ihu� PL�1u)dx= �XK ZK r(4�)r(Ihu� u)dx�XK ZK r(4�)r(u� PL�1u)dx=̂R1 +R2:By (H1), (H4), (3.9), we getjR1j � j �XK ZK r(4�)r(Ihu� u)dxj � Ck�k3jIhu� uj1;h� ChjIhu� PL�1uj1kuk2;h:



540 X.J. XU AND L.K. LIOn the other handR2 = �XK ZK r(4�)r(u� PL�1u)dx= �XK ZK r(4�)rudx+XK ZK r(4�)rPL�1udx= ah(�; u)�Dh(�; u)� a(�; PL�1u)= ah(� � �hJL�1�; u) + a(JL�1� � �; PL�1u)�Dh(�; u)=̂ I1 + I2 + I3:By (H1) and the interpolation error estimate of the PS �nite element spae(f.[15℄), wehave jI2j � j� � JL�1�j2juj2;h � Chk�k3juj2;h� ChjIhu� PL�1j1;hkuk2;h:By (H1),(H2), we havejI1j � j� � �hJL�1�j2;hjuj2;h � Chk�k3juj2;h� ChjIhu� PL�1j1;hkuk2;h:By (H1), we have jI3j � Chk�k3juj2;h � ChjIhu� PL�1j1;hkuk2;h:Combined above inequalities, we obtain Lemma 3.5.Lemma 3.6. Under the assumptions (H1),(H2),(H4), we havekv � �hPL�1vk2;h � Chkvk3;h; 8v 2 Vh:Proof. By (3.3), (H1), Lemma 3.4 and the inverse inequality, we havekv � �hPL�1vk1;h � jv � �hPL�1vj1;h� jv � PL�1vj1;h + j(I � �h)PL�1vj1;h� Chkvk2;h + ChjPL�1vj2� Chkvk2;h:On the other hand, for any �xed v 2 Vh, by (3.6) and above inequatily, we havekv � �hPL�1vk2;h = supw2Vh;kwk2;h=1 ah(v � �hPL�1v; w)= supw2Vh;kwk2;h=1 ah(v; w � �hPL�1w)� supw2Vh;kwk2;h=1 kvk3;hkw � �hPL�1wk1;h� Chkvk3;h:So this Lemma is true.



A V-yle Multigrid Method for the Plate Bending Problem ... 541Finally, we an obtain the main result of this paper.Theorem 3.2. Under the assumptions (H1)-(H4), then for any Æ 2 (Æ0; 1), if m islarge enough, then we havejah((I �BLAh)u; u)j � Æah(u; u); 8u 2 Vh:Proof. Let ~u = Kmh u, then by (3.2), (3.4) and Theorem 3.1, we havejah((I �BLAh)u; u)j� jah((I � �hPL�1)~u; ~u)j+ ja((I �ML�1ASL�1)PL�1~u; PL�1~u)j� jah((I � �hPL�1)~u; ~u)j+ Æ0ja(�hPL�1~u; ~u)j� (1 + Æ0)jah((I � �hPL�1)~u; ~u)j+ Æ0ja(~u; ~u)j:On the other hand, by (3.7), Lemma 3.1, lemma 3.6 and (H3), we getjah((I � �hPL�1)~u; ~u)j � Chk~uk3;hk~uk2;h� Chk~uk 124;hk~uk 322;h = C(kAh~uk20�h ) 14 k~uk 322;h� C(ah((I �K2h)Kmh u;Kmh u)) 14 kuk 322;h� C 14pmah(u; u):Hene if m large enough, we obtainjah((I �BLAh)u; u)j � (C(1 + Æ0)4pm + Æ0)ah(u; u)� Æah(u; u);whih is Theorem 3.2. 4. AppliationsIn this setion, we will apply the abstrat theory developed and analyzed in setion3 to Morely element, Adini element. From setion 2, it an be seen that we only needverify them to satisfy the assumptions (H1)-(H4).(1). Morley elementIn this subsetion, we will onsider the well-known Morley element [10℄ [13℄. whoseshape funtion is a quadrati polynomial and nodal parameters are funtion values atthe verties of the triangle and �rst nomal derivatives at midpoints of the sides of thetriangle. Morley element is a strong nononforming element. Let V mh be the Morley�nite element spae. We an see that (H1) holds for Morley �nite element spaes (f.[10℄[13℄ for details).It is easy to showLemma 4.1. For any v 2 V mh , K 2 �h, we havekvk20;K � h2K 3Xi=1 v2(ai) + h4K 3Xi=1(�v�n (mi))2 � Ckvk20;K ;



542 X.J. XU AND L.K. LIwhere ai is the vertex of K, mi is the midpoint of the edges of K, n is the unit outwardnormal vetor along �K. For the Morley �nite element spae V mh , we de�ne �h :SL�1 ! V mh as the standard nodal interpolation operator with respet to �h.Lemma 4.2. For any v 2 SL�1, we havej�hv � vjr;h � Ch2�rjvj2; 8v 2 SL�1; r = 0; 1; 2:Proof. For any K 2 �h, de�ne 4K = fKL�1 2 �L�1jKL�1\ �K 6= 0g. By the de�nitionof �h, we have �hvjK = 3Xi=1 v(ai)�i + 3Xi=1 �v�n(mi) i;where ai and mi are the vertex and midpoint of the edge of K respetively, �i and  iare the assoiated basis funtions.Beause j�ijr;K � h1�r and j jr;K � h2�r ([8℄), we havej�hvjr;K � C(jvj0;1;�Kh1�r + jvj1;1;�Kh2�r)� 1Xs=0Ch1+s�rjvjs;1;�K :Using inverse ineqality, we havejvjs;1;�K � Ch�1L jvjs;�K � Ch�1jvjs;�K :By the approximation theory (f. [10℄) and the fat �hpjK = p for p 2 P1, where P1 isthe set of linear polynomials, we getjv � �hvjr;K � C infp2P1(�K) 2Xs=0hs�rjv + pjs;�K� C 2Xs=0hs�rh2�sjvj2;�K � Ch2�rjvj2;�K :Squaring and summing up K 2 �h, we an see that Lemma 4.2 holds.Lemma 4.3. Let JL�1 be a standard interpolation operator with respet to spaeSL�1, then we havejv � �hJL�1vj2;h � Chjvj3; 8v 2 H3(
) \H20 (
):Proof. In fat, we havejv � �hJL�1vj2;h � jv � �hvj2;h + j�h(v � JL�1v)j2;h:By the standard interpolation error estimate theory (f. [10℄), we obtainjv � �hvj2;h � Chjvj3:



A V-yle Multigrid Method for the Plate Bending Problem ... 543On the other hand, for any K 2 �h, by Lemma 4.1, inverse inequality and interpolationtheory (f.[15℄), we havej�h(v � JL�1v)j22;K� Ch�4K k�h(v � JL�1v)k20;h� Ch�4K (h2K 3Xi=1(v � JL�1v)2(ai) + h4K 3Xi=1(�(v � JL�1v)�n (mi)2)� Ch�2K jv � JL�1vj20;1;4K + Cjv � JL�1vj21;1;4K� Chjvj3;4K ;Summing up all K 2 �h and ombining above inequalities, we obtain this Lemma.Based on Lemma 4.2-4.3, we an see that (H2) is true for Morley element.Using standard interpolation theory, we an see that (H4) is trivial.Using a similar argument of Chapter 5 in [7℄, we an easily onstrut the smootherRh for Morley element whih satis�es (H2).Finally, we haveTheorem 4.1. Theorem 3.2 holds for spae V mh .(2). Adini element In this subsetion, we will apply the abstrat theory to anononforming retangle element, i.e., Adini element (f. [10℄), whose shape funtionis a inomplete biubi polynomial and the nodal parameters are funtion values andtwo �rst partial derivatives at the verties. It is a weak nononforming element (i.e.,C0-element). Let V ah be Adini �nite element spae. We assume that �
 and all sidesof the retangles in �h are parallel to the oordinate axes.we an see that (H1) holds for Adini �nite element spae. For the Adini �niteelement spae V ah , we de�ne �h : SL ! V ah as standard nodal interpolation operator,then, by a similar argument of Lemma 4.2 and Lemma 4.3, we an show that (H2)holds for the Adini �nite element spae V ah . (H4) is trivial.Using similar argument of Chapter 5 in [7℄, we an easily obtain the smoother Rhfor Adini element whih satis�es (H2).Theorem 4.2. Theorem 3.2 holds for Adini spae V ah .Referenes[1℄ R.E. Bank, T.Dupont, An optimal order proess for solving �nite element equations, Math.omp., 36 (1980), 35-51.[2℄ H. Blum, R. Rannaher, On the boundery value problem of biharmoni operator on do-mains with angular orners, Math. Methods Appl.Si.,2 (1980), 556-581.[3℄ F.K. Bonger, R.L. Fox, L.A. Shmit, The generation of interelement ompatible sti�nessand mass matries by the use of interpolation formulas, In Proeedings of the Confereneon Matrix Methods in Strutural Mehanis (1965), Wright Patterson A.F.B., Ohio.[4℄ D. Braess, W. Hakbush, A new onvergene proof for the multigrid method inludingthe V-yle, SIAM J.Numer. Anal., 20 (1983), 967-975.[5℄ D. Braess, R. Verfurth, Multigrid methods for nononforming �nite element methods,SIAM J. Numer. Anal., 27 (1990), 979-986.[6℄ J.H. Bramble, Interpolation between Sobolev spaes in Lipshitz domains with an applia-tion to multigrid theory, Math. Comp., 64 (1995), 1359-1365.
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