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SPECTRAL-DIFFERENCE METHOD FOR TWO-DIMENSIONAL

COMPRESSIBLE FLUID FLOW
∗1

Yue-shan Xiong

(Department of Computer, National University of Defense Technology, Changsha, China)

Abstract

We develop a combined Fourier spectral-finite difference method for solving 2-

dimensional, semi-periodic compressible fluid flow problem. The error estimation,

as well as the convergence rate, is presented.
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1. Introduction

We consider the following compressible flow equations:







∂ui

∂t
+ (u · ∇)ui −

1

ρ

∂

∂xi
(κ∇ · u) −

1

ρ

2∑

j=1

∂

∂xj

[

ν
(∂ui

∂xj
+

∂uj

∂xi

)]

+
1

ρ

∂p

∂xi
= fi, i = 1, 2,

∂T

∂t
+ (u · ∇)T −

1

ρTST
(∇ · µ∇)T −

ν

2ρTST

2∑

i,j=1

(∂uj

∂xi
+

∂ui

∂xj

)2

−
κ

ρTST
(∇ · u)2 −

ρSρ

ST
(∇ · u) = 0,

∂ρ

∂t
+ (u · ∇)ρ + ρ(∇ · u) = 0,

(1.1)

where u is the velocity, u = (u1, u2)
∗, T is the absolute temperature, ν(T, ρ) is the

viscous coefficient, κ(T, ρ) = ν ′(T, ρ) −
2

3
ν(T, ρ) with ν ′(T, ρ) being the second viscous

coefficient. µ(T, ρ) is the coefficient of heat conduction, S(T, ρ) is the entropy, ST =
∂S

∂T
,

Sρ =
∂S

∂ρ
.

Under certain conditions, Tani[2] proved that the first boundary problem of (1.1)

possesses unique local classical solution. Towards the numerical solution of this prob-

lem, the classical difference method is convenient, but it has lower approximate ac-

curacy. Finite element method is particularly suitable for problems with irregular

domains.
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In the past sixteen years, spectral method for P.D.E. has been developed rapidly[6−10].

In [7], spectral method was used to solve (1.1), but only for periodical problems.

For many practical problems, the boundary conditions are neither fully periodic nor

fully nonperiodic. An effective strategy to deal with such problems is to combine the

Fourier spectral method with finite difference method or finite element method. In [6],

Guo and Cao established spectral-finite element scheme for solving such semi-periodic

problems, but it lacks boundary errors analysis. This paper is devoted to a Fourier

spectral-finite difference method to solve such problems, we strictly analyse the errors

induced by the initial values and boundary conditions.

Let Ω = I × I∗, I = (0, 1) and I∗ = (0, 2π), we consider the solution of (1.1) in the

domain Ω × [0, t0]. We suppose that all functions in (1.1) have the periodicity 2π in

the x2 direction, and that u, T satisfy the first kind boundary conditions. These mean

that {

η|x2=0 = η|x2=2π, ∀(x1, t) ∈ I × [0, t0], η = u, T, ρ,

u|x1∈∂I = g1(x2, t). T |x1∈∂I = g2(x2, t), ∀(x2, t) ∈ I∗ × [0, t0].
(1.2)

Besides, we assume that the initial values of (1.1) are the following,

η|t=0 = η0, η = u, T, ρ. (1.3)

To avoid “negative density”(i.e. ρ < 0), which is likely caused by the round off errors

during the computations, and which generates a non-physical solution and instablize

the computations, we adopt the idea of Guo Ben-yu[5−7], i.e., we seek ϕ = ln ρ by (1.1)

instead of calculating ρ directly. besides, we assume the fluid satisfies the following

state equation, p = RρT , where R is a positive constant. Consequently (1.1) can be

rewritten into the following form,






∂ui

∂t
+ (u · ∇)ui − e−ϕ ∂

∂xi
(κ∇ · u) − e−ϕ

2∑

j=1

∂

∂xj

[

ν
(∂ui

∂xj
+

∂uj

∂xi

)]

+R
∂T

∂xi
+ RT

∂ϕ

∂xi
= fi, i = 1, 2,

∂T

∂t
+ (u · ∇)T − e−ϕT−1S−1

T (∇ · µ∇)T −
1

2
νe−ϕT−1S−1

T

2∑

i,j=1

(∂uj

∂xi
+

∂ui

∂xj

)2

−κe−ϕT−1S−1
T (∇ · u)2 − SϕS−1

T (∇ · u) = 0,

∂ϕ

∂t
+ (u · ∇)ϕ + (∇ · u) = 0,

(1.4)

We suppose ν, µ, κ and S are sufficiently smooth for each of their variables, and there

exist positive constants B0, B1, B2, ν0, ν1, µ0, µ1, κ1, A0, A1, S0, S1, S2, Φ0 and

Φ1, such that for B0 < T < B1 and |ϕ| ≤ B2,







ν0 < ν < ν1, µ0 < µ < µ1, |κ| < κ1, min(2κ + 3ν, ν) > A0,

S0 < ST < S1, |Sϕ| < S2, Φ0 < e−ϕ < Φ1,
∣
∣
∣
∂η

∂z

∣
∣
∣ ≤ A1, where η = ν, κ, µ, ST , Sϕ, z = T,ϕ.

(1.5)
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2. Notations and Scheme

Let h be the mesh spacing of x1, Ωh = Ih × I∗, Γ1h = ∂Ih × I∗. Let τ be the mesh

spacing of t, Θτ = {t = kτ/k = 0, 1, 2, · · ·}. We define

ηx1
(x1, x2, t) =

1

h
(η(x1 + h, x2, t) − η(x1, x2, t)),

ηx̄1
(x1, x2, t) = ηx1

(x1 − h, x2, t),

ηx̂1
(x1, x2, t) =

1

2
(ηx1

(x1, x2, t) + ηx̄1
(x1, x2, t)),

△ν
x1

η(x1, x2, t) =
1

2
(νηx1

(x1, x2, t))x̄1
+

1

2
(νηx̄1

(x1, x2, t))x1
,

△νη = △ν
x1

η +
∂

∂x2

(

ν
∂η

∂x2

)

,

ηt(x1, x2, t) =
1

τ
(η(x1, x2, t + τ) − η(x1, x2, t)).

We define that

(η(x1), ξ(x1))I∗ =
1

2π

∫

I∗
η(x1, x2)ξ̄(x1, x2)dx2,

(η(x2), ξ(x2))Ih
= h

∑

x1∈Ih

η(x1, x2)ξ̄(x1, x2),

(η, ξ) = h
∑

x1∈Ih

(η(x1), ξ(x1))I∗ ,

‖η(x1)‖
2
I∗ = (η(x1), η(x1))I∗ , ‖η(x2)‖

2
Ih

= (η(x2), η(x2))Ih
, ‖η‖2 = (η, η),

|η|21 =
1

2
‖ηx1

‖2 +
1

2
‖ηx̄1

‖2 +
∥
∥
∥

∂η

∂x2

∥
∥
∥

2
,

|η|22 =
1

2
‖ηx1x̄1

‖2 +
h

4

∑

x1∈Ih,x1≤1−2h

‖ηx1x1
(x1)‖

2
I∗ +

h

4

∑

x1∈Ih,x1≥2h

‖ηx̄1x̄1
(x1)‖

2
I∗

+
1

2

∥
∥
∥

∂

∂x2
ηx1

∥
∥
∥

2
+

1

2

∥
∥
∥

∂

∂x2
ηx̄1

∥
∥
∥

2
+

∥
∥
∥
∂2η

∂x2
2

∥
∥
∥

2
,

‖η(t)‖q,∞ = max
r0+r1+r2≤q

max
(x1,x2)∈Ih×I∗

∣
∣
∣
∣

(∂r0η

∂x2

)

x1 · · · x1
︸ ︷︷ ︸

r1

x̄1 · · · x̄1
︸ ︷︷ ︸

r2

∣
∣
∣
∣,

|||η|||q,∞ = max
t∈Θτ ,t≤t0

‖η(t)‖q,∞.

Similarly, we can define ‖η(t)‖q,∞,Ih
, ‖η(t)‖q,∞,I∗ and so on. Let N be any positive

integer, VN = span{e inx2/|n| ≤ N} and PN be the orthogonal projection operator, i.e.,
∫

I∗
PNη · ξ̄dx2 =

∫

I∗
η · ξ̄dx2, ∀ξ ∈ VN .

We also define

d(α)(η, ξ) = αξ1ηx̂1
+ (1 − α)(ηξ1)x̂1

+ αξ2
∂η

∂x2
+ (1 − α)

∂(ηξ2)

∂x2
,
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D+(η) = η1,x1
+

∂η2

∂x2
, D−(η) = η1,x̄1

+
∂η2

∂x2
,

D(η) =
1

2
D+(η) +

1

2
D−(η),

Diη =







ηx̂1
, i = 1

∂η

∂x2
, i = 2

Let uN , TN and ϕN be the approximations to u, T and ϕ respectively, where

zN (x1, x2, t) =
∑

|n|≤N

zN
n (x1, t)e

inx2, z = u, T or ϕ.

For simplicity of expression, we denote PN (ηξ) by PNηξ. The spectral-finite difference

scheme for (1.4) is the following:







L
(i)
1 (uN , TN , ϕN ) = uN

i,t + PNd(
1
2 )(uN

i , uN ) −
1

2
PNuN

i D(uN )

−PNe−ϕN
H

(i)
1 (κ(TN , ϕN ), uN ) − PNe−ϕN

H
(i)
2 (ν(TN , ϕN ), uN )

−PNe−ϕN
△ν(T N ,ϕN )uN

i + RDiT
N + RPNTNDiϕ

N = PNfi, i = 1, 2

L2(u
N , TN , ϕN ) = TN

t + PNd(0)(TN , uN ) − PNTND(uN )

−PNe−ϕN
(TN )−1S−1

T (TN , ϕN )△µ(T N ,ϕN )TN − PNe−ϕN
H3(u

N , TN , ϕN ) = 0,

L3(u
N , TN , ϕN ) = ϕN

t + PNd(
1
2 )(ϕN , uN ) + PN

(

1 −
1

2
ϕN

)

D(uN ) = 0,

where

H
(i)
1 (κ(TN , ϕN ), uN ) =







1

2
(κ(TN , ϕN )D+(uN ))x̄1

+
1

2
(κ(TN , ϕN )D−(uN ))x1

, i = 1

1

2

∂

∂x2
(κ(TN , ϕN )D+(uN ))

+
1

2

∂

∂x2
(κ(TN , ϕN )D−(uN )), i = 2

H
(i)
2 (ν(TN , ϕN ), uN ) =







1

2
(νuN

1,x1
)x̄1

+
1

2
(νuN

1,x̄1
)x1

+
1

2

∂

∂x2
(νuN

2,x1
)

+
1

2

∂

∂x2
(νuN

2,x̄1
), i = 1

1

2

(

ν
∂uN

1

∂x2

)

x̄1

+
1

2

(

ν
∂uN

1

∂x2

)

x1

+
∂

∂x2

(

ν
∂uN

2

∂x2

)

, i = 2

H3(u
N , TN , ϕN ) =

1

2
ν(TN , ϕN )(TN )−1S−1

T (TN , ϕN )
2∑

i,j=1

(Diu
N
j + Dju

N
i )2

− κ(TN , ϕN )T−1S−1
T (TN , ϕN )[D(uN )]2 + e ϕN

Sϕ(TN , ϕN )S−1
T (TN , ϕN )D(uN ).
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3. Lemmas

Lemma 1[3]. For all η(x1, x2, t), we have 2(η(t), ηt(t))I∗ = (‖η(t)‖2
I∗)t−τ‖ηt(t)‖

2
I∗ ,

2(η(t), ηt(t)) = (‖η(t)‖2)t − τ‖ηt(t)‖
2.

Lemma 2.

2(△a
x1

η, bξ) + (aηx1
, bξx1

) + (aηx̄1
, bξx̄1

) + (aηx1
, ξ(x1 + h)bx1

)

+ (aηx̄1
, ξ(x1 − h)bx̄1

) = 2D1(a, b, η, ξ). (3.1)

2(△aη, bξ) +
(

ab, ηx1
ξx1

+ ηx̄1
ξx̄1

+ 2
∂η

∂x2

∂ξ

∂x2

)

+
(

a
∂η

∂x2
, ξ

∂b

∂x2

)

+ (aηx1
, ξ(x1 + h)bx1

) + (aηx̄1
, ξ(x1 − h)bx̄1

) = 2D1(a, b, η, ξ), (3.2)

where D1(a, b, η, ξ) =
1

2
(((aηx̄1

)(1), bξ(1−h))I∗ +((aηx1
)(1−h), bξ(1))I∗ )−

1

2
(((aηx̄1

)(h),

bξ(0))I∗ + ((aηx1
)(0), bξ(h))I∗). Particularly, if a ≡ b ≡ 1, ηt ≡ ξ, we have

2(ηt,△η) + (‖η‖2
1)t − τ‖ηt‖

2
1 = 2D1(1, 1, η, ηt). (3.3)

Proof. By Abel’s formula (vx̄1
, w) + (v,wx1

) = (v(1 − h), w(1))I∗ − (v(0), w(h))I∗ ,

let v = aηx1
, w = bξ and v = bξ, w = aηx̄1

respectively, we have

((aηx1
)x̄1

, bξ) + (aηx1
, (bξ)x1

) = ((aηx1
)(1 − h), bξ(1))I∗ − ((aηx1

)(0), bξ(h))I∗ ,

((bξ)x̄1
, aηx̄1

) + (bξ, (aηx̄1
)x1

) = ((aηx̄1
(1), bξ(1 − h))I∗ − ((aηx̄1

)(h), bξ(0))I∗ ,

it is easy to verify that (bξ)x1
= bx1

ξ(x1 + h) + bξx1
, (bξ)x̄1

= bξx̄1
+ bx̄1

ξ(x1 − h). On

the other hand,

( ∂

∂x2

(

a
∂η

∂x2

)

, bξ
)

+
(

a
∂η

∂x2
, b

∂ξ

∂x2

)

+
(

a
∂η

∂x2
, ξ

∂b

∂x2

)

= 0.

Therefore, by the definitions of △a
x1

η and △aη, we can complete the proof of this lemma.

Lemma 3[11]. If 0≤µ̄≤β and η∈Hβ(I∗), then ‖PNη−η‖Hµ̄(I∗)≤cN µ̄−β‖η‖Hβ (I∗),

‖PNη‖Hµ̄(I∗) ≤ c‖η‖Hµ̄(I∗).

Lemma 4. There exists a positive constant C0 independent of h and N , such that

for any η ∈ VN ,

(i) ‖η‖2
0,∞,Ih

≤ c0h
−1‖η‖2

Ih
, ‖η‖2

0,∞,I∗ ≤ c0N‖η‖2
I∗ .

(ii) ‖η‖2
0,∞ ≤ c0h

−1N‖η‖2,

Proof. (i) is easy to verify, we only prove (ii). Suppose for x ∈ Ωh, ∀η ∈ VN ,

η(x) =
∑

|j|≤N

ηj(x1)e
ijx2, thus

‖η‖0,∞ ≤
∑

|j|≤N

‖ηj(x1)‖0,∞,Ih
≤ c0h

−
1
2

∑

|j|≤N

‖ηj‖Ih

≤ c0h
−

1
2

( ∑

|j|≤N

‖ηj‖
2
Ih

)1
2
( ∑

‖j|≤N

1
)1

2 ≤ c0h
−

1
2 N

1
2 ‖η‖.
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Lemma 5[8]. If η ∈ VN for x1 ∈ Ih, then
∥
∥
∥

∂η

∂x2

∥
∥
∥

2
≤ N2‖η‖2.

Lemma 6[3]. For all η(x1, x2), we have

‖ηx̄1
‖2 ≤

4

h2
‖η‖2 + h‖ηx1

(0)‖2
I∗ , ‖ηx1

‖2 ≤
4

h2
‖η‖2 + h‖ηx̄1

(1)‖2
I∗

and

‖ηx̄1
‖2 ≤

4

h2
‖η‖2 +

2

h
‖η(0)‖2

I∗ , ‖ηx1
‖2 ≤

4

h2
‖η‖2 +

2

h
‖η(1)‖2

I∗ .

Lemma 7[3]. If h < ε, then for all x1 ∈ Ih, ‖η(x1)‖
2
I∗ ≤ ε(‖ηx1

‖2 + ‖ηx̄1
‖2) +

c0(ε)‖η‖
2, where c0(ε) is a positive constant depending only on ε and the domain Ωh.

Lemma 8[8]. If η(x1, x2, t), ξ(x1, x2, t) ∈ VN for all x1 ∈ Ih, then

‖η(x1)ξ(x1)‖
2
I∗ ≤ (2N + 1)‖η(x1)‖

2
I∗‖ξ(x1)‖

2
I∗ ,

‖η(x2)ξ(x2)‖
2
Ih

≤
1

h
‖η(x2)‖

2
Ih
‖ξ(x2)‖

2
Ih

,

‖ηξ‖2 ≤
2N + 1

h
‖η‖2‖ξ‖2.

Lemma 9[3].
1

2
(ν, η2

x1
+ η2

x̄1
) ≤

8max ν

h2
· ‖η‖2 +

max ν

h
· ‖η‖2

Γ1h
.

Lemma 10[3]. If the following conditions are fulfilled:

(1) η is a non-negative function defined on Θτ , ρ0, Q0, al(h,N) and Yl, 0 ≤ l ≤ m,

are non-negative constants;

(2) ρ(t) = ρ(η(0), η(τ), · · · , η(t−τ)) satisfies that ρ(t) ≤ ρ0 for all η(t′) ≤ Y0/a0(h,N),

t′ = 0, τ, · · · , t − τ ;

(3) Hη(t) = η(t)[Y (η(t)) + a0(h,N)Q(η(t))η(t)] +
m∑

l=1

ξl(η(t)), where Y (η(t)) ≤ Y0

and Q(η(t)) ≤ Q0 for all η(t) ≤ Y0/a0(h,N); and ξl(η(t)) ≤ 0 for all η(t) ≤ Yl/al(h,N),

1 ≤ l ≤ m;

(4) Gη(t) = G(η(t), η(t − τ)) ≥ η(t);

(5) η(0) ≤ ρ(0) ≤ ρ0, and

Gη(t) ≤ ρ(t) + τ
t−τ∑

t′=0

Hη(t
′), ∀t ∈ Θτ ;

(6) ρ0e
(1+Q0)Y0t0 ≤ min

0≤l≤m
(Yl/al(h,N));

Then we have for all t ∈ Θτ and t ≤ t0 that η(t) ≤ ρ0e
(1+Q0)Y0t.

4. Error Estimation
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Suppose that τ = O(h2), τ = O
( 1

N2

)

. Let f̃i (i = 1, 2), f̃3, f̃4 be the errors of fi

(i = 1, 2) and the right ends of the last two equations of (2.1) respectively, which induce

the errors of uN
i , TN and ϕN denoted by ũN

i , T̃N and ϕ̃N . Then the errors satisfy the

following equations:






L̃
(i)
1 (ũN , T̃N , ϕ̃N ) = ũN

i,t −
7∑

j=1

F̃
(i)
j +

3∑

j=1

Ẽ
(i)
j = PN f̃i, i = 1, 2,

L̃2(ũ
N , T̃N , ϕ̃N ) = T̃N

t − F̃8 − F̃9 +
8∑

j=4

Ẽj = PN f̃3,

L̃3(ũ
N , T̃N , ϕ̃N ) = ϕ̃N

t − F̃10 + Ẽ9 = PN f̃4,

(4.1)

where

F̃
(i)
1 = PNe−ϕN−ϕ̃N

H
(i)
1 (κ(TN + T̃N , ϕN + ϕ̃N ), ũN ),

F̃
(i)
2 = PNe−ϕN−ϕ̃N

H
(i)
1 (κ(TN + T̃N , ϕN + ϕ̃N ) − κ(TN , ϕN ), uN ),

F̃
(i)
3 = PNe−ϕN−ϕ̃N

△ν(T N+T̃ N ,ϕN+ϕ̃N )ũN
i ,

F̃
(i)
4 = PNe−ϕN−ϕ̃N

(△ν(T N+T̃ N ,ϕN+ϕ̃N )uN
i −△ν(T N ,ϕN )uN

i ),

F̃
(i)
5 = PNe−ϕN−ϕ̃N

H
(i)
2 (ν(TN + T̃N , ϕN + ϕ̃N ), ũN ),

F̃
(i)
6 = PNe−ϕN−ϕ̃N

H
(i)
2 (ν(TN + T̃N , ϕN + ϕ̃N ) − ν(TN , ϕN ), uN ),

F̃
(i)
7 = −RPNDiϕ̃

NTN ,

F̃8 = PNe ϕN−ϕ̃N

(TN + T̃N )−1S−1
T (TN + T̃N , ϕN + ϕ̃N )△µ(T N +T̃ N ,ϕN+ϕ̃N )T̃N ,

F̃9 = PNe−ϕN−ϕ̃N

(TN + T̃N )−1S−1
T (TN + T̃N , ϕN + ϕ̃N )

· {△µ(T N +T̃ N ,ϕN+ϕ̃N )TN −△µ(T N ,ϕN )TN}

F̃10 = −PNd(
1
2 )(ϕ̃N , uN ),

Ẽ
(i)
1 = PNd

(
1

2
)
(ũN

i , uN + ũN ) + PNd(
1
2 )(uN

i , ũN )

−
1

2
PN (uN

i + ũN
i )D(ũN ) −

1

2
PN ũN

i D(uN ),

Ẽ
(i)
2 = PN (e−ϕN

− e−ϕN−ϕ̃N

)[H
(i)
1 (κ(TN , ϕN ), uN ) + △ν(T N ,ϕN )uN

i

+ H
(i)
2 (ν(TN , ϕN ), uN )],

Ẽ
(i)
3 = RPNDT̃N + RPN T̃NDiϕ

N + RPN T̃NDiϕ̃
N ,

Ẽ4 = PNd(0)(T̃N , uN + ũN ) + PNd(0)(TN , ũN ) − PN (TN + T̃N )D(ũN ) − PN T̃ND(uN ),

Ẽ5 = PN (e−ϕN

− e−ϕN−ϕ̃N

)(TN + T̃N )−1S−1
T (TN + T̃N , ϕN + ϕ̃N )△µ(T N ,ϕN )TN ,

Ẽ6 = −PNe−ϕN

[(TN + T̃N )−1 − (TN )−1]S−1
T (TN + T̃N , ϕN + ϕ̃N )△µ(T N ,ϕN )TN ,

Ẽ7 = −PNe−ϕN

(TN )−1[S−1
T (TN + T̃N , ϕN + ϕ̃N ) − S−1

T (TN , ϕN )]△µ(T N ,ϕN )TN ,

Ẽ8 = PNe−ϕN

H3(u
N , TN , ϕN ) − PNe−ϕN−ϕ̃N

H3(u
N + ũN , TN + T̃N , ϕN + ϕ̃N ),

Ẽ9 = PNd(
1
2 )(ϕN , ũN ) + PNd(

1
2 )(ϕ̃N , ũN ) − PN

[1

2
(ϕN + ϕ̃N ) − 1

]

D(ũ) +
1

2
PN ϕ̃ND(uN ).
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In order to estimate the errors, we consider the following identity

2
2∑

i=1

(ũN
i + τ ũN

i,t, L̃
(i)
1 (ũN , T̃N , ϕ̃N ) − PN f̃i) + 2(T̃N + τ T̃N

t , L̃2(ũ
N , T̃N , ϕ̃N ) − PN f̃3)

+ 2(ϕ̃N + τϕ̃N
t , L̃3(ũ

N , T̃N , ϕ̃N ) − PN f̃4) = 0. (4.2)

By Lemma 1, Lemma 3 and ε-inequality ab ≤ εa2 +
b2

4ε
, we get that

(‖ũN‖2 + ‖T̃N‖2 + ‖ϕ̃N‖2)t + τ(1 − ε)(‖ũN
t ‖2 + ‖T̃N

t ‖2 + ‖ϕ̃N
t ‖2)

+ 2
2∑

i=1

(

ũN
i + τ ũN

i,t,−
7∑

j=1

F̃
(i)
j +

3∑

j=1

Ẽ
(i)
j

)

+ 2
(

T̃N + τ T̃N
t ,−F̃8 − F̃9 +

8∑

j=4

Ẽj

)

+ 2(ϕ̃N + τϕ̃N
t ,−F̃10 + Ẽ9) ≤ ‖ũN‖2 + ‖T̃N‖2 + ‖ϕ̃N‖2 + c

(

1 +
τ

ε

) 4∑

m=1

‖f̃m‖2,

(4.3)

where ε is a suitably small constant.

Suppose that u, T and ϕ are sufficiently smooth, B0 < T < B1 and |ϕ| < B2, then

we have B0 < TN < B1 and |ϕN | < B2, if h−1 and N are large enough. Thus we

conclude from Lemma 4 that there exists a suitably small constant B̃ > 0, such that

B0 < TN + T̃N < B1 and |ϕN + ϕ̃N | < B2, for all T̃N and ϕ̃N satisfying that

‖T̃N‖ ≤ B̃h
1
2 N−

1
2 , ‖ϕ̃N‖ ≤ B̃h

1
2 N−

1
2 ,

‖T̃N‖Γ1h
≤ B̃N−

1
2 , ‖ϕ̃N‖Γ1h

≤ B̃N−
1
2 . (4.4)

Let M be a positive constant independent of h, N and τ , but may depend on ε,

κ1, ν1, Φ1, s1 and some Sobolev space norms of uN , TN , ϕN , M may be different in

different formula. Let λ = cτ(h−2 + N2). and Ã(TN + T̃N , ϕN + ϕ̃N ) = min(2κ(TN +

T̃N , ϕN + ϕ̃N ) + 3ν(TN + T̃N , ϕN + ϕ̃N )), ν(TN + T̃N , ϕN + ϕ̃N )), Under conditions

(1.5), (4.4), By Abel’s formula and integrating by parts as well as Lemmas 2-9, we can

prove that

(‖ũN‖2 + ‖T̃N‖2 + ‖ϕ̃N‖2)t + τ
(5

8
− 4ε

)

(‖ũN
t ‖2 + ‖T̃N

t ‖2 + ‖ϕ̃N
t ‖2)

+
(

e−ϕN−ϕ̃N

Ã(TN + T̃N , ϕN + ϕ̃N ) − 8ε − Mh−1N(‖ũN‖2 + ‖ϕ̃N‖2 + ‖T̃N‖2),

2∑

i=1

(

(ũN
i,x1

)2 + (ũN
i,x̄1

)2 + 2
(∂ũN

i

∂x2

)2))

+
(

e−ϕN−ϕ̃N

µ(TN + T̃N , ϕN + ϕ̃N )(TN + T̃N )−1

· S−1
T (TN + T̃N , ϕN + ϕ̃N ) − 4ε − Mh−1N(‖ũN‖2 + ‖ϕ̃N‖2 + ‖T̃N‖2), (T̃N

x1
)2

+ (T̃N
x̄1

)2 + 2
(∂T̃N

∂x2

)2)

− 64λΦ1µ
2
1B

−2
0 S−2

0 ‖T̃N‖2
1
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− 128λΦ1(κ
2
1 + ν2

1)‖ũN‖2
1 +

4∑

l=1

B∗
l (ũN , T̃N , ϕ̃N ) ≤ R̃(ũN , T̃N , ϕ̃N ), (4.5)

where

B∗
1(ũN , T̃N , ϕ̃N ) =(1 − εsignκ)h−1(κ(TN + T̃N , ϕN + ϕ̃N )(0)e −ϕN−ϕ̃N

(h),

(ũN
1 (h))2)I∗ + (1 − εsignκ)h−1(κ(TN + T̃N , ϕN + ϕ̃N )(1)

· e−ϕN−ϕ̃N

(1 − h), (ũN
1 (1 − h))2)I∗ − ε‖ũN‖2

1 − Mε−1‖ũN‖2

− M
(

h−1‖ũN‖2
Γ1h

+ h
∥
∥
∥
∂ũN

∂x2

∥
∥
∥

2

Γ1h

),

B∗
2(ũN , T̃N , ϕ̃N ) =(1 − ε)h−1(ν(TN + T̃N , ϕN + ϕ̃N )(0)e −ϕN−ϕ̃N

(h), (ũN
1 (h))2

+ (ũN
2 (h))2)I∗ + (1 − ε)h−1(ν(TN + T̃N , ϕN + ϕ̃N )(1)

· e−ϕN−ϕ̃N

(1 − h), (ũN
1 (1 − h))2 + (ũN

2 (1 − h))2)I∗ − ε‖ũN‖2
1

− Mε−1‖ũN‖2 − M
(

h−1‖ũN‖2
Γ1h

+ h
∥
∥
∥
∂ũN

∂x2

∥
∥
∥

2

Γ1h

)

,

B∗
3(ũN , T̃N , ϕ̃N ) =(1 − ε)h−1(ν(TN + T̃N , ϕN + ϕ̃N )(0)e −ϕN−ϕ̃N

(h), (ũN
1 (h))2)I∗

+ (1 − ε)h−1(ν(TN + T̃N , ϕN + ϕ̃N )(1)e −ϕN−ϕ̃N

(1 − h),

(ũN
1 (1 − h))2)I∗ − ε‖ũN‖2

1 − Mε−1‖ũN‖2

−
(

h−1‖ũN‖2
Γ1h

+ h
∥
∥
∥
∂ũN

∂x2

∥
∥
∥

2

Γ1h

)

,

B∗
4(ũN , T̃N , ϕ̃N ) =(1 − ε)h−1(µ(TN + T̃N , ϕN + ϕ̃N )(0)e −ϕN−ϕ̃N

(h)

· (TN + T̃N )−1S−1
T (TN + T̃N , ϕN + ϕ̃N )(h), (T̃N (h))2)I∗

+ (1 − ε)h−1(µ(TN + T̃N , ϕN + ϕ̃N )(1) · e−ϕN−ϕ̃N

(1 − h)

· (TN + T̃N )−1S−1
T (TN + T̃N , ϕN + ϕ̃N )(h), (T̃N (1 − h))2)I∗

− ε‖T̃N‖2
1 − Mε−1‖T̃N‖2 − M

(

h−1‖T̃N‖2
Γ1h

+ h
∥
∥
∥
∂T̃N

∂x2

∥
∥
∥

2

Γ1h

)

,

and

R̃(ũN , T̃N , ϕ̃N ) =c
(

1 +
τ

ε

) 4∑

l=1

‖f̃l‖
2 + M(h−2N2‖ũN‖2 + h−2N2‖T̃N‖2 + h−2N2‖ϕ̃N‖2

+ h−2N‖ϕ̃N‖2
Γ1h

+ 1)(‖ũN‖2 + ‖T̃N‖2 + ‖ϕ̃N‖2 + h‖ũN‖2
Γ1h

)

+ Mh
∥
∥
∥
∂ũN

∂x2

∥
∥
∥

2

Γ1h

+ Mh−1(‖ϕ̃N ũN‖2
Γ1h

+ ‖T̃N ũN‖2
Γ1h

+ ‖ϕ̃N T̃N‖2
Γ1h

+ ‖(T̃N )2‖2
Γ1h

) + Mh(‖ũN‖2
Γ1h

+ ‖T̃N‖2
Γ1h

+ ‖ϕ̃N‖2
Γ1h

).

Suppose that the following condition holds

λ <
1

128
min

( A0Φ0

2Φ2
1(κ

2
1 + ν2

1)
,
µ0Φ0B

2
0S2

0

Φ2
1µ

2
1B1S1

)

, (4.6)
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Define

Za(η
N , t) = ‖ηN (t)‖2 +

τ

2

t−τ∑

t′=0

(

a, (ηN
x1

)2(t′) + (ηN
x̄1

)2(t′) + 2
(∂ηN (t′)

∂x2

)2)

+
τ2

4

t−τ∑

t′=0

‖ηN
t (t′)‖2,

G̃(t) = ZΦ0A0

2
(ũN , t) + ZΦ0µ0B−1

1
S−1

1

2

(T̃N , t) + Z0(ϕ̃
N , t).

By summing up (4.5) for t′ ≤ t − τ , and t′ ∈ Θτ , then

G̃(t) ≤ ρ(t) + τ
t−τ∑

t′=0

{

R̃∗(ũN , T̃N , ϕ̃N ) +
3∑

m=1

ξm(ũN (t′), T̃N (t′), ϕ̃N (t′))
}

,

where

ρ(t) =‖ũN (0)‖2 + ‖T̃N (0)‖2 + ‖ϕ̃N (0)‖2 + τ
t−τ∑

t′=0

{

c
(

1 +
τ

ε

) 4∑

l=1

‖f̃l‖
2

+ Mh−1(‖ϕ̃N ũN‖2
Γ1h

+ ‖T̃N ũN‖2
Γ1h

+ ‖ϕ̃N T̃N‖2
Γ1h

+ ‖(T̃N )2‖2
Γ1h

)

+ Mh(‖ũN‖2
Γ1h

+ ‖T̃N‖2
Γ1h

+ ‖ϕ̃N‖2
Γ1h

) + M
(

h−1‖ũN‖2
Γ1h

+ h
∥
∥
∥
∂ũN

∂x2

∥
∥
∥

2

Γ1h

)

+ M
(

h−1‖T̃N‖2
Γ1h

+ h
∥
∥
∥
∂T̃N

∂x2

∥
∥
∥

2

Γ1h

)}

,

R̃∗(ũN , T̃N , ϕ̃N ) =M(h−2N2‖ũN‖2 + h−2N2‖T̃N‖2 + h−2N2‖ϕ̃N‖2

+ h−2N‖ϕ̃N‖2
Γ1h

+ 1)(‖ũN‖2 + ‖T̃N‖2 + ‖ϕ̃N‖2 + h‖ũN‖2
Γ1h

),

ξ1(ũ
N , T̃N , ϕ̃N ) = −

(

e−ϕN−ϕ̃N

Ã(TN + T̃N , ϕN + ϕ̃N ) −
1

2
Φ0A0

− 128λΦ2
1(κ

2
1 + ν2

1) − 8ε − Mh−1N(‖ũN‖2 + ‖ϕ̃N‖2 + ‖T̃N‖2),
2∑

i=1

((

ũN
i,x1

)2 + (ũN
i,x̄2

)2 + 2
(∂ũN

i

∂x2

)2))

,

ξ2(ũ
N , T̃N , ϕ̃N ) = −

(

e−ϕN−ϕ̃N

µ(TN + T̃N , ϕN + ϕ̃N )(TN + T̃N )−1

· S−1
T (TN + T̃N , ϕN + ϕ̃N ) −

1

2
Φ0ν0B

−1
1 S−1

1

− 64λΦ2
1ν

2
1B−2

0 S−2
0 − 4ε − Mh−1N(‖ũN‖2 + ‖ϕ̃N‖2

+ ‖T̃N‖2), (T̃N
x1

)2 + (T̃N
x̄1

)2 + 2
(∂T̃N

∂x2

)2)

,

ξ3(ũ
N , T̃N ,ϕ̃N ) = −[(1 − ε)h−1((κ(TN + T̃N , ϕN + ϕ̃N )

+ 2ν(TN + T̃N , ϕN + ϕ̃N )(0)e −ϕN−ϕ̃N

(h), (ũN
1 (h))2)I∗

+ (1 − ε)h−1((κ(TN + T̃N , ϕN + ϕ̃N ) + 2ν(TN + t̃N , ϕN + ϕ̃N )(1)
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· e−ϕN−ϕ̃N

(1 − h), (ũN
1 (1 − h))2)I∗ + (1 − ε)h−1(ν(TN + T̃N , ϕN + ϕ̃N )(0)

· e−ϕN−ϕ̃N

(h), (ũN
2 (h))2)I∗ + (1 − ε)h−1(ν(TN + T̃N , ϕN + ϕ̃N )(1)

· e−ϕN−ϕ̃N

(1 − h), (ũN
2 (1 − h))2)I∗ + (1 − ε)h−1(µ(TN + T̃N , ϕN + ϕ̃N )(0)

· e−ϕN−ϕ̃N

(h)(TN + T̃N )−1S−1
T (TN + T̃N , ϕN + ϕ̃N )(h), (T̃N (h))2)I∗

+ (1 − ε)h−1(µ(TN + T̃N , ϕN + ϕ̃N )(1)e −ϕN−ϕ̃N

(1 − h)

· (TN + T̃N )−1S−1
T (TN + T̃N , ϕN + ϕ̃N )(h), (T̃N (1 − h))2)I∗ ].

By applying Lemma 10, we get the following theorem,

Theorem 1. If the following conditions are fulfilled:

(1) τ = O(h2), τ = O
( 1

N2

)

, conditions (1.5), (4.6) hold and B0 < T < B1,

|ϕ| < B2;

(2) ‖ũN‖Γ1h
≤ Mh3/2N−1, ‖T̃N‖Γ1h

≤ Mh3/2N−1, ‖ϕ̃N‖Γ1h
≤ MhN−1/2,

∥
∥
∥
∂ũN

∂x2

∥
∥
∥
Γ1h

≤ Mh1/2N−1,
∥
∥
∥
∂T̃N

∂x2

∥
∥
∥
Γ1h

≤ Mh1/2N−1,

(3) for all t′ ≤ t0, t′ ∈ Θτ , ρ(t′) ≤ Mh2N−2,

then for all t ∈ Θτ , G̃(t) ≤ Mρ(t)e Mt.

To discuss the convergence, for simplicity of expressions, for non-negative integers

m and n, let

Hm(I,Hn(I∗)) =
{

η
∣
∣
∣

∂p+qη

∂xp
1∂xq

2

∈ L2(Ω), 0 ≤ p ≤ m, 0 ≤ q ≤ n
}

.

For any real numbers α and β, Hα(Hβ(I), I∗) is defined by the interpolation of spaces

with the norm ‖ · ‖Hα(I,Hβ(I∗)). Similarly we can define the space Cm(I,Hα(I∗)).

Furthermore

Cm(0, t1;H
α(Ω)) =

{

η
∣
∣
∣
∂pη

∂tp
∈ Hα(Ω) is continuous in t ∈ (0, t1], 0 ≤ p ≤ m

}

equipped with the norm ||| · |||Hα(I,Hβ(I∗)). Similarly, we can define the space Cm(0, t1;

Hα(I,Hβ(I∗)) with the norm ||| · |||Hα(I,Hβ(I∗)).

By Lemma 3 and embedding theorem as well as same arguments as in the proof of

theorem 1, we can prove the following convergence theorem:

Theorem 2. Let r > 0, α > 0 and the condition (1) of theorem 1 holds, assume

that the solution (u, T, ϕ) of (1.4) satisfies that

u, T, ϕ ∈ C(0, t1;H
9
2+r(I, L2(I∗)) ∩ H

7
2+r(I,H1(I∗)) ∩ H

3
2+r(I,Hα+1(I∗))

∩ H
1
2+r(I,Hα(I∗)))

∂2u

∂t2
,
∂2T

∂t2
,

∂2ϕ

∂t2
∈ C(0, t1;H

1
2+r(I, L2(I∗))),

then we have for all t ≤ t0, t ∈ Θτ that

‖uN (t) − u(t)‖2 + ‖TN (t) − T (t)‖2 + ‖ϕN (t) − ϕ(t)‖2 ≤ M∗(τ2 + h4 + N−2α).
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where M∗ is a positive constant dependent on the norms appearing in the estimates of

terms ‖H̃
(i)
m ‖, ‖H̃m‖.
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