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SPECTRAL-DIFFERENCE METHOD FOR TWO-DIMENSIONAL
COMPRESSIBLE FLUID FLOW*!

Yue-shan Xiong
(Department of Computer, National University of Defense Technology, Changsha, China)

Abstract

We develop a combined Fourier spectral-finite difference method for solving 2-
dimensional, semi-periodic compressible fluid flow problem. The error estimation,
as well as the convergence rate, is presented.
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1. Introduction

We consider the following compressible flow equations:

Au; 10 1S 0 [ (0u L 0y 1 9p .
7 +(u~V)uZ—;8$Z (kY - u) ;Z::a—[ (8% axi)}—i_;@xi = fi, i=1,2,
oT 1 v Ouj — Ou;\2
ot H VT = e (V)T = e jz::l( e+ axj)
L w2 P ) =
dp
5¢ T V)p+p(V-u) =0,

(1.1)

where wu is the velocity, u = (u1,u2)*, T is the absolute temperature, v(T,p) is the

2
viscous coefficient, (T, p) = v/(T, p) — gl/(T, p) with /(T p) being the second viscous

oS
coefficient. (T, p) is the coefficient of heat conduction, S(T', p) is the entropy, Sp = 37
oS
S, =—.
P o 0

Under certain conditions, Tanil? proved that the first boundary problem of (1.1)
possesses unique local classical solution. Towards the numerical solution of this prob-
lem, the classical difference method is convenient, but it has lower approximate ac-
curacy. Finite element method is particularly suitable for problems with irregular
domains.

* Received February 18, 1995.
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In the past sixteen years, spectral method for P.D.E. has been developed rapidly6—19,

In [7], spectral method was used to solve (1.1), but only for periodical problems.

For many practical problems, the boundary conditions are neither fully periodic nor
fully nonperiodic. An effective strategy to deal with such problems is to combine the
Fourier spectral method with finite difference method or finite element method. In [6],
Guo and Cao established spectral-finite element scheme for solving such semi-periodic
problems, but it lacks boundary errors analysis. This paper is devoted to a Fourier
spectral-finite difference method to solve such problems, we strictly analyse the errors
induced by the initial values and boundary conditions.

Let @ =1x1I*,I=(0,1) and I* = (0, 27), we consider the solution of (1.1) in the
domain Q x [0,¢g]. We suppose that all functions in (1.1) have the periodicity 27 in
the x4 direction, and that u, T satisfy the first kind boundary conditions. These mean
that

{ 77|$2=0 = "7|902=27r’ V(z1,t) € I x [0,t0], n=u,T,p, (1 2)
ulgieor = g1(w2,t). Tlyear = ga(z2,t), V(za,t) € I" x [0,t0].
Besides, we assume that the initial values of (1.1) are the following,

U‘t:O = 7o, n= U,T, p- (13)

To avoid “negative density” (i.e. p < 0), which is likely caused by the round off errors
during the computations, and which generates a non-physical solution and instablize
the computations, we adopt the idea of Guo Ben—yu[5_7], i.e., we seek ¢ = Inp by (1.1)
instead of calculating p directly. besides, we assume the fluid satisfies the following
state equation, p = RpT, where R is a positive constant. Consequently (1.1) can be
rewritten into the following form,

ou; 0 ~ 0y, (Dui, D
: ' o, ' R v 7 J
or Op L

TRy -+ RTG-=fi, i=12
- 1 20 0u;  Quin2
il . Ca—ep-lo=1l(v. — —pe T 1871 ’ ;
5 +(u- V)T —e PT7'S (V- puV)T 5ve =S¢ ijZZI(axi * 8a:j)

—re CTLS NV - u)? = 5,571 (V -u) =0,
0
8—f+(u-V)cp+(V'U) =0,

(1.4)
We suppose v, i, k and S are sufficiently smooth for each of their variables, and there
exist positive constants By, By, Be, vy, V1, po, 1, k1, Ao, A1,S0, S1, So, ¢ and
®4, such that for By < T < Bj and |p| < By,

vo <v<u, po < p<pi, |kl <k, min(2k+ 3v,v) > Ao,

Sy < St < S, ’Sw‘ <8y, Pg<e ¥ < Py, (1.5)

0
‘8—n’§A1, where 1 =v,k,1u,S7,5,, z=T,¢p.
z
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2. Notations and Scheme

Let h be the mesh spacing of z1, Q) = I, x I*, 'y, = 0, x I*. Let 7 be the mesh
spacing of t, ©, = {t = k7/k=0,1,2,---}. We define

1
nxl(x17x27t) = E(T,('xl + h,$2,t) - 77(5517%2775))7
T’i‘l(x17x27t) = Tlxl(xl - h,f]}'Q,t),

1
Tliﬁl(xhx%t) = 5(77:“(3317%2775) +7]5;1($1,$2,t)),
Agln(x17x27t) -

1 1
5(1/77961 (‘Tlv T2, t))fl + 5(”775731 (‘T17 T2, t))5017

r 8%2 ( 8:272)

1
nt($17$27t) = ;(77(3317:172775_‘_7—) - 77($17$27t))‘
We define that

(n(z1),&(x1)) 1+ = % /1 n(z1, 22)& (21, x2)ds,
(n(x2), &(@2))r, = h > nlar,x2)é(x1, 22),

xlélh
=h > (n1),&x1))r,
x1€1},
In(z)ll7- = (n(z1), n(21)) 1+, Hn(fcz)H?h = (n(x2),n(x2))1, Inll* = (n,m),
0 = 2l 17 4 2 e 7+ | o s 77
2 2 h 2 h 2
Inlz = 5”%1%1” + 1 Z M1y (1) |7+ + 1 Z Mz, (1) |7+
r1€l,21<1-2h r1€IlL,212>2h
o+ 3+ [
2 8:132%1 2 8:132%1 Ox3
omon
t =
n®llgeo = max - max (8362)961...9@1...@1’
—_—— ——
7'1 7'2
g0 = max [[n(t)llg,c0-

te®,,t<to
Similarly, we can define ||9(t)||g.00.1,5 [|7(t)]lq.00,7+ and so on. Let N be any positive
integer, Vy = span{e*2/|n| < N} and Py be the orthogonal projection operator, i.e.,
| Pan-Gdos= [ n-Gdwe wge V.
We also define

d(né2)
8952 ’

0
d(n,€) = abinz, + (1 — a)(n€1)s, + 04528—;72 +(1-a)
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1 1
D(n) = §D+(77) + §D (),
Niqs 1=1
Din =
al‘Q

Let u, TV and ¢" be the approximations to u, T' and ¢ respectively, where
Z N inxg _
zp (x1,0)e"™*2 z=wu, Tor e

zN(azl,azg,t) =
In|<N

For simplicity of expression, we denote Py (n&) by Pyné. The spectral-finite difference

scheme for (1.4) is the following:

. 1
L(Z)(uN TN, o) = ufv,t + PNd(i)(ulN,uN) — §PNusD( Ny
—Pye =" H{P ((TV, V), ul) — Pye =" B (u(TV, o), uM)
—Pye =" AV N 4+ RD,TN + RPNTN DN = Py f;, i=1,2
Lo(uN, TN, o) = TN + Pnd©O(TN,uN) — PhTN D(ul)
—Pye " (TN)TLS7H TN, M) ARTT#MITN — Pre=¢" Ha(uV, TN, V) = 0,
1 1
L3(U’N7TN7 (JDN) = (pzjfv + PNd(2)((pN N) + PN(l N 5(‘0N)D(UN) =0,
where
1
S(R(TN, oM)DF (uM))g,
1 .
0 NN N _(K(TN790N)D_(UN))I17 =1
H(R(TY, 07 ),u™) =4 1 5
—_ TN »NYD+(uN
55, KTV D (W)
10
w(TN,oN)D =2
*3 KT <1>a> i
§(Vui\,7x1)fl + 5(”11“{\[9:1)!21 56—(Vué\jx1)
(4) N Ny , Ny _ li N _
H2 (V(T y P )7u )_ +28$2(Vu2,x1)7 ¢ 1
oul¥ oulY o ; ou .
( 8%2) *3 ( (9%2) +8x2( 8%2) 1=2

ij=1

Hy(u™, T, ™) = Su(TY, o) (1) 71 SpH (TN, o) Z (Diuj' + Dju")

R(TN, M)T LS (TN, ™) D (™))

)2+ e?" S (TN, ™M) STH TN, ™) D ().
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3. Lemmas

Lemma 18, For all n(x1, x2,t), we have 2(n(t), n:(t)) 1 = (|n(t)
2(n(t), (1)) = (In@®1)e = wllm ().

)= lm ()17

I*>

Lemma 2.
2(Agl 7]7 bé-) + (anl‘17b§x1) + (anij?bgi‘l) + (melyf(xl + h)bl‘l)
+ (a%uf(ml - h)bil) = 2l)l (CL b 7775) (31)
“ on 0¢ on . 0b
2(A m, bg + ab nxlgm + 77‘%15%1 + 28 aIIJ‘Q) + (aa—:pzvga—m)
+ (mel ’ é(xl + h)bx‘l) (anxpg(xl h)bi‘l) = 2Dl (CL, b7 m, 5)7 (32)

—_

where D1 (a,b,1,§) = (((a%l)(l%bf(l—h))f*+((a77:c1)(1—h)=55(1))1*)—%((@77:?:1)(}1),
b¢(0)) 1+ + ((anz,)(0), bE(R))r+). Particularly, if a =b=1, n, = £, we have

20, &) + (In]17)e = 7llel§ = 2D1 (L, 1,7, 70). (3.3)

Proof. By Abel’s formula (vz,,w) + (v,wy,) = (v(1 — h),w(1))r+ — (v(0),w(h))r~,
let v = ang,, w = b and v = bE, w = angz, respectively, we have

N

(@121, 68) + (@721 (0€)y) = (a2, )(1 = 1), 6E(1)) 1= = ((any )(0), E(R)) 1+
((0€)z, anzy) + (0, (anz,)ay) = ((anz, (1),66(1 — ) 1= — ((anz,)(h), b§(0)) 1+,

it is easy to verify that (b§)g, = by, &(x1 + h) + by, (b€)z, = bz, + bz, §(x1 — h). On
the other hand,

0 0 0¢ 0
(82172( 8:172) bf) ( 8:17772 baiﬂg) ( 6;72’582172)

Therefore, by the definitions of A 7 and A%, we can complete the proof of this lemma.

Lemma 3", If 0<a<p and neHP(I*), then HPNn—nHHa(I*)§cNﬁ_5HnHHﬁ(I*),
| PNl ey < CH??HHu )

Lemma 4. There exists a positive constant Cy independent of h and N, such that
for any n € Vy,

() [1718,00,r, < ol Imll7, s 17015 00,7+ < coNnllZ--

(iD) 7013 00 < coh™ ' N{nl?,

Proof. (i) is easy to verify, we only prove (ii). Suppose for x € Qp, Vn € Vy,

n(z) = Z nj(:nl)eiij, thus
l71<N

1
Inlloee < D lIns(z)lloco,r, < coh™2 Y |Insllz,
1N <N

1
< 2 (Y Inyll3)

N~

(X 1) <cn 2N,

7SN l71<N
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Lemma 5. Ifn € Vy for xi € I, then H—(‘)az H < N2|n|l*.

2

Lemma 6. For all n(zy,xs), we have

4
fer el < 5lmll* + hllne, (D17

4
1z, |I* < ﬁ\lnll2 + A7, (0)
and

2
I*-

4 2 4 2
19z, 1 < ﬁ\lnll2 + 2+ ln(0) Tor e 1 < ﬁ\lnll2 + (1)
Lemma 78l If h < ¢, then for all z1 € T, ||n(z1)3 < e(|ne)® + 12, 112) +
co(e)|n||?, where co() is a positive constant depending only on € and the domain §y,.
Lemma 8. If n(x1,x0,t), &(x1,20,t) € Viy for all z, € I, then

2
I*

n(z1)E(@)I7- < 2N + 1)|In(a)|[7]1€ (1)
In(z2)E(22) I, < %H??(M)Ili\lé(xﬂlli,

2N +1
Ingll? < 25 P el

1 8 max v max v
Lemma 98, ~ (v, +n2,) <~ - g2 + 25 g,

Lemma 108, If the following conditions are fulfilled:

(1) n is a non-negative function defined on O, po, Qo, a;(h, N) and Y, 0 <1 < m,
are non-negative constants;

(2) p(t) = p(n(0),n(7),- -, n(t—7)) satisfies that p(t) < po for alln(t') < Yo/ao(h, N),

t'=0,7,--,t—7T;
(3) Hy(t) = n(®)[Y (n(t)) + ao(h, N)Q(n(t))n(t)] &(n(t)), where Y(n(t)) < Yo
1

_|_
and Q(n(t)) < Qo for alln(t) < Yo/ao(h, N); and 51(77(;5 <0 for alln(t) < Yi/a;(h,N),
1< <my;
(4) Gy(t) = G(n(t),n(t — 7)) = n(t);
(5) n(0) < p(0) < po, and

m

t—1
Gy(t) < p(t)+ 7Y Hy(t'), Vte Oy
t'=0

(1+Qo0)Yoto < mj .
(6) poe < min (Yi/ai(h, N));

Then we have for allt € ©, and t < to that n(t) < poe (1+Qo)Yot
4. Error Estimation
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Suppose that 7 = O(h?), 7 = O(%) Let fi (i = 1,2), fs, f1 be the errors of f;
(¢ =1,2) and the right ends of the last two equations of (2.1) respectively, which induce
the errors of u, TV and ¢ denoted by @, T N and @N. Then the errors satisfy the
following equatlons.

7 3 ' ~
L @N, TN, gN) = Z +S EY = Pyfi, i=12
: ]:1
- . . JU . B - (4.1)
Loy(aN, TN, gN) = TN — Fs — Fo+ Y _Ej = Py fs,
7j=4

Ly(aN, TN, ¢N) = ¢ — Fio + Ey = Py fu,
where
B = Pye "2 HY (w(0N + TN, 0N 4+ @), V),
B = Pye =" P (6(TN + TN, 0N 4 @) — w1V, V), ),
B = pye=#" 8" AvTVATN 0NN N
ﬁ‘i) — Pye—¥"—% (AV(TNJrTN, oN N uN — AV(TNMN)U?’),
By = Pye =" HY (1N + TV N 4 gN), ),
B = Pye =" HP (1N 1+ TV, 0N 4 @) — (TN, o) u),
FY = —RPyD;eNTV,
Fs — Pye gpN—cﬁN(TN _i_TN)—lSEl(TN _i_TN’(pN + @N)AM(TN-FTN,@N-%@N)TN,
Fy = Pye~?" " (TN + TMYISZHTN + TV, o™ + V)

AR (TN+TN N+ N)pN AH(TNAON)TN}

Fio = —Pyd@) (N, u),
L
~ 1
EY = PNd 2 (@, uN + @) + Pyd2) (u,a")

_ 1, .
- —PN(u + aM)D(@™) - §PNuZND(uN),

Ey) = Py(e " — e " PN H (T, o), u) + ATy
+ H;)(V(TN,(,DN),UN)],

EY) = RPyDTN + RPNTN Dy + RPNTN D3V,

By = PydO (TN oY + @) + PydO (TN, 0Ny — Py(TN + TVYD(@N) — PyTV D),

Es =Py(e " —e " =Y (@N 4 TNYTLG TN 4 TN, N 4 gN) AMT TN

By = —Pye ™ (TN + TN~ — (TY) 7SIV + TN, o + gM)ar@ e,

Br = —Pye " (TN) S TN + TN, N + @) — 1 (1N, N a7,

Eg = Pye _¢NH3(UN,TN, gpN) — Pye _QON_@NHg(uN +aV, TN + 1TV, cpN + @N),

- 1 1 1
By = Pud @ (", @) + Pud D (@, @) — Py [ 56" + V) 1| D(@) + 5 Pvd" D)
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In order to estimate the errors, we consider the following identity

2 . ~ ~ ~ ~ ~ ~ ~
23 @Y +ral, LY@V, TV, gN) = Py fi) + 2(TN + 7N, Lo(a@™, TN, 3V) — Py fa)
=1
+2(@N + 73N, La(aN, TN, oY) — Py fy) = 0. (4.2)

b2
By Lemma 1, Lemma 3 and e-inequality ab < ea® + = we get that

U+ IV + 1™ 1%)e + (1 =) lla I* + 1712 + 162711%)

2 7 . 3 ~ ~ - . 8
+23° (@ +ral, =SB+ S B 42TV + TN, By - By + Y By)
=1 j=1 j=1 j=4
4
~ ~ ~ = ~ ~ ~ T x
+ 2" + 76, —Fio + Bo) < @V P + [TVIP + 16V IP +e(1 4+ 2) 3 1l
m=1 " (4.3)

where ¢ is a suitably small constant.

Suppose that u, T and ¢ are sufficiently smooth, By < T' < B; and |¢| < B, then
we have By < TV < By and |p"| < By, if h™! and N are large enough. Thus we
conclude from Lemma 4 that there exists a suitably small constant B > 0, such that
By < TN + TN < By and | + @N| < By, for all TV and ¢V satisfying that

~ ~ 1 1 ~ 1 1
ITV|| < BR2N"2, ||@V|| < BRIN"Z,
- .1 .1
HTNHFUL < BN"2, HQZ’NHFUL < BN"2. (4'4)

Let M be a positive constant independent of h, N and 7, but may depend on ¢,
k1, V1, ®1, s1 and some Sobolev space norms of u™, TV, oV M may be different in
different formula. Let A = er(h=2 + N2). and A(TN + TV, oV 4+ @N) = min(26(TN +
TN, N + ™)+ 3u(TN + TN, o™ + ™M), v(TN + TV, N + ¢V)), Under conditions
(1.5), (4.4), By Abel’s formula and integrating by parts as well as Lemmas 2-9, we can
prove that

_ ~ . D _ ~ -
™2+ 1TV 12 4+ 06N 120+ 7 (5 = 42) Q1 12+ 1EY I + 1|
_»,N_»3N ~ ~ ~ _ ~ ~ o
+ (7 EADY + TV, N + V) = 8e = MBTIN(IEN |2 + V2 + |7V,
2 ~N
ou;" \2
~N \2 ~N 2 i
3 (@) + @) +2(F0))
+ (TN L TN N gY@ )
SEHTY TN, N + 5V) = de = MBTIN (N |2 + |8V 2 + [TV, (22

. orN
+ (TN +2( 5

2 ~
)) — 60w By 25 ITV

T2
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4
— 12800 (k] + o)A |1F + > Br @™, TN, &) < R@N, TN, "), (4.5)
=1

where

By(@™, TN, @V) =(1 — esignr)h " (s(TV + TV, o™ + ™) (0)e =" =" (h),
@Y (1))?)r- + (1 — esignr)h~ (w(TN + TV, oV + @V)(1)
e PN (1~ n), <~N<1 - h)) )r —ella|? — M@ |2

- M R, S

By(a, TN, 3V) =(1 — )b (TN + TV, oV + &™) (0)e =" =" (n), (@l (n))?
+ (@ (W) + (1= )b (TN + TV, oV + 3V)(1)
e PN (L —n), @ (1 - n)? + (@ (1 - ) — ella |2

ol 2

Oz rlh)’

B, T, ) (L= b (TN + TV, o + 3¥)(0)e = (), (@ (h))
+ 1 —)h YT + TV, N + V) (1)e —pN—gN (1—h),
(@ (1= h)*)r- - sHuNHl Ms—1|raNu2

—(n a2 H )
(M1, + e I8

By (@, TN, &™) =(1 — )b~ (u(TN + TV, oV + &™) (0)e ¢ =" (n)
(TN 4+ TV TSN TN + TN, N 4 V) (), (TN (1)) -

+ (1= (TN + TN, N + M) (1) e 2V (1 — )
(TN TSI + TN N + @) (h), (TN (1 - h))z)z*

k)

Flh

= M )P = M (hH N, +

— | TN} = M TN = M (BTN, +

H 8%2
and
~ ~ T 4 ~ ~
R@, TN, @) =c(1+ 2) YOIAIP + M N2 [a™ | + b= >N TV + h N2 |
=1
+h2N(GV R, + DU+ (TP + 16712 + Rl 3,

+MhH%u7

+ MGV AN R, + (TR, + 12V TR,

1h

+ITVPIR,,) + Maa™ |7, + ITYIE,, + 18Y17,,)-

Suppose that the following condition holds

2Q2
A()(I)o ,UQCI)()BOSO ) (4.6)

A< L min (
203 (rf +v7)” @{uiB1S)

128
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Define
Za™,6) = I O + Z (0, GEL20) + (220 + 220y
“ :c1 1 8%2
2 t—1
+— Z [l ()17,
é(t) :Z<I>0_Ao(u , )+Z<1>0u0371571 (TN,t)+Z0(g5N,t).
D) 21 1
By summing up (4.5) for ¢/ <t — 7, and ¢ € O, then
t—1
G(t) < p(t) +7 Y { R @, TV, V) + z En(@™ (), TV (), 5N (¢) ],
t'=0 m=1

where

t—1 4
p(®) =[N ) + [TV O + &V () +7 {a(l +2) A
t'=0 =1

— ~N ~N N ~N ~Nm N N
+ Mr(|NaN R, + 1T EN R, ISV TN IR, + TR,
oulv

+ Mh(||a" 3, + HTNH%M 1N IR,) + M (B EN R, + B 5

A

R @, TN, ™) =M (h2N?|[a" > + h 2 N?|TV|* + h=> N2 || g2
+hT2N|GNIE,, + DAY 2+ TV + 16V + rlla™ |7,

o)
INYA

M (TR, + B2

8:172

N AN ~ _oN_GN % ~ - 1
(@, TN, V) = — (e T FAMN + TN oV 4 V) — J@o g
— 128AY (k] + ) — 82 — MAT N ([[a™* + g™ 1 + 1TV ),

> (i + 2 +2(25 %)),

1=
N AN _oN_GN - ~ 5Ny —
&, TV, V) = — (e =" = (N + TV, oV 4 M)V + TV) !
_ e 1 e
SN TN + TN, N 4+ gY) - 5 PoroBy st
— GAADZ2BT2S52 — de — MATIN(|aN |2 + |3V
aTN> )

PN (12 PIN\2 N
HITYIP), ()7 + (T +2(55—

&, TV, gN) = —[(1 — ) (TN + TV, o +¢V)
+2(TN + TN, oV + @N)(0)e " %" (n), (@l (h))?) -
+ Q=) (TN + TN, oV + M) + 20TV + 1V, 0N + M) (1)
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e~ PN 1) @ (1= W)+ (1= T @Y+ TV, N 4+ 5Y)(0)
e—soN—¢N(h)7(ﬂéV( N+ (1 =) (TN + TV, oV +3™V)(1)

e PN (1= h) (@ (1 = 1))+ (L= )b (TN + TV, N 4 M) (0)
e = )TN + TN) LS (TN + TN, N + GV (), (TN (1))

+ (1 — ) (TN + TN,sonN)(l)e—@N—@”(l—h)

ATV ATV TESEHTY + TV, N+ @M)(h), (TV (1 = h)?)re]-

By applying Lemma 10, we get the following theorem,
Theorem 1. If the following conditions are fulfilled:
1
(1) 7 = Oh?), 7 = O(m), conditions (1.5), (4.6) hold and By < T < By,
lpl < Ba;
(2 ) lluNHrlh < MEP2N=Y TV ||py, < MEP2NTY ||V |r,, < MANTY2,
OT

H < MRY2N-1, < MRY2N-1,
Oxo 1Ty INT

(3) for allt' < tg, t' € O, p(t') < MR2N~2,

then for all t € ©,, G(t) < Mp(t)e™M?

To discuss the convergence, for simplicity of expressions, for non-negative integers
m and n, let

p+q77

H™(I,HY(I) = {n] 555 7ot

€L*Q), 0<p<m, Oéqﬁn}.

For any real numbers o and 3, H*(H”(I), I*) is defined by the interpolation of spaces
with the norm || - || ge(z go(r+y). Similarly we can define the space C™(I, H*(I*)).
Furthermore

P
C™(0,t1; HY(2)) = { ?)tg € H*(Q) is continuous in ¢ € (0,t1], 0 <p < m}

equipped with the norm ||| - || a7, g8 (1+))- Similarly, we can define the space C™(0,%1;
He(I, H3(I*)) with the norm ||| - | ez, b8 (1) -

By Lemma 3 and embedding theorem as well as same arguments as in the proof of
theorem 1, we can prove the following convergence theorem:

Theorem 2. Letr >0, a > 0 and the condition (1) of theorem 1 holds, assume
that the solution (u,T, @) of (1.4) satisfies that

9 7 3
u, T, € C(0,ty; H2T" (I, L2(I*)) N H2 " (I, H (I*)) n H2 " (I, H*T(I*))
1
NHZ (I, HO(I')))
OPu 0T o
o2’ o2’ a2
then we have for all t < tg, t € O, that

1
e C(0,ty; H2 (I, L3(I"))),

1™ () = w(@)* + 1T () = TOI + " (8) = e()|* < M* (7% + h* + N729).
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where M* 1is a positive constant dependent on the norms appearing in the estimates of
terms | Hy) |, || Hol.
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