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Abstract

The finite element solutions of elliptic eigenvalue equations are shown to have
a multi-parameter asymptotic error expansion. Based on this expansion and a
splitting extrapolation technique, a parallel algorithm for solving multi-dimensional
equations with high order accuracy is developed.
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1. Introduction

The extrapolation method has become an important technique to obtain more ac-
curate numerical solutions since it was first established by Richardson in 1926. The
applications of extrapolation method in the finit difference can be found in [14]. In 1983,
Q.Lin, T.Lii and S.Shen!® introduced this technique into the finite element method, the
development in this direction can be found in [5, 11, 12, 16]. However, this technique
has a limitation when dealing with high dimentional problems, since the increasing
of the dimension will cause an enormous amount of grid points which requires great
computer power in case of the successive refinement. Recently, Zhou et al.[19:20] inro-
duce a so called multi-parameter splitting extrapolation method. In this new method,
the domain is divided into several subdomains based on the geometry of the domain,
each of which is covered by different meshes so that the number of independent mesh
parameters, say p, is as large as possible, and a higher order accuracy approximation
is produced by (p + 1)-processors in parallel. In general, p can be greater than the
dimension of the problem. As a result, if the size of the original discrete problem is
large, then the size of problems to be dealt with in each processor can be reduced
significantly. In this paper, we adopt this method to the elliptic eigenvalue problem, a
parallel algorithm for higher order approximations is also proposed.

2. Multi-Parameter Asymptotic Expansion for Eigenvalue

In this section, we only investigate simple eigenvalue problems for elliptic equations,
so that we can concentrate on the main idea behind the construction without involving
much effort in less important things, let us consider the Dirichlet problem
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—Au = Au, in €,
(2.1)
u =0, on 052,
where Q@ = (0,1)" C R"(n > 2).
Its weak form reads as follow: find (\,u) € R x (H}(€2)\{0}) such that
a(u,v) = Au,v), Vv € Hy (%), (2.2)

where a(u,v) :/ VuVv, and (f,v) = / fu, / . :/ -dry -+ dey,.
Q Q Q Q

Let Q be divided into m rectangular subdomains 7' = {Q; : j = 1,2,---,m} so
that the edges of each subdomain are parallel to the coordinate axe respectively and
T is quasi-uniform. On the subdomain ();, a rectangular mesh refinement with mesh
parameters {h;1,---,hjn} is imposed, where 2h;; is the mesh size in the ith coordinate
direction. Assume that the union of all meshes form a quasi-uniform n—rectangular
partition 7" of Q with size h, then T" is determined by some mesh parameters, say
hi,---, hp, with h = max{h; : i = 1,---,p} and n < p < n+m — 1. To minimize the
sizes of the discrete subproblems, p may be chosen such that p > n.

Let S"(Q) = {v € C(Q): v is n-linear, Ve € T"}, SH(Q) = S"(Q) N HL(Q), and
in : C(Q) — S"(Q) be the usual n—linear interpolation operator.

The finite element approximation of eigenvalue problem is determined by finding
(An,up) € R x (SE(Q)\{0}) satisfying

a(un, ) = An(un, ), Ve € SHQ). (2.3)

For continuous eigenvalue A, there holds an orthonormal eigenfunction v and dis-
crete solutions (A, up) € R x SH(Q) such that

A= Anl + [l = unlloz < ch®|luf2z, (2.4)

where || - ||o,2 denotes the usual Soblev space, we also denote it by || - || in the following.
For simplicity, assume that Th‘Qi is uniform and w is smooth enough. We denote Rju
to be the Ritz projection of u which is determined by the equation

/ (u— Rpu) T v =0, YoeSHQ)
Q

n
For e € T", denote the center of e by z. = (we1,  +,%en) and e = [] [Tej — hej,
j=1
Zej + hej]. For 1 < j <mn, define
1

55 = e j)? —h ;).

Fej(xj) =
From the definition of F¢ j(z;), we easily get the following useful identity
1
6
We recall that there holds the following multi-parameter expantion (cf.[19,20]).

1
Fej= - (F2))" - ghg,j- (2.5)
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Lemma 2.1. If u is smooth enough, then for any e € T",

/8 u—ipu) #j/Fela Oju— Z /6(81_11 ens) - Op,0ju (2.6)

{n1,ngyC{L, - n3\{5}
1>2

and

/ 8 (u — ipu) f[(xli ~ey,) = O(RFTES), (2.7)
€ i=1

where s =1,---,n —1,0; = 0y, l; # j. The last term in (2.6) disappears if n = 2.
Lemma 2.2. If u € H}(Q) N HY(Q), then, there exists {wy, -+, w,} C H}(Q) such
that ,
Rpu(z) = ipu(z) + > wihi + O(h?) (2.8)
i=1
holds in L*(Q2).
The following identity for the interpolation operator will play an important role in
deriving multi-parameter asymptotic error expansion.
Proposition 2.3. For any e € T", there holds

/e(ufzhu /Feﬁu— . Z / HFe/ns oy -+ Oy (2.9)

g pCAL,
1>2
and .
/ (u — i) [[ (a1, — wes,) = O(WF+7+5), (2.10)
€ i=1
where s =1,---,n—1.
Proof. We give the proof for n = 2.
When n = 2,
/(u —ipu) = /F u— ipu) / / )F{(u —ipu) Fy + /Fﬁ%u
e e I l3 €
= /Flé)%u—k/Fg@Qu—/F{Fé@lﬁgu, (211)
e e e

where [; and I3 are edges parallel to x-axis.

For the general case, we can use induction method. We now turn to the proof for
1

the second relation. Notice that x; — z.; = E(Fél)(?’).
Thus

. 1 ]
/(U_Zhu)($l _xe,l) = 6/(u_2hu)(F§l)(3)
! 1
=_ _ 2V — 4 7/ F2 Y52
6 ( /931=$e,z+he,z /xz=me,zhe,z >( e,l) (= ipu) + 6 e( e’l) Oru

hgl . 1 2 53
= 3’ /al(u—zhu) - 6/F67l81 u, (2.12)

which proves the result for s = 1 combining with Lemma 2.1. We finally get the result
by induction.

I =
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We are now able to derive multi-parameter error expansion for the eigenvalues. For
simplicity, we only consider the case of a simple eigenvalue A. From (2.3) and the
normalization condition for the eigenfunctions, we get

IV (u— up)||* = X4+ A — 22 (w, up,).
The insertion of the identity ||u — up|> = 2 — 2(u, up) leads to the following equation:
IV (u—up)||* = M — A+ Mu — up

Further, since the Ritz projection is the projection under the energy norm, we
obtain

IV (u—up)|? =V (u— Rpw)||* + |V (Ryu — up)|?
=V (u — Rpw)||* + Mu — up, Rpu — up) + (X = M) (up, Rpu — up,).

(2.13)
Thus, from the above two identities together with the error estimates (2.4) we get
My = A= [V (u = Ryw)|* + O(h") [[ull3 - (2.14)

Therefore, We only needs to expand the first term on the right hand side of (2.14),
in order to get the multi-parameter expansions for the eigenvalue. Again, from the
eigenequations (2.2) and (2.3), we have

|V (u — Rpu)||* = Au,u — Ryu)
= AMu,u —ipu) + Mu, ipu — Rpu). (2.15)

For the first term on the right of (2.15), we apply proposition 2.1 and the identity (2.5)
to see that

(u,u —ipu) Z /ZFelﬁ (u —ipu)) + O(h*)

ecTh V€ i=1
=2 Ly /Zh2 O2((u— ipu)u) + O(hY)
eeTh ¢
:—fZ/ZhQ udu+ O(hY) = —ZhQ/Nu u+O(h),
ceTh ’ (2.16)

where N; is some (piecewise) differential operator of 3rd order. As for the second term
on the right hand side of (2.15), we have, by applying lemma 2.2,

(u,ipu — Rpu) = Z h(u, w;) + O(h%). (2.17)
=1
Combing (2.16) and (2.17), we finally obtain
Theorem 2.4. Let A be a simple eigenvalue, then, Ay, its finite element approzia-
tion admits the following muiti-parameter expansion

p
A — A= &hi +O(n) (2.18)
=1

for & independent of mesh parameter h;,i =1, -+, p.
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3. Multiparameter Expansions for Eigenfunction

In this section, we shall follow the line of Lin & Xiel¥ and Blum!!, our aim is to get
the multi-parameter expansion of the error uy — ipu in the case of a simple eigenvalue
A. As in Blum!!, we denote [] and []* to be the orthogonal projections onto the
eigenspace E()) and its complement F(A\)* respectively, then

. . L .
up — iR = H(uh —ipu) + H (up, — ipu)
i
= (up — u,w)u + (u — ipu, u)u + H (up, — ipu). (3.1)
We shall now estimate the terms on the right hand side of (3.1) for n = 2. For the

1
first term, we have (up, —u,u) = —§Hu —up||> = O(h*). For the second term, we apply
(2.16) to get

1 p
w—ipu,u) = —=> h2u | Nyu-u+ O(hY).
3 7
i=1 &

We now come to the estimation of the last term. Following Lin and Xiel®, we introduce
the operators K = (—A)~! and K}, = R; K, and obtain

u—up =AKu — Ny Kpup = AK(u — up) + %()\ — Ap)u+ (u— Rpu)
+ (A= A)(Kp = K)u+ (A = M) K (up — u) + A (K — Kp)(un — 1).(3.2)

Note that | K — Kj||co = O(h?|In h|?), we finally see that

1
u—up = MK (u—up) + (A= Anu+ (u— Ryu) + O(h*|In h|?), (3.3)
from which we obtain
1
inu — up = AK (u —up,) + X()\ — An)u+ (ipu — Ryu) + O(R*In h|?), (3.4)

or equivalently
(I = AK)(ipu —up) = MK (u — ipu) + %()\ — M)u+ (inu — Ryu) + O(RY Inh|?), (3.5)
since v = K (u — ipu) satisfies the equation
(Vo, V) = (u—ipu, @), Yee Hi(Q). (3.6)

For the right term of the equation (3.6), by using proposition (2.3), we can define the
coefficients egl), “ee ,eg such that

)\ p
hi(Veg, V) + -+ h2(Vep, V) = —§Zh?/ﬂl\fiu'gp, Yo € HE(Q).  (3.7)
=1
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Substituting (3.7), (2.8) into (3.5), we get

p
(I — \K)(ipu — up) Z h2 (e, — 2 = A\)u+ Ok 1Inh)?). (3.8)

Since (I — AK) is an ismorphism on the space F(\)* and [[* u = 0, thus
L
[1Gnu = up) ZhQ (I —\K) 11‘[ —eb, +w;) + O(h*In h|?). (3.9)

In view of the above discussion, we finally arrive at the following result
Theorem 3.1. Let the assumption of Theorem 2.4 be satisfied. Then, the eigen-
function corresponding to a simple eigenvalue A, admits the expansion

P
up — ipu =Y _ b+ O(h*[Inhl?), (3.10)
i
where (;, it =1,---,p are functions indenpent of mesh parameters hy,-- -, hp.

4. Partition for General Domain

In this section, we shall discuss the case when 2 is an polygonal convex domain in
R? for sake of simplicity. We find that similar result is obtained.

First decompose () into several fixed convex quadrilaterals T' = {€Q,---,Q,,} such
that T is quasi-uniform. Denote (a;;,b; ;) (7 = 1,2,3,4) to be the 4 vertices of the ;.

Let Q’Z

21(&m) = ain(1 = &)1 —n) 4+ ai28(1 — 1) + ai38n + aia(l — &),
z2(&,m) = bia(L = &1 —n) + bi28(1 —n) + bi3&n + bia(l — &n
be the bilinear coordinate transformations from the unit square [0, 1]% to ;(i = 1,---,m).
Under such mapping, a line parallel to {— or — axis in [0, 1]? is transformed to the

line linking the two equipartition points of a two opposite edges in §2;. For a function
v defined on €;, we define the function ¢ on [0, 1] by

@:Uo@i. (41)

Conversely, a function ¢ defined on [0, 1]? determines a function v on §; satisfying (4.1).
Define

SE(Q) = {v € HY(Q) : v o d;is piecewise bilinear on [0,1]%, i =1,2,---}, (4.2)
u:@oQ);l, on £,
inu=ipio®; 1, on @
where i, is the piecewise bilinear interpolant of @ on [0,1]2. ipu(z) = wu(z) holds
for = being the nodal points in Q and S}(Q) is determined by some parameters, say

hi,---, hp. By induction, it can be proved that for any polygonal domain with a proper
choice of {Qy,---,Q,}, p satisfies p > 2.
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Then there exist an interpolation operator Ij, (cf. Lin (1990) and Lin Yan and Zhou
(1991)) constants & and functions w; such that

p
A — A= &hi +O(h) (4.3)
=1
p
Inup =u+ Y _wihi + O(h'|Inh|?) (4.4)
=1

hold for any = € §2 having positive distance from the vertices of T

Remark 4.1. It should point out that other kinds of partitions can also be em-
ployed and the corresponding multi-parameter asymptotic error expansions are also
exist (cf. Zhou, Liem and Shih (1994)).

5. A Parallel Algorithm

Consider an 2—dimensional problem. Suppose that the domain €2 is divided into
m nonoverlapping subdomains {Q; : j = 1,2,---,m}, on which meshes are imposed
and hy, hs--- are the mesh parameters. Among them, p parameters are independent,
we denoted it by hp,-- -, h, without loss of generality. Let h = max{h; : ¢ =1,---,p}
and denote the numerical solution by w(hi,---,hp). In many cases, there exists a
multi-parameter expansion

P
A(h, -+ hy) = A+ > &R + O(h?), (5.1)
i=1
P
u(hy, -, hy) = u—+>_ mihi+O(h*Inh|?), (5.2)
i=1
where u is the exact solution and &,7; (i =1,---,p) are independent of (hy,-- -, hy).

It is obvious that a careful choice of mesh parameters will save the computational
work and computer storage and yields a higher accuracy approximation, i.e., there
holds

= (421’: Ai — (4p — 3))\0)/3 = A+ O(h%), (5.3)
i=1

ut = (4iui (4p—3)u0)/3:u+0(h4|lnh|2), (5.4)
i=1

where )\Z == )\(hl, tty hifl, hz/2, hi+1, Tty hp) and U; = u(hl, ey hifl, h1/2, hi+1, cee ,hp).
Thus, a parallel algorithm for higher accuracy approximations follows:

Algorithm.

Step 1. Compute \;, u;(0 < i < p) in parallel.

P p
Step 2. Set \° = (42)% — (4p — 3))\0) /3, and u® = <4Zul — (4p — 3)u0> /3.
i=1 i=1
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