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Abstract

In this paper, we consider the problem of solving finite element equations of
biharmonic Dirichlet problems. We divide the given domain into non-overlapping
subdomains, construct a preconditioner for Morley element by substructuring on
the basis of a function decomposition for discrete biharmonic functions. The func-
tion decomposition is introduced by partitioning these finite element functions into
the low and high frequency components through the intergrid transfer operators
between coarse mesh and fine mesh, and the conforming interpolation operators.
The method leads to a preconditioned system with the condition number bounded
by C(1 + log? H/R) in the case with interior cross points, and by C in the case
without interior cross points, where H is the subdomain size and h is the mesh
size. These techniques are applicable to other nonconforming elements and are well
suited to a parallel computation.

Key words: Substructure Preconditioner, biharmonic equation nonconforming plate
element

1. Introduction

In this paper, we generalize the BPS algorithm [1] to nonconforming element ap-
proximations of the biharmonic equation. We construct a preconditioner for Morley
element by substructuring on the basis of a function decomposition for discrete bihar-
monic functions. The function decomposition is introduced by partitioning discrete
biharmonic functions into low and high frequency components through intergrid trans-
fer operators between coarse and fine meshes and a conforming interpolation operator.
The method leads to a preconditioned system with the condition number bounded by
C(1 + log? H/h) in the case with interior cross points, and by C in the case without
interior cross points, where H is the subdomain size and h is the mesh size. These
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techniques are applicable to other nonconforming elements and are well suited to a
parallel computation.

For conforming element discrete problems of a second order elliptic equation, Bram-
ble et al [1] and Widlund [9] have obtained certain preconditioners which are easily in-
versed in parallel and can reduce the condition number of a discrete system from O(h~?2)
to O(1 4 log? H/h). The main idea is the decomposition as v = IIxv + (v — Hgv),
where Il is the interpolation operator on coarse meshes, and an extension theorem.
Gu and Hu [5] have obtained a similar result for Wilson nonconforming element which
is with continuity at the vertices. Zhang [11] has constructed preconditioners for cer-
tain conforming plate elements on the basis of a space decomposition by adding certain
vertex spaces. However, for Morley element, since the finite element spaces are not
nested, and the functions have bad continuities, the space decomposition similar to
those mentioned above does not hold.

We introduce a conforming interpolation operator for Morley element and related
intergrid transfer operators, and then construct a function decomposition for discrete
biharmonic functions to overcome these difficulties. Brenner [2] has introduced the
conforming interpolation operator Ej by taking averages of the nodal parameters asso-
ciated with the function and its first derivatives among the relevant elements, and taking
zero as the nodal parameters associated with its second-order derivatives, in order to
deal with an overlapping domain decomposition method. To be suited to a parallel
computation in the substructure preconditioning, we modify Brenner’s approach so
that the nodal parameters of Ejv; depend only on those of v, on the boundaries of
substructures. On the other hand, Zhang [11] has defined an interpolation operator
for certain conforming plate elements by setting the nodal parameters for second-order
derivatives be zero. We use it to define the intergrid transfer operator Iy from fine
meshes to coarse meshes. Then we generalize the BPS algorithms and Widlund theory
of substructure preconditioning to nonconforming plate elements.

2. A Preconditioning Algorithm

Let Q be a bounded polygonal domain in R?. Consider the biharmonic problem in
Q with the clamped boundary conditions

A*u=finQ, u=0,u=0ondN. (2.1)
The variational form of (2.1) is: Find u € HZ(Q) such that
a(u,v) = (f,v), Vo€ HF(Q), (2.2)

where
a(u,v) = Z / DYuD%vdz, (f,v)= / fvdz.
pemiede Q
Let J and Jg be quasi-uniform triangulations of 2 with h and H as mesh parameters
respectively. Assume that J, can be obtained by refining Jy, so that Jg and Jj, form
a two-level triangulations on Q. Let S”(Q2) be Morley element space [8] and S&(92) be



Substructure Preconditioners for Nonconforming Plate Elements 291

a subspace of S(Q) with nodal parameters vanishing at boundary nodes. The Morley
element discrete problem is: Find uy, € S§(Q) such that

ah(Uh,’Uh) = (fa Uh)’ Vv € S(])Z(Q)v (23)

where

Z Z /Do‘uDavdx (f,v) /fvdx

Tedy |al=2

Let Jg = {Qx}2_,. The vertices of Jy will be labeled by v; (ordered in some way)
and I‘U will denote the edge with endpoints v; and v;. Sk (€2;) will denote the subspace
of SI() consisting of functions with nodal parameters vanishing on Q\Q;. In addition,
S"(Q;) will be the set of functions which are restrictions of those in S&(Q) to ;. In
what follows, ¢ and C' (with or without subscript) will denote generic positive constants
which are independent of H, h and (.

We construct our preconditioner B through its corresponding bilinear form B(-,-)
defined on SZ(Q) x SE(Q).

We decompose functions in S%(Q) as follows:

Write w = wp + wp, where wp € SH(Q1) @ --- @ SH(Qy) and satisfies

af(wp,d) = af(w, p), Vo€ SE(Q), for each k, (2.4)

where

ak(u,v) = Z Z /DauDO‘vdm‘

TeJn, TC |a| 2

Notice that wp is determined on ;. by the nodal parameters of w on €2 and that
a¥ (wyr, ) = 0 for all ¢ € SH(). (2.5)

Thus on each €, w is decomposed into a function wp whose nodal parameters vanish
on 9, and a function wy € S"(Q;) which satisfies the above homogeneous equations
and has the same nodal parameters as w at [J;, 0€2;. We shall refer to such a function
wy as “discrete aﬁ—biharmonic”.

We note that the above decomposition is orthogonal with respect to the inner-
product ap(+, ), and hence aj(w,w) = ap(wp,wp) + ap(wWg, wr).

To define the bilinear form B(-,-), we introduce a linear interpolation operator E},
and an intergrid transfer operator Iry. The conforming relative of Morley element is
Argyris quintic element. Let AR"(2) be Argyris quintic element space associated with
Jp, and B (Q) be Bell element space associated with Jy [3].

For an arbitrary vertex p of Jp, we assign to it one of its adjacent edge midpoints
ep. If p e UT'y;, we assign to it e, which belongs to |JI';;. If p € 01, we assign to it e,
which belongs to 0€2. Let e;, be a vertex of Jj such that e, is the midpoint of segment
pe, (cf. Figure 2.1). For v € Sk(Q), we define Ejv € ARM() such that

Env(p) =v(p), VY verties p
OnEpv(m) = 0pv(m), ¥V midpoint m (2.6)
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D®Epo(p) =0, |af =2;

and
Oz Env(p) = 0pv(ep) cos B+ v(p)l—v(cﬁ,) sin 3,
pe;,
OyEpv(p) = Opv(ep)sin f + w cos 3; (2.7)
pey,

where n = (cos f3,sin ), s = (—sin 3, cos ) are the unit normal and tangential vector
respectively, [ye; is the length of the segment pe,, (cf. Figure 2.1). We note that (2.6)
is defined as Brenner [2] but (2.7) is different.

p
n
L’Lﬂ «m
S ) ep
€pe q
Figure 2.1

About the operator Ej we can prove the following proposition by the argument
similar to that in [2].
Proposition 1. For arbitrary v € S}(), T € J, we have

Hv — EhU”L2(T) + hlv — Ehv\lyT + hQIEhUh,T < Ch? Z |v|2’T/. (2.8)
T'NT#¢

where and from now on ]v|127T = ]v|12q,-(T) and T' € Jy.

From the definition of the conforming interpolation operator Ej we can see that
nodal parameters of Ejv;, on UI';; depend only on those of v, on UL';;. This property
is important in our discussion.

The nodal interpolation operator IT; : BH (Q) — S&(Q) is defined by (cf.[11])

IMyv(p) = v(p), for arbitrary vertex p of Jp (2.9)
OpIIpv(m) = Opv(m), for all internal midpoint m ofJy. '
The intergrid transfer operator Iy : AR"(2) — BH(Q) is defined by
D*Igv(p) = D*v(p), for arbitrary vertex p of Jp, |a| <1 (2.10)
DIgv(p) =0, for |a| =2 '
The operator I, have the following property.
Proposition 2.
HU—Hh’UHL2(T) —|—h’v—Hh’l}’17T—i—h2’HhU’27T < Chz"l}b,T, VT ey, (2.11)

for arbitrary v € B2 ().
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Now we construct a preconditioner. Set the node set
V ={p,ep, e;;p is a vertex of Jy}

We decompose wy € S"(Q) into wy = wg + wy, where wy € S?(),) is a discrete
aﬁ—biharmonic function such that the nodal parameters of wy on UJ§;\V are those
of Il Iy Epwy, and the nodal parameters of wy on V are those of wy. Thus wg is a
discrete aﬁ—biharmonic function in ), for each k, and the nodal parameters of Iy Epwg
vanish at all nodes of coarse meshes. In virtue of this decomposition, we now define
the bilinear form B(-,-) as follows

B, ) =anwp, r) + {05, 0u8) e, + Ons 000 e, )

+ D {(wv(vi) —wv(v;) — Dy (vi) (v — vy))

Iij
(ov (v;) — v (vj) — Doy (v) (v — vj))H 2
+ (Dwy (vi) — Dwy (v;))(Dv (vi) — Dy (vs))} (2.12)

_ 1/2 :
where and from now on v = Epv, and (-, ->H1/2 means Hoo/ (I';j)-inner product

00 (Tij)
which is defined by

(W w) g, _/sz /rj (v(z) —v(y))(w(z) - w(y))ds(m)ds(y)

|z —y?

1 1
" /I‘; U($)w($)(|x “ul - vj|)d8(x)’v’w € Hyp'(T'y).

We shall demonstrate how the linear system Bw = g can be solved efficiently.
Given g, the problem of solving Bw = ¢ reduces to finding the functions wp and
wg. The function wp restricted to €, satisfies

ay(wp, §) = (g,¢) for all ¢ € Sg(). (2.13)

Thus it can be obtained by solving in parallel the corresponding biharmonic Dirichlet
problem (2.13) on each subdomain. With wp known, we are left with the equation

Z {<857I)E, 8S$E>H010/2(Fij) + <8n7DE7 8”(ZBE>HS(42(FU)}
Ty
+ > {(wy(vi) = wy(vj) = Dy (v;) (v; — v)))
T
(v (vi) — ¢y (vj) — Dy (v;) (v — vj))H >
+ (Dwy (v;) — Dwy (v;))(Doy (vi) — Doy (v5))}
=(9,¢) — an(wp, ¢). (2.14)

(The last equality holds since ap(wp,¢rg) = 0). Notice that the value of (g,¢) —
an(wp, @) for each ¢ depends only on the nodal parameters of ¢ on all I';;. From the
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definition of the interpolation operator E}, we see that the value of (g,¢) — ap(wp, @)
for each ¢ depends only on the nodal parameters of ¢ on all I';;. Thus (2.14) gives
rise to a set of equations which can be treated as follows: for each I';;, choose ¢ in a
subspace of S%() such that the nodal parameters of ¢ vanish in the all interior mesh
points of every Qj, and those of ¢ vanish on all other I';;. Thus, on this subspace, (2.14)
decouples into independent problems of finding wg € ARS (Ty5), Igwg = 0 given by

<6swE7 as¢>Héé2(Fij) + <8nwE7 an¢>H10/2(Fij)

0

=(9,9) — an(wp,8), Yo € SH(Q), Ind =0, ¢ € AR}(Ty;)
(2.15)

for each I';;. Note that these are local problems with unknowns corresponding to the
nodes on I';; and may be solved in parallel.

Next we solve for wy on the edges. We consider the subspace {¢ € SF(2); nodal
parameters of ¢ on U9€;\V = those of I1j,If7¢ on UOSY,\V, those of ¢ on all €; vanish,
then (2.14) reduces to

D {lwy (vi) = wy (v;) = Dy (vi) (vi — ;) - (P (vi) — ¢y (v;) — Dy (vi) (v — v;)) H 2
Ly

+ (Dwy (v;) — Dwy (v;))(Déy (vi) — Dy (vy))}
=(g,¢) — an(wp, ¢). (2.16)

The nodal parameters of wy at nodes of T' € Jy determine those of wy on all edges
I';j, and hence wy = wg + wy is known on all edges I';;.
The last step consists of determining wg in each €2 so that

af (wyr, p) = 0 for ¢ € SH(Q). (2.17)

This problem is similar to (2.13), which can also be solved in parallel on each subdomain.
Hence the solution of Bw = g is determined by w = wp + wy.
We summarize the process by outlining the steps for obtaining the solution of

B(w, ) = (g, ¢) for all ¢ € S{(Q),

and hence for computing the action of B~

Algorithm.

1. Find wp by solving biharmonic Dirichlet problems on subdomains. The solution
of each individual Dirichlet problem on subdomains may be done in parallel.

2. Find wg on I';; by solving one-dimensional equation on each I';;, which may be
done in parallel.

3. Find wy on JI';; by solving a coarse mesh equation and then extending it to all
edges I';; by operator IIj.

4. Find wy by extending the nodal values of wg + wy on UL';; to all subdomains.
As step 1, the solution may be done in parallel.
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3. Estimates of the Condition Number

We have the following theorem.
Theorem 1. There are positive constants Ao, \1 and C such that

MoB(w,w) < ap(w, w) < M B(w,w), Yw e SEQ), (3.1)

where A\ /Ao < C(1+log? H/h). If all of the nodes of Qy, lie on 09, then A\ /g < C.

It means that the condition number grows at most like (1 4 log? H/h) as h tends
to zero so that the preconditioned iteration converges rapidly.

The theorem will be proved in the last of the section.

Set Q = {v € H?(£); there exist an v, € ARL(), v]sa, = vhloq,, Onv|on, =
Onvnla, }. Let II, : Q — S"(Q) be defined by (cf. Figure 2.1)

Il v(p) =v(p), Vpvertex of T,T € Jp,, T C ;3
O} v(m) = 8{Lv(m), if m € o8Y; (3.2)
O} v(m) = Tel /v(s)ds, if m e Q;

here m is the midpoint of an edge e,e C ;.
Proposition 3. For the operator II} we have the following stability estimate:

’H%U’ZT < C”U’zj, YveQ, VT eJ,. (3.3)

For completeness we shall include a proof of Proposition 3 at the end of this section.

The derivation of the estimates in this section requires the use of various norms
defined on the subdomain boundaries. Let §; be a subdomain of Jj(as defined in
section 2) and f; be the set of indices jk with I'j, C 0§, hence 0€); = Ujrep, Ik or
jk € ;. The Sobolev space of order one half on 8€; will be denoted H1/2 (0€;) and is
defined in [4,7]. Define the weight norm on H'/2(9;) as [1] by

_ 1/2
w1200, = /aQ /89 ’x_yP )’ ~————="—ds(z)ds(y) + H 1|w|2L2(8Qi)> , (3.4)

where s is arc length along 0€2;. For a smooth function v on 9€); with support contained
in one of the edges I'j, C 0€);, define |[v|| 12
Hoo " (Tjk)

/Jk /Jk |$—y\2 2 dstz +/Jk - \(;U(—xzjﬁ)ds(x)

Similarly we define the weight norm of H%/2(9€);) as follows

by the square root of

(Dw(a) — dvw(y))?
2 _ 172
sy =2 [, [ D=0 s @yasy)

1
L H /a @) Pdsta) + 7 [ (@) ds (o).
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and the weight norm of Hgéz(f‘jk) as

dsu(z) — dsu(y)[?
U 9 —H2/ / | ds(z)ds
ul? (T e |$_y|2 (z)ds(y)
1 1
+H2/ 9l + )ds(a).
ij

|z —vj| o — vl

We shall need several lemmas which will be used in the proof of the main theorem.
Lemma 1. Let w € S"(Q) be discrete ai —biharmonic i.e.

ay (w,v) =0, Yo € S§() (3.5)
and Igw = 0, then

ap(w,w) <C > {(0sw, Osw) , 121
JkEB;

0 T (Opw, 8nw>Hégz(ij)},

(3.6)
where jk € [3; means that I';, is an edge of ;, and v = Epw.

Proof. Tt is not difficult to see (by scaling €2; to unite size) that it suffices to prove
(3.6) under the assumption that ; is a standard element. Let I'j; be any edge of ©;
and let wjr € SE(Q) be the discrete ai —biharmonic function for Morley element such
that

ay (wjg,v) =0, Yv € SH(), wir € SHQ), (3.7)

whose nodal parameters on I';, are equal to those of IIyw on I'j; and vanish on all the
other edges of 09,7 = 1,---, N. Clearly, since Igw = 0, w|q, = Z wjk|a,. It follows

JkEB;
from the triangle inequality that

a%(w,w) <C Z az(wjk,wjk). (3.8)
JkeEB;
For each wjy, let w¥|q, € H?(Q;), i =1,---, N, be the biharmonic function such that
a(wi®, v) =0, Yo € H3 (),
wi* =@, 9,w* = 9w on L, (3.9)
wik = 9wk =0 on O\ i,
and w* = 9,w % = 0 on all the other edges of 9Q;, i = 1,---, N. Since wj; € S"(Q) is

a discrete ah biharmonic function and nodal parameters of H’ wI* are equal to those
of wj;, on 9€);, we obtain that

Z a}'l(wjk,wjk) <C Z aﬁl( ﬁlek, ;ijk). (3.10)
JkeB; JkeB;
It follows from (3.8)—(3.10) and the stability estimate (3.3) that

al (w,w) < Z al, (I, w’® I, w*) < C Z (w*, wik). (3.11)
JkeBi JkeBi
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Note that D®w’*(|a| < 1) vanish on 0€;\I';x. Now using a well-known priori inequality
[4,7], an inverse property and Poincaré inequality, we see that

ik .k Jk k
> dww) <O N (e + 10007 21200,

keB; JkeB;
<C Yy IIU)JkII2 32,0 T [Onw kHQ 172 )
Tjx)
JkEB;
<C Y {{0sw,dsw) BT, o+ (On0, Op0) vz o
kEB; g (3.12)

(3.6) follows from (3.11)-(3.12). The proof is complete. #
Lemma 2.

aj,(wy,wy) <C Y {(wy(v;) — wy (vg) — Dy (v;)(vj — vp))*H
JkeEBi
+ (D (v)) — Doy (vg)}. (3.13)

Proof. Let @ € SP() be the discrete biharmonic function such that
al,(,v) =0, Yu € SH(RQ) (3.14)

and the nodal parameters of w|sq, = those of wy —II, Iy Epwy. Since wy —w € Sh(Q)
is also a discrete biharmonic function and the nodal parameters of wy — @ on 0€2; are
equal to those of II;, 1y Epwy on 0£);, we have

2a }l(wv — W, wy — W)
+ a (T Iy Epwy, Iy Epwy). (3.15)

Set g € S"(Q) such that the parameters of g on U); vanish, and those of g on U9,
are equal to those of wy — Il Iy Epwy on UOSY;. Then we have

aj,(, %) < aj(9,9) <C Y |l (3.16)
where
S = {T € Jp; there exists a vertex p ofJy such that e, € 9T'}. (3.17)

To analyze the right-hand of (3.16), we first consider the case that for 7 € S, o7
contains only one vertex p in (3.17). In this case, we have

dg g’ 2
|9|%,T < C(%(ep) - %(ep))

< Cl(OnIgEpwy (p) — Onlu Epwy (ep))? + [0ng” (ep)]?]

< O(|Iwwv B, + \%ij(ep)f). (3.18)
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With the definition of the operator Ej, in (2.6) and (2.7), and that of the operator Iy
n (2.10), we have

g9(e,) = wy(e,) — Iy (ep) = (Oper Imwv (p) - pey, + Iy (p)) — Iy (ey),
g(p) = g(w) =0 ( cf. Figure 2.1 );

then we can easily show that

l9(e,) — 9(p)| < Ch|Igwy|a,r,

and hence .
\%in(ep)\ < Ch|Igwyls,.
Therefore,
2 dg agh 2 . agh 2
953, < C| 57 (@) = ()| < Cllmuv - +C| 5~ (ey)]

< ClIgwyl3,. (3.19)

For other cases of 7 € S, we can prove similarly that (3.19) holds.
Since the number of 7 in (3.16) is not larger than 3, we obtain that

a%(ﬁ},ﬁ)) < Ca%(Iva,Iva). (3.20)

(3.13) follows from (3.15),(3.16), (3.19) and (2.11). This completes the proof of the
lemma 2. #

Lemma 3. Let w € S(Q). Then

(i) if there exists po € Q; such that Dw(py) = 0, V|]a| < 1, then we have

max IVwl[jocey <C Y (1+log(H/R))|wl3 0,5 (3.21)
eCQ; Q;NQ;#¢
(i)
> {(w(v;) — w(ve) — Dw(v;)(v; — vk))*H ™ + (Dw(v;) — Dw(vy))*}
JkEB;
<C(l+logH/h) Y af(w,w). (3.22)
Q;NQ;#9¢

The proof can be given by the arguments similar to those of lemma 3.5 in [1].
Lemma 4. Let w € S"(Q) satisfy Igw = 0 and let w;, € S"(Q) be a discrete
. —biharmonic function mentioned in Lemma 1 and the nodal parameters of wr on
UoQ\V are equal to those of Iy Igwy on UOQ\V. Then we have

8 8 8n_a8n_
];%;;Z{ W, Dsw) HI2(Ty) + (0w w>Holé2(Fij)}
<C(l+log?H/h) Y. af(w+wy,w+wy). (3.23)
QN #¢
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Proof. We shall first prove (3.23) in the case that wr, = 0. Let I'j; be any edge of
Q;. We have

<asw,asu—;>Holéz +<anw,anw>H010/2 < C(10.03 9. 90, + 10013 12.00,)

(T'ij) (T'ij)

0, w|? 0|2 0, w|? 0, w|?
+{/<\x|+x|+|y+\y!)ds}
O P | B A B P 1]

=] + I(w). (3.24)

By the argument similar to that of lemma 3.3 in [1] and (2.8) we can prove that

I <C(+log H/h)ay(w,@) <C Y (1+log H/h)al,(w,w). (3.25)
Q;NQ#¢

Since Igw = 0, by the argument similar to (3.25) in [1], lemma 3 and (2.8) we have

=12 =12 |2 |2
o< [ (2 e e el
Tk

lz—wel -z -] o — vy

<C(1+1og H/)(|0:0|F oo () + |8y @0]7 00 (r,,)) < C(1+ log® H/h)aj,(, @)

<C(1+log> H/h) Z a{l(w,w). 3.26)
Q;NQ#¢

Hence (3.23) in the case that wy, = 0 follows from (3.24)-(3.26).

To prove (3.23) in the general case, let w € S*(£2;) be the function in S"(£2;) which
satisfies Iy (wy, —w,) = 0 and a}(w,,$) = 0 for all ¢ € SE(Q) with Iygp = 0. Note
that I (w+wr, —w ) = 0, apply the special case of (3.23) proved above we can obtain
that

(050, 050) 172y + (Op0, Op0) 172

Hyo"(Tij) 00" (')
<20 +dp, — 1), 04(@ + WL~ BL)) sz
+20n(@ + 0, —01), 00 (0 + WL~ D)) sz
+ 2(0s(wr, — w1 ), Os(wr, — ﬂ’i))H;f(ij)
+ 2(Op(wyp, —w ), Op(wy, — wL)>HéO/2(ij)
<C(l+log>H/h) Y af(w+wp —wi,w+wp —wy)+A

Qjﬁﬁi?éd)

Q;NQ#
where

A =2(0s(wg, — wy),0s(wy, — 'lI)J_))Hl/Q(ij) + 2(Op(wg, —w, ), Op(wr, — ’LT)J_))HI/Q(FM).

00 00

It remains to prove that

A<C+log?H/h) Y af(w+wp,w+wy). (3.28)
QN #¢
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Since Iy (wy —w, ) = 0, applying the inequality (3.24) and the subsequent arguments
gives '
A<C(l+logH/B) Y ap(wr —wi,wp —wy)+ I(wg — @),
Q;N#

where I(-) is defined in (3.24). Since w, is orthogonal to wy, — w, with respect to the
al (-, -)-inner products, we have

ay,(wr, —wy,wr, —w,) < ap(wr,wr),
and hence we obtain that

A<C(+logH/R) > af(wp,wy)+ (o, —@y). (3.29)
QNQi#e

Since wy, € S"(Q) is a discrete a’—biharmonic function and 15w = 0, by the arguments
similar to those in Lemma 2, and Lemma 3 we have

S d(wp,wp) <€ o (Wplywr, Mylywr) < C Y ah,(Inwr, Inwr)
Q;NQ# Q;NQ#¢ QNQ#¢

<C > > {(we(vy) — wr(vk) — Dwg(vy)(v; — vx))*H
N6 TREB,

+ (Dwg(vy) — D (v))*}
<C(1+logH/h) aj(w+wr,w+wr).
QN #¢

Combining this inequality with (3.29) yields

A<C+logH/h) > al(w+wp,w+wg) + (@ —@1). (3.30)
Q;NQi#¢

Therefore, in order to complete the proof of (3.28), it suffices to show that

I(wy, —wy) < C(L+log? H/h) Y af(w+wp,w+wr). (3.31)
Q;NQi#¢

We write I(wy, —w, ) as follows
Iwp —w,) =Ti(wp —wy) + Lao(wp —wy) + Iy (wr, —wy ) + Ieo(wp —wy), (3.32)

where

o2
I (wr, —wy) :/ 9w — @),

T |z — Uj‘

and the rest terms of the right-hand side of (3.32) are similar to that of (3.33).
By the argument similar to that of (3.26) and the fact that

s, (3.33)

aﬁ'l(wj_, w)) < aﬁl(w +wr,w+ wr,)
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we have

- _ N2 - - 2
I (wp, —w)) SC/ 0201 = 0y (v)) ds + C/ 00r, = Oy (v;)] ds
Tk |x—1)j‘ Tk ’x_vj‘

_— _ 2 j
SC/ |8xwL 8me(UJ)‘ ds+C’(1 Jrlog? H/h) Z CL;L(U)L,'U)L)
Ty |7 — vy Q;NQie

SC/ |0y Wy, — Oy wr,(vy))] ds

|z — v
+C(1 +1log> H/h) Z al (w+ wr,w+wr). (3.34)
Q;NQi#d
By the triangle inequality we obtain that
/ |0, Wy, —8xwL(vj)|2dS < 2/ |0z, —azIHwLPdS
Tk Tk

|z — vyl |z — v

ds =11 + Is.
(3.35)
Without loss of generality, we assume that v; is the origin and that I'j; is the line

segment with x; = 0 and x2 € [0,Y]. Let the vertices of I'ji be yo, - -, y14+1 such that
O=yo<y1 <---<yy1 =Y. Then

N 2/ |0 Igwy, — O Iy, (vg)|?
L ’x - vj|

l Ym+1 1) — I ) 2 .
L= Z / 9,0, jx A ds < C(1+log H/h)ay,(wr, — Igwr,wr — Igwr)

-1 Ym+1 07 — ITyw 2
. Z/ |02, 5x A% (3.36)

By the argument similar to (3.30), the fact that Iyw = 0, and (3.22) in Lemma 3, we
have

J1 <C(1+log H/h) Z a{b(wL,wL)
Q;NQ#¢
+ C(1 +log H/h)ay, (I (wr, + w), I (wr, + w))
<C(1+log H/h) Z afl(wL,wL). (3.37)
Q;NQi#¢

From the definition of wy,, we have

1y |0 ERlp I gwy, — 8chHwL|2
Jr=Y_ /
m=1"Ym y

ds, (3.38)

where IIj, is the restriction of the nodal interpolation operator for Morley element on
Q;. We can easily show that

Jo < Caj,(Igwy, Inw) < C(1+log H/h) Y al(w+wp,w+wy)  (3.39)
Q;NQ#¢
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Therefore,

L <Ji+Jy<C(l1+logH/h) Z afl(w +wr, w4+ wr,). (3.40)
Q;NQ#¢

With the mean theorem and the inverse estimate we can prove that

L < ClIgwrf3g, <C(L+logH/R) Y. af(w+wr,w+wr). (3.41)
Q;NQ;#¢

From (3.34),(3.35), (3.40) and (3.41) we have

Ly(wy, —w1) < C(A+1og? H/h) Y af(w+wp,w+wy). (3.42)
Q;NQ;#£¢
We have the similar estimates for the rest terms of I(wy — w ) on the right side of
(3.32). Hence (3.31) holds. This completes the proof. #

Proof of Theorem 1. As in section 2,we decompose w € S&(Q) into w = wp +
wyg + wy. With wyg = wg + wy, we have (as noted in section 2)

ap(w, w) = ap(wp, wp) + ap(Wh, W)
and
B(w,w) = ap(wp,wp) + B(wy, wp).

Hence, it suffices to compare ap(wg, wy) and B(wg, wi). More specifically, the proof
will be completed when we have shown that

ap(wg,wr) < CB(wg,wp), (3.43)

and
B(U)H, U)H) < C(l + log2 H/h)ah(wH,wH). (3.44)

Consider a subdomain €2;. Using (3.6) and (3.13) yields that

aj,(wi, wr) <2{aj,(wp, we) + aj,(wy, wy)}
<C > {(9swE, Os0m) gy, + (OnE, On0E) oy}
JkeB;
+C Y {(wy(vy) — wy(vg) — Dwy (v;)(v; — vg))*H >
JkeEB;
+ (Dwy (v) — Dy (v))*} + C > (On(wy — (wy)1)(m))>.
m (3.45)

Summing with respect to i gives (3.43). In view of (3.22) applied to wy (replacing w
by wy in (3.22)) and (3.23) applied to wg (replacing w and wy, in (3.23) by wg and
wy,respectively) and using the fact that Igwgr = 0 we have on each €,

jkze:ﬁ_ {<8SIDE, 851DE>H362(F”) + <anZDE, anwE>Hééz(Fij)}
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+ > {(wv(vi) —wy(v) — Dy (v;) (v — vy))>H >
JkeEB;
+ (Dwy (v;) — Dy (v;))*} + Z On(wy — (wy)1)(my))*
J
<C(1+log?H/h) > af(wy,wp), (3.46)
QNQi#¢

and summing with respect to i and noting that the number of Q; N Q; # ¢ < C gives
(3.44) which completes the proof of the theorem in the case where interior vertices are
present.

In the case without internal cross points, i.e.where all the vertices and edge mid-
points of £; belong to 0€),the result is trivial. This completes the proof of Theorem
1.

Proof of Proposition 3. To prove Proposition 3 we set IIj, be an interpolation
operator such that

f[hv(p) =uv(p), Vp vertexof T, T € Jp,T C Q;
~ 1
OnIlpv(m) = Tel /U(s)ds, midpoint m of Jj,.
€l Je
We can easily show that
pl2r < Clolar. (3.47)
First, we show that

1
[o(m) - E /v(s)ds] < Clol oy, (3.48)

for v € H'(7),v|c is a polynomial. Here C' depends on degree of the polynomial.

Set v = v(x) — — / vdz. The key point is

17| Jr

// ) ds(x)ds(y) = 0 = v(a /
)—‘e‘/ev(x)ds :0.

It follows from (3.49) and a homogeneity argument using reference triangles that

v x) / / x)ds| < max |0(x) / d:v
el 6\ wee el

/ / ) ds(2)ds(y) < Clifljnp,.  (350)

= max |[v(z

xrEe

(3.49)

Therefore, by the trace theorem and Poincaré inequality we obtain

() - v(@)| < Cllollr < Clolar- (3.51)

1
le]
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Second, it follows (3.51) that
O (m) — A /—ds‘ < Clvl 2y (3.52)
Finally, from (3.52) we have

- ov
!
0 — T 2 < c\%( Ie! a—vds‘ < Clvlgaen (3.53)

(3.3) follows from (3.53) and (3.47). #

Remark. We can easily get similar results for many other nonconforming plate

elements [6] as well as for various conforming elements.

1]
2]

8]
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