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Abstract

We examine a steady-state heat radiation problem and its finite element ap-
proximation in R?, d = 2,3. A nonlinear Stefan-Boltzmann boundary condition is
considered. Another nonlinearity is due to the fact that the temperature is always
greater or equal than 0[K]. We prove two convergence theorems for piecewise linear
finite element solutions.
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1. Introduction

It is known from physics that a body loses heat energy from its surface by elec-
tromagnetic waves. This phenomenon is called radiation®2%. The energetical losses
are proportional to the fourth power of the surface temperature (the Kirchhoff law).
Thus the radiation cannot be neglected when the surface temperature is high (e.g., in
computation of temperature distribution in large dry transformers, electrical engines,

--). Tt is represented by the nonlinear boundary condition a(u — ug) + n'.A grad
u+ B(u* — ug) = §, where a > 0 is the coefficient of convective heat transfer, u is
the temperature of the body, ug is the surrounding temperature, n is the outward unit
normal to the surface, A is a symmetric uniformly positive definite matrix of heat con-
ductivities, 8 = o foem, 0 = 5.669 x 10" 8[Wm 2K 4] is the Stefan-Boltzmann constant,
0 < fem < 1 is the relative emissivity function and g is the density of surface heat
sources.

Consider the following classical formulation of the radiation problem: Find u €
C?(2), u > 0, such that

—div (A grad u) = f in Q,
u=u only, (1.1)
ou+n"Agrad u+ fut =g on Ty,

where Q C R%, d = {2,3}, is a bounded domain with a Lipschitz-continuous boundary
092, I'1 and I'y are non-empty disjoint sets, which are relatively open in 052, and satisfy
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0Q = T'1UTy, f is the density of body heat sources, @ > 0 is the prescribed temperature
and g = § + aug + Bug.

Similar heat radiation problems were investigated by many authors (see, e.g., [3,
8, 18, 19, 21, 22]). A proof of the existence and uniqueness of the classical solution is
given in [2] for a regular boundary.

Throughout the paper we use the standard Sobolev space notation [14, 15, 17]. We
will introduce a variational inequality approach to the problem (1.1) and examine its
finite element approximation under the maximum angle condition. We also generalize
some results of [16, 21] for d = 2 to the three-dimensional space.

2. Variational Formulation of a Two-Dimensional Problem

Since the classical solution of the problem (1.1) need not exist, we introduce its
variational formulation. To this end we suppose that the entries of A belong to L*°(£2),
feL?Q),ue H(Q), a,8 € L®([T3) and g € L*(T2). Introduce a space of test
functions V = {v € H}(Q)jv=0onT 1} and aset U = {v € H'(Q)|v >0in Q, v =7
on I'1}. It is easy to verify that U is convex, closed with respect to the norm ||.||; and
nonempty as @ € U. Note that it has no interior points. (To see this for d = 2 and
(0,0) € Q, a simple example can be constructed using the function

ve(w1,22) = —e(— In /22 + x§)1/4, (x1,m2) €Q, >0,

which has a negative pole and ||v¢|[1 — 0 for € — 0, compare [14, p. 10]).
Define a symmetric bilinear continuous form

a(v,w) :/Q (grad v)" A grad wdz + - avwds, v,w e H'(Q),
2

and a linear continuous form
Fv) = / fvd:):—i—/ guds, ve HYQ).
Q Iy
Using positive definiteness of A, the Friedrichs inequality and the fact that 'y # (), we
obtain the V-ellipticity of a(.,.),
a(v,v) > C|v|? Vv eV, (2.1)

In this chapter, we will examine the case d = 2. Let v € U be arbitrary and suppose
that a solution u € U of (1.1) exists. Multiplying (1.1) by the function v —u € V and
then integrating over €, we get by Green’s theorem the following variational equality

a(u,v —u) + [ Bul(v —u)ds = F(v —u) YveU.
Iy

From here we obviously get the variational inequality

a(u,v —u)+ [ But(v —u)ds > F(v —u) YveU. (2.2)
1)
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A function u € U satisfying (2.2) is called a weak solution (or variational inequality
solution) of the classical problem (1.1). It is clear that the classical solution is also the
weak solution. Using the well-known results from potential theory, we show later (see
Remark 2.5) that there exists precisely one weak solution u € U of (2.2).
Define a functional of potential energy
1

J(v) = za(v,v) + !

puids — F(v), ve HY(Q). (2.3)
2 5 Jr,

According to the trace theorem [17, p. 84, 86|, for d = 2 and ¢ € [1, 00) there exists a
unique linear continuous mapping Z : H*(Q) — L9(9€) such that for any v € C*(Q)
we have Zv = v on 012, i.e.,

HUHO,q,(’?Q < CqH'UHl,Q,Q You € Hl(Q) (2-4)

Therefore, the boundary integral in (2.3) is finite and J is thus correctly defined.
By (2.3) we can easily compute the directional derivative of J at the point v € H*(Q)
in the direction w € H'(Q),

1 1 1
e — Tirmy _ BTN . Lo o
J(v;w) = %gr(l) , (J(v+tw) — J(v)) %g% ; (ta(v,w) + 2t a(w;w)
1
+ ﬁ(tv4w + 26203w? + 26302 w3 + trow + ft5w5)ds - tF(w))
Iy 5
= a(v;w) + / Bvtwds — F(w). (2.5)
1)
Analogously we find an expression for the second Gateaux derivative of J,

J"(v;w,w) = a(w,w) +4 | pvdwids, v,we HY(Q). (2.6)
I
Lemma 2.1. The functional J is continuous on H'(Q) with respect to the ||.||1-
norm and is strictly convex over the set U.
Proof. To check the continuity of J it suffices to prove that the Gateaux differential
of J is the Fréchet differential, i.e., we show that for any v € H*(Q)

[J(v+w) = J(v) = J'(v;w)]

o Tl
wllq— w
weHll(Q) !

= 0. (2.7)

By (2.3), (2.5), the continuity of a(.,.), the Cauchy-Schwarz inequality, the imbedding
L5(09Q) C L*(09) and (2.4), we obtain

1 1
|J(v+w) — J(v) = J (v;w)] < ia(w,w) +/ 5‘2113102 + 20%w® 4+ vw? + gw5‘ds
I

2 3 2 2 3
< Crllwlli 2.0 + Ca(llvlg 5.00llwlos 00 + V6 5.00llwlos 00
+ [Jv] 05.00) < C)|wl3 20 (2.8)

whenever ||w||12,0 < 1. Thus (2.7) is valid and J is continuous.

05.00/lwl[o5.00 + v
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From (2.6) and (2.1) we see that there exists a constant C' > 0 such that
J"(v;w,w) > Cllw||f YveU YweV. (2.9)

This means that the functional J is strictly convex over the set U which completes the
proof.
Remark 2.2. The functional J is not convex over the whole space H!(Q) due to

1
the term = / Bv°ds. That is why we have restricted ourselves to sets of non-negative
Iy

functions. This is in accordance with physics because the temperature cannot decrease
below 0[K]. Therefore, we have to deal with two nonlinearities. The first one is due to
the Stefan-Boltzmann boundary condition and the second one is due to the constrain
v > 0 contained in the definition of the convex set U.

Theorem 2.3. There exists a unique solution of the variational problem: Find
u € U such that

J(u) = 51615 J(u). (2.10)

Proof. By (2.3), (2.1) and the continuity of F', there exist positive constants Cy, Ca
such that

1 1
J(w) = Za(v,v) + = [ pv3ds — F(v) > Ci|]v]|? — Collv||y Yo €T,

2 5 Jry

since the integral over I'y is non-negative. Hence, the functional J is coercive on U,
ie.,

J(w) — o0 as|v| 500, veUl. (2.11)

Let v € U be arbitrary. Then by (2.11) there exists » > 0 such that for any v € U
for which ||v||; > r, we have J(v) < J(v). Thus the minimization problem (2.10) over
the unbounded set U is equivalent to the minimization of J over the bounded closed
set U={veU ||lv||li <r}. The rest of the proof follows from Lemma 2.1, the fact
that H'(f2) is a reflexive Banach space and the next theorem (see [6, p. 199]).

Theorem 2.4. Let U be a non-empty convex closed and bounded subset of a reflexive
Banach space. Let J be a continuous and convex functional defined on U. Then
(a) inf J(v) > —oc;

vel

(b) there exists at least one u € U such that J(u) = inf J(v);
vel

(¢) if, moreover, J is strictly conver on U then there exists precisely one u with the
property (b).

Remark 2.5. The unique solution of (2.10) is called a variational solution. It
is known (see [1, p. 118]) that the minimization of a convex Gateaux-differentiable
functional J over a convex subset U C H'(Q) is equivalent to the following variational
inequality problem: Find v € U such that

J(usv—u) >0 VYoel. (2.12)

By (2.5), the inequality (2.12) takes just the form (2.2). Hence, there is also precisely
one solution of the variational inequality problem (2.2).
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3. Convergence of Finite Element Approximations

Finite element solution of a heat radiation problem with the vanishing right-hand
side is investigated in [9, 10] provided all angles of all triangles are less than g Here

we will employ the maximum angle condition which is much more weaker.
Throughout this section we suppose that €2 is polygonal. We shall employ standard
linear triangular elements [15]. Triangulations 7 are supposed to satisfy standard
consistency condition, i.e., those points, where one type of the boundary condition
changes into another, belong to the set of vertices of all K € 7;. Let F be a family
of triangulations of Q. For a given triangulation 7;, € F set W, = {vy € H(Q)
| wn|k € Pi(K) VK € T3}, where Pi(K) is the space of linear polynomials over K.
Recall (see [14, p. 27]) that functions from W), are continuous. Assume, for simplicity
that
dhg >0 Vh e (O,ho) cu e Wy, (3.1)

Then the following set will be non-empty Uy = U N W,
Analogously to Theorem 2.3 we can prove that for a sufficiently small 2~ > 0 there
exists a unique solution of the discrete problem: Find wuj, € Uy such that

J(up) = inf J(vp), (3.2)
v €UR
where J is defined by (2.3).

We prove now the convergence up, — u for h — 0 without any smoothness as-
sumptions upon u. Recall that a family 7 of triangulations of Q is said to satisfy the
maximum angle condition if there exists a constant vy < 7 such that for any 7, € F
and any K € 7 we have v < 79, where yx is the maximum angle of K.

For such a family we have by [12, p. 225] that ||w — mpw|1 < Chlw|s Yw € H?(),
where 7, is the standard linear interpolation operator and m,w € W,

Theorem 3.1. Let there exist a constant Cy, > 0 such that u > C,, and let F be a
family of triangulations of Q satisfying the mazimum angle condition. Then |[u—up||1 —
0 as h — 0, where u and uy, are, respectively, the unique solutions of (2.10) and (3.2).

Proof. Let € > 0 be given. According to [4, p. 618], there exists w € C*(Q) NV
such that [jug —w||; < %, where ugp = uw—u € V. Moreover, we see that m,w € VW,

5
and, by the maximum angle condition ||w—7pwl; < 5 when h is small enough. Setting

vy, = Tpw + U, we find that
lu = vnlly = [luo — mpwlly < [luo — wlh + [lw — mpwlly < e
for sufficiently small h > 0. Hence,
|lu—wp|t =0 as h— 0. (3.3)

The function w has been obtained by a regularization technique of [17, p. 58].
Therefore, for a sufficiently small € we get that w +u > 0, since u = ug +u > C,, > 0.
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As 7, is the linear interpolation operator, we get that m,(w + @) > 0. Moreover, by
(3.1), v, = mpw +u > 0 and thus vy, € Uy, since mpw = 0 on I'y.
Obviously,
J(u) < J(up) < J(vp). (3.4)
By Lemma 2.1 the functional J is continuous and, therefore, the relations (3.3) and

(3.4) yield

}llii]% J(up) = J(u). (3.5)

Introduce the Taylor expansion of J at the point u (see [1, p. 52]),
J(up) = J(u) + J' (w; up — u) + %J"(u + Op(up — u);up — u,up — ),
where 60, € (0,1). This and (2.9) imply that
J(up) — J(u) > J (w;up — w) + Cllu — up)|? > Cllu — up||3, (3.6)

where C' > 0 is independent of h. From here, (3.5) and (2.12) we observe that ||u —
up|li — 0 as h — 0.

If the variational solution u is sufficiently smooth we can derive even a linear rate
of convergence in the ||.|[;-norm.

Theorem 3.2. Let the assumptions of Theorem 3.1 be fulfilled and let u € H?(Q).
Then ||lu —up|l1 < Ch as h — 0.

Proof. Let w € VNC>(Q2) be an arbitrary function such that Hw||c(§) < Cy. Then
clearly u + w,u —w € U. Setting v = v + w in (2.12), we find that J'(u;w) > 0 and

J'(u; —w) > 0. Now from the linearity of J'(u;-) and the density of V. N C*(Q) in V
(see [4, p. 618]), we obtain the well-known necessary Euler extremum condition:

J(u;v) =0 YveV. (3.7)

Since u € H%(Q), the function u is continuous by the Sobolev imbedding theorem
and thus mpu € W), is well-defined. We see that mpu € Uy, and clearly,

J(up) < J(mpu), (3.8)

due to (3.2). Using now (3.7), (3.6), (3.8), again (3.7), (2.8) and the maximum angle

condition in that order, we arrive at

Cllu — upl]f = Cllu = sl + J' (ws up — u) < J(up) = J(u) < J(mpu) — J(u)
= J(mpu) — J(u) — J (u;mpu — u) < C(u)|ju — Whu\\% < C,h?,

where C, C,, > 0 are independent of h and C\, depends on u.

4. Three-dimensional Radiation Heat Transfer Problem

In [7], the Monte Carlo method is used to solve three-dimensional heat radiation
problem. Finite element approximations of an axially symmetric heat radiation problem
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are studied in [3]. In this chapter, we need not assume that 2 is axially symmetric.
Then, however, we encounter some troubles with the definition domain of the functional
J. Namely, the traces of functions from H'(Q) need not be in L?(95), in general (see
the following example).

Example 4.1. Let us use standard spherical coordinates (7, ¢, #) to describe the
set Q = {(w1, 79, 73) € R3|2? + 23 + 23 < 1, 2; > 0, i = 1,2,3}. Consider the function

r®, where « is a real parameter. Then for a > 5 we have

1 n a?
20+3  2a+1

a2 VRPN 2,.2a-2y,2 i
Ity :/ / / (r** + a“r**"*)r*sinf df do dr = —( ) € (0, 00).
o Jo Jo 2

1
The triple integral is not finite whenever o € ( — 00, —5] Now we show that the trace

2
of r is in L5(9Q) only if o > —x
It suffices to investigate traces on one of the three sectors of a circle which are
7r
contained in 9. Denote by S that sector for which 6 = 5 ie.,

S = {(w1,22,0) € R¥[2? + 23 < 1,21 >0, 20 >0}

Then
s = [ [ dedr = 52T € (0.00)
r = r°r r= , 00
0,5,5 o Jo 1.4 2(5a+2)

2 1 2
if and only if o > —5 Hence, if a € (— 3 —g] then r® € H'(2), but its trace is not
in L>(09).
For d = 3 we can guarantee that the traces of functions from H!(Q2) are only in
L4(0R), i.e., there exists a constant C' > 0 such that (see [17, p. 84])

lvlloao0 < Clv]i2n Yve HY(Q). (4.1)

If we would restrict the definition domain of the functional (2.3) to the space H?(Q)
(or W4(£2)) then J would be not coercive on nonnegative functions from these spaces
with respect to the norm ||.||2 (or ||.||1,3). Therefore, we shall consider the functional
J over the linear space Z :1{U € H'(Q) | wv|r, € L?(T'2)}, equipped with the norm
lwllz = (0l 2.0 + 1113 5.0,)%

Lemma 4.2. The space Z is a Banach space.

Proof. Let {vx} C Z be a sequence such that kgr_rzoo |vg — vml|lz = 0. Since H'(£2)

)

and L?(I'y) are Banach spaces, there exist v € H'(Q) and w € L%(I's) such that vz — v
in HY(Q) and vi|r, — w in L3(I'g) for k — co. By (4.1) we find that vg|r, — v|r, in
L*(T'y) and thus v|r, = w. Hence, the Cauchy sequence {v;,} converges in Z and the
space Z is therefore complete.

Lemma 4.3. The space Z is reflexive.

Proof. We shall proceed similarly to [3, p. 1079]. By [6, p. 187] the Carte-
sian product of two reflexive spaces is also reflexive. Hence, the space T = H'(2) x
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L(Ty) = {(v,w)|v € HYQ), w € L?(T2)}, equipped with the norm ||(v,w)|r =
1

(Hv||%29 + Hw||3757r2)§, is a reflexive normed space. The mapping
veZwr— (v,vp,) €T (4.2)

is obviously an isomorphism between Z and some closed subspace T} of T. According
to [6, p. 187], T} is reflexive since T is reflexive. Therefore, due to the isomorphism
(4.2), the space Z is also reflexive.

Lemma 4.4. The functional J given by (2.3) is continuous on Z.

Proof. For v,w € Z we have

|J(v+w) — J(v)| S‘%a(v +w,v+w) — %a(v,v)‘ + ’% 5 B((v 4+ w)? _v5)ds‘

+[F(v+w) = Fv)] < |a(v, w)| + %!a(w,UJ)\ + [F(w)]

L 5

+ ﬂ(v4w + 203w? 4 20?03 + vt + g’w )‘dS

I's
<Ci([[ollaflwlls + lwllf + lwll) + Ca(lvllo 5,r, lw

+ HU”3,5,F2”1UH(2),5,F2 + HUH%,S,FgHw”g,S,FQ

4
+ ollos.ralwlos e, + 1wl s r,),

l0,5,7

where C1, Cy are positive constants, since ||w||; < ||w|z and ||w]losr, < ||w| 2z, we find
that
lim [J(v+w)— J(v)| =0.

wEZ
lwll z—0
Now for u € Z we define
U={veZ|lv>0inQ, v=uonli}. (4.3)

Lemma 4.5. The functional J is strictly convex over the set U given by (4.3).
Proof. For any v,w, z € U we have by (2.6) and (2.1) that

J'viz—wz—w)=alz —w, z—w)+4 | B3z —w)lds>Clz—w|3  (4.4)

where C' is a positive constant. Since ||z — w||z = 0 if and only if ||z — w||; = 0, we see
that J is strictly convex on U.
Lemma 4.6. Let there exist a positive constant Cg such that

B> Cg on I's. (4.5)

Then the functional J is coercive on U.
Proof. For any v € U we find that

5

1 1 1
J(v) = 5a(v,0) + < | Bods — F(v) = Cil[ollt + £ Calloll6,5.0, — Callvlhr-

Iy
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Obviously, if ||v]|z — oo then ||v||; — oo or ||v]|o,5,r, — 00, and thus liEnZl J(v) = oo.
v
loll z—o0

Theorem 4.7. Let uw € Z and let (4.5) hold. Then there exists a unique function
u which minimizes the functional J over the set U. The function u is a variational
solution of the problem (1.1).

Proof. Due to the coercivity of J (see Lemma 4.6), the minimization of J over the
unbounded set U can be transformed to the minimization of J over the bounded subset
U={veU | |v|z<r} like in Theorem 2.3. The existence of a unique minimizer
u now follows from Theorem 2.4 and Lemmas 4.2-4.5.

By (2.12), we again derive the associated variational inequality of the form (2.4).

5. Remarks on Approximation on Polyhedra

Let © be a bounded polyhedral domain with a Lipschitz-continuous boundary (an
example of a polyhedron whose boundary is not Lipschitz-continuous is given in [11,
p. 48]). Let the one-dimensional boundary of the two-dimensional set I'; C 9 consist
of a finite number of straight line segments. Denote by 7;, a decomposition of Q into
closed tetrahedra K in the usual sense, i.e., the union of all K € 73, is Q, the interiors of
all tetrahedra are mutually disjoint, and any face of any tetrahedron K € 7, is either a
subset of I'; or I'y or a face of another K’ € 7;,. A constructive proof of the existence of
such a decomposition is given in [11, p. 61]. The space W}, is defined in the same way
as for d = 2. Let us assume that w € W}, for all h sufficiently small (cf. (3.1)). Then
from Theorem 2.4 we again see that for any 7 (h small) there exists one and only one
solution of the minimization problem: Find w, € Uy such that J(up) = thréi(r}h J(vg),

where U, = U N W),

A family of decompositions F = {7} into tetrahedra is said to satisfy the maximum
angle condition if there exists a constant vg < 7 such that for any 7; € F and any
K € T;, we have yg < v and g < 9, where vk is the maximum angle of all triangular
faces of the tetrahedron K, and ¢k is the maximum angle between faces of K.

Recall that (see [13, p. 516]) if F satisfies the maximum angle condition then

|lv — TRV ||1,00 < Chlv]2,00 (5.1)
for sufficiently smooth v. Here 7}, is the standard linear interpolation operator. From
property (5.1) we can prove the convergence of uy, to u in the ||.||z-norm as in Chapter
3 using the inequality ||v||z < C||v||1,00 for any v from the Sobolev space WL (€2).

All results of this paper can be modified to the case 'y = 0 if « > 0 or 3 > 0 on
some set of a positive measure. Various approaches to the solution of the radiation
heat transfer problem can be further find, e.g., in [8, 18, 21, 22]. A condition, which is
similar to the Stefan-Boltzmann boundary condition arises in mathematical modelling
of electrolysis processes, see [5].
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