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Abstract

In this paper, first, we present the comparison theorem and the (general-
ized) Stein-Rosenberg theorem for the GMPOR method, which improves some
recent results®1113] Second, we also give the convergent theorem of the GMPOR
method, which generalizes the corresponding result of [9]. Finally, we provide the
real interval such that the generalized extrapolated Jacobi iterative method and
the generalized SOR methods simultaneously converge, one of the main results in
[1] is extended.
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1. Introduction

Recently, many mathematical literatures have provided some new iterative meth-
ods for solving the linear system. Kuang? presented a two-parameter iterative method
called TOR method, which is effective to give the numerical solution of partial dif-
ferential equations. Wang'9 extended the TOR method to the GTOR methed and
improves some results of [3, 11, 12]. In [5], Li also discussed the GTOR method, and
extended the corresponding results of [10, 11]. Recently, Song and Dail” presented
the multi-parameters overrelaxation (MPOR) method, whose specific cases involve the
iterative methods mentioned as above. Now, let us make a generalization of the MPOR
method.

Let Az = u, (1.1)
k
where A = D — ZEZ — F, and D is a nonsingular matrix. Then the generalized
i=1
multi-parameters overrelaxation (GMPOR) method can be defined by

l’m+1:L(ala"'7ak’;b)$m+U7 m=0,1,---, (12)

0

where z" is an initial approximation,

k —1
v = (D — ;aiEi) bu
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and
L(ay, -+ ax;b) = (D Zaz 1)7[1—6D+Z — a;) E; + bF|, (1.3)

which is called the GMPOR iteration matrix, where a; ¢ = 1,---,k and b are inde-
pendent parameters, D is nonsingular matrix, F;, ¢ = 1,---,k and F are any matrix
(In [9] D, E and F respectively nonsingular block diagonal, strictly lower and upper
triangular matrices).

Notice that for specific value of the parameters a; and b, the GMPOR method
reduces to the following well-known methods:

L(0;1) = Ly, the iteration matrix of the GJ method (generalized Jacobi method);

L(1;1) = Lgas, the iteration matrix of the GGS method (generalized Gauss-Seidel
method);

L(0;b) = Lgjor, the iteration matrix of the GJOR method (generalized extrapo-
lated Jacobi method);

L(b;b) = Lgsor, the iteration matrix of the GSOR method (generalized SOR
method);

L(a;b) = Lgaor, the iteration matrix of the GAOR method (generalized AOR
method).

L(ay,a2;b) = Lgror, the iteration matrix of the GTOR method (generalized TOR
method).

From the above statement, one can easily understand that the GMPOR method in-
cludes the GJ method, GGS method, GJOR method, GSOR method, GAOR method,
GTOR method and MPOR method as its specific cases. This paper is organized as
follows. In Section 2, we present a comparison theorem and the (generalized) Stein-
Rosenberg theorem for the GMPOR method, which improves some recent results®!1.
Section 3 contains the convergence theorem of the GMPOR method for solving the
nonsingular linear system, which extends the corresponding result of [9]. In the final
Section, two theorems are given. The first theorem provides a necessary and sufficient
condition such that the GMPOR method for solving the singular linear system is con-
vergent. The second theorem reveals the real interval for which the GJOR method
and the GSOR method are simultaneously convergent, one of the main results in [1] is
generalized. All definitions and notations here are standard and can be found in [8] or
[13].

2. Comparison Theorem and Stein-Rosenberg Theorem

Let n be a natural number. By < n > we denote the set {1,---,n}
Throughout this section we always assume that the following conditions hold:

k
Li=D'E;>0,i=1,---,k, U=D"'"F>0, and B=)» Li+U = Lg;(2.1)
i=1

p(ZLi) <1 (2.2)
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k

Lemma 2.1. L(ay,---,ax;b) = (1—bI—|—b( Zaz z) [Z ai)Li—i—U}.

Proof. The result follows from the direct computatlon =

Lemma 2.2.

(1) Zf by >by>0and 1> Xy > A >0, then (1 — bl) + b1\ < (1 — bg) + boAg;

(2) if b1 > ba >0 and A1 > Ay > 1, then (1 — bz) 4+ boAg < (1 — bl) + b1 1.

Proof. Easy.

Lemma 2.3.4 Let A € R™ and let A = My — N1 = My — Na be both M-splittings
of A. If N1 > N, then one and only of the following statements holds:

(1) 0 < p(My ' Na) < p(M;'N1) < 1.

(2) p(My ' No) = p(My ' Ny) = 1.

(3) p(My ' Na) > p(My ' Ny) > 1.

The following is a comparison theorem about two different GMPOR iterative meth-
ods and it will be showed by the similar proof with [5].

k
Theorem 2.1. Let A = D — ZE’ — F be a splitting of A satisfied the condi-
i=1
tions (2.1) and (2.2). If the parameters satisfy (1,---,1;1) > (agl), . ‘,ag); by) >
(a?), . (2),b ) >(0,---,0;0) and b; #0, i = 1,2, then

(1) 1 - b1 < p(L(a} 0. Sag) b)) < p(L(at?, 0 ba) < 1= by + bop(B) < 1
if and only if DA is a nonsmgular M-matriz.

2) p(Laf", - afi01)) = p(L(a{®, - af;b2)) = 1 if and only if D™'A is a
singular M-matrix;

(3) p(L(at), - asb1)) > p(L(al, -+ 0l b1)) > 1-by+b2p(B) > 1 if and only
if D™'A is not an M-matriz.

k k
Proof. We always assume that M; = I — Zal(-j)Li and N; = Z(l - aE]))Li +U in
i=1 i=1
the proof of this theorem.

From the hypothesis of this theorem and (2.2) it follows that D™1A = M; — Ny =
My — Ny = I — B are all M-splittings of D™'A and satisfy the following condition:

0< N, <N, < B. (2.3)
It follows from Lemma 2.3 that one and only one of the following results holds:
0 < p(M{'Ny) < p(My'Ny) < p(B) < 1 (2.4)
p(M{'N1) = p(My ' Na) = p(B) = 1
p(M{'N1) > p(My ' Na) > p(B) > 1
(1): By Lemma 2.1 it is readily to see p(L(agl), R ag);bl)) >1—by. Let D7'A
be a nonsingular M-matrix. Then p(B) < 1, and thus (2 4) occurs. It follows from

Lemma 2.2 that (1—by)+bip(M; ' Ny) < (1—bg) +bap(My ' No) < 1—by+bop(B). This
implies 0 < p(L(agl),- ,a,gl),b ) < p(L(agg),- a,(f), b2)) <1 —by+bap(B) < 1 from
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Lemma 2.1. Conversely, let 1 — by + bep(B) < 1. Then p(B) < 1. Since D'A=1-B
with B > 0, D~!'A is a nonsingular M-matrix, which establishes (1).

(2): Follows immediately from (2.5).

(3): Let D~A be not an M-matrix. Since D~*A = I — B. we have p(B) > 1, and
thus (2.6) occurs. Hence inequality (3) follows from Lemmas 2.1 and 2.2. Conversely,
let inequality (3) hold. By the last inequality that (1 — b)) 4 bap(B) > 1, we obtain
p(B) > 1. This implies that D~'A is not an M-matrix.

Applying Theorem 2.1, the following generalized Stein-Rosenberg theorem is de-
rived.

Theorem 2.2. Let (0,---,0;0) < (a1,---,ax;b) < (1,---,1;1) and b # 0. Then

(1) 1 =b < p(L(a1,---,ar;b)) < 1 if and only if p(B) < 1, in this case, we have
p(L(ai,---,ar;b)) < 1—b+bp(B). Forthermore, if p(B) = 0, then p(L(ay,---,ax; b)) =
1-0.

(@) p(L(ar, - ax: 1) = 1 if and only if p(B) = 1;

(3) p(L(a1,---,ax;b)) > 1 if and only if p(B) > 1, in this case, we have p(L(ay,-- -,
ag; b)) > 1 — b+ bp(B).

Proof. Let (agl), e ,a,(gl); b)) = (a?), e a,(f); ba) = (a1, --,ar;b). The results
follow immediately from Theorem 2.1 and Lemma 2.1.

Remark: From p(L(ay,---,ax;b)) = 1 —b one can not deduce that p(B) = 0. For
example, let

1 -1 1 0 0 1 0 0
A_<—1 1 )_(o 1)‘(1 0)‘(0 0)_I_L_U'

Then p(L(1,1)) = p((I — L)~1U) = 0, but p(B) = p(L + U) = 1. It is easy to see that
Theorem 2.2 improves Theorem 2.6113] and Theorem 3.4,

Corollary 2.1.[11, Theorem 3.1 Suppose that matrices L and U satisfy U > 0 and
L > 0 with p(L) < 1. Then one and only one of the following mutually exclusive
relations is valid:

(1) 0<p((I-L)"'U) < p(B) < L

(2) p((I = L)"'U) = p(B) =1L

(3) p((I — L)"'U) = p(B) > 1.

Proof. We set that A =1 — L —U(= I — B), this is a splitting of A and satisfies
the conditions (2.1) and (2.2). Applying Theorem 2.2 to L(1;1) we know that this
corollary holds.

3. Convergence of the GMPOR Method: the Nonsingular Case

In this section we consider the nonsingular linear system and give a sufficent con-
dition such that the generalized multi-parameters overrelaxation (GMPOR) method is
convergent, which extends theorem 3.5[.

Lemma 3.1.0 Let A € R™ be a nonsingular matriz, and A = M — N be an
M -splitting of A. Then p(M~1N) < 1 if and only if A is a nonsingular M-matriz.

k

Theorem 3.1 Let A= D — Z E; —F, D be nonsingular and L; = D7YE;, >0 and

i=1
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U=D71'F>0,ie<k>, and let D™ A be a nonsingular M -matriz. If

0<a;,b< b#0, ie<k> (3.1)

1+ p(B)’

k k
where B = Z D'E;+ D 'F = Z L;+ U, then the GMPOR method converges.
i=1 i=1
k
Proof. Let D~!'A be a nonsingular M-matrix. Since D™1A = I—ZLi -U=1-B
i=1
is a nonsingular M-matrix and B > 0, we have p(B) < 1. Without loss of generality we
may assume that a1 > a9 > --- > ag. If a1 < b, then the result follows from Theorem
2.1 and the same proof as Theorem 3.51%. Hence it need only show that the result

2

holds in the case where 1 < b < W and there is an integer ¢ €< k > such that
p

ap > --->ar >b>a1 > - > ag or ap > b. The proof of the last case is similar to

the first case. Hence it need only show that the result holds in the first case.

k t k
Now let M =1—> a;Liand N=(b—1)I+> (a;—b)Li+ > (b—a;)L;+bU,
i=1 i=1 i=t+1
then N > 0 and
|L(ay,---,ap;b)| < MIN (3.2)
k k k 9
Since p(;ai[/i) < P(mgLi) < alp(;Lz) < ap(B) < Tp(B)p(B) <1, Mis
¢ k
a nonsingular M-matrix. Hence M — N = (2—b)I—Z(2ai —b)L;— Z bL; —bU = A’
i=1 i=t+1
t k
is an M-splitting of A’. Let B’ = Z(Zai —b)L; + Z bL; +bU. Then B’ > 0 and

i=1 i=t+1
A" = (2 —0b)I — B'. Notice that b < 2a; — b and 2a; — b < 2a; — b, i €< k >, then we
obtain B’ < (2a; — b)B. Therefore,

p(B') < pl(2a1 — b)B) < (2a1 — b)p(B) (3.3)

Since a1,b € (1, T,O(BQ and a1 > b, 2a1p(B) + b(1 — p(B)) < 2a1p(B) + a1(1 —

p(B)) <ai(l+p(B)) < 2. Hence (2a1 —b)p(B) < 2—b, which together with (3.3) gives
p(B') < 2—b. This proves that A’ is a nonsingular M-matrix. Hence A" = M — N is an
M-splitting of a nonsingular M-matrix. It follows from Lemma 3.1 that p(M~'N) < 1.
From (3.2) one can deduce p(L(ai,---,ax;b)) < 1, which proves that the GMPOR
method converges.

k
Remark: Let A= D— ( Z Ei—I—F) be an M-splitting. Then A is a nonsingular M-
i=1

matrix if and only if D™ A is also a nonsingular M-matrix from Lemma 3.1. Therefore,
it is easy to see that the Theorem 3.1 is a generalization of Theorem 3.5[).
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4. Convergence of the GMPOR Method: the Singular Case

In this section we always assume that the linear system (1.1) is singular, i.e., 4 is a
singular matrix. Now we discuss convergence of the GMPOR method and the common
convergence inteval of the GJOR method and the GSOR iterative method.

Recall that an M-matrix with property ¢3! is the M- matrix with indy(A) < 1, by
indy(A) we mean the size of the largest Jordan block corresponding to the eigenvalue
X of A®. Now we give two lemmas.

Lemma 4.1.7 Let H be a nonnegative matriz with p(H) = 1, and let T = I — H
and Hy = (1 —b)I +bH. Then the following statments are equivalent:

(1) T is an M-matriz with property c.

(2) For some b € (0,1), Hy is a convergent matriz.

(3) For each b € (0,1), Hyp is a convergent matriz.

Lemma 4.2. Let A€ R™, and A= M — N be an M-splitting. Then M 1A is an
M-matriz if and only if A is an M-matrix.

Proof. “<”: From Theorem 4.5[% it follows that p(M~'N) = 1, and thus M~ A is
an M-matrix..

“=7: Let M~ A be an M-matrix. Since M~*A = I-M !N, we obtain p(M~1N) <
1. In order to show the assertion, we consider two cases as follows:

Case 1. If A is irreducible, then A = M — N is an M-splitting of an irreducible
matrix A. By Lemma 2.48] A is a Z-matrix. Let A = sI — B, s > 0 and B > 0 be
irreducible. If A is not an M-matrix, then p(B) > s. By Perron-Frobenius theorem of
nonnegative matrix there is a positive vector x such that Az = (s — p(B))z < 0. Since
M~' >0, M~'Az < 0. This implies that M ~'Nz > x. Applying Perron-Frobenius
theorem to the nonnegative matrix (M1 N)7, it is readily to show that p(M~'N) > 1,
which contradicts the hypothesis of the lemma. Thus A is an M-matrix.

Case 2. If A is reducible, then there exists a permutation matrix P such that

PAPT = (4;)), (4.1)

where Aj; is irreducible, i €< s > and A;; = 0 (¢ > j). Since an M-splitting is graph
compatible (see [8, Lemma 2.4]), PMPT = (M;;) and PNPT = (N;;) are both block
upper triangular matrices partitioned in the same way as (4.1). Hence A;; = M;; — Ny
is an M-splitting of an irreducible matrix with p(M ;'Ny) < p(M~'N) < 1. By Case
1 and Lemma 3.1, A;; is an M-matrix, i €< s >. Since PAPT = (4;;) is a block upper
triangular Z-matrix whose all diagonal blocks are M-matrices, PAPT (and hence A) is

an M-matrix.
k

Theorem 4.1. Let A= D —» E; — F be a splitting satisfied the conditions (2.1)
and (2.2). If a; and b satisfy (3.13, lz €< k >, then the GMPOR iterative method (1.2)
converges for any initial approzimation vector x° if and only if D' A is an M-matriz
with property c.

Proof. Let D™'A be a singular M-matrix with property ¢, i.e., indo(D~*A) = 1.
Hence p(B) = 1. From (3.1) it follows that 0 < a;, b < 1 and b # 0, ¢ €< k >. This
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k k

implies that D14 = (I— Z aiLz) (Z (1—a;) i—i—U) is an M-splitting of a singular
= =1

k k
M-matrix. It follows from Theorem 4.58 that p((] — Z ) (Z (1 —a;)L
i=1 i=1

U)) =1 and indl(( Zaz Z) (Zk: 1—a;)L; + U)) = indy(D71A) = 1. Hence

k
( Z a; Z) (Z (1—a;)L; + U) is an M-matrix with property c. From Lemma
i=1

2.1 and Lemma 4.1 We conclude that the GMPOR iteration matrix L(ay,---,ax;b) is
convergent.

Conversely, assume that the GMPOR iteration matrix L(aq, - - -, ag; b) is convergent.
Since D' A = I— B is a singular Z-matrix, we obtain p(B) > 1. Hence a;,b € [0,1) and

b # 0 from (3.1). It is easy to show that p((]—zk: aiLl) (Xk: 1—a;) 1+U)) =1 from
i=1 z=1

k
Lemma 2.1. Tt follows from Lemma 4.1 that A = I — ( z:aZ 1) (Z (1— ai)Li—FU)
i=1

k k
is an M-matrix with property c. Since (I — Z%’Li) = ( Z:aZ 1) — (Z (1-—
i=1 i=1

a;)L; + U) is an M-splitting and A is an M-matrix with property ¢, from Lemma

k
4.2 we conclude that (I — ZaiLi)[l is also an M-matrix. This means that D714
i=1

k
is an M-matrix since D714 = (I — ZaiLi)A. It follows from Theorem 4.5 that
i=1
indo(D™'A) = indy(A) = 1. Hence D~'A is an M-matrix with property ¢, which
completes the proof of the theorem.

Let A= D — FE — F be a splitting of A. For simplicity, by J, and S, we denote the
(generalized) extrapolated Jocobi (JOR) iteration matrix L jor and the (generalized)
successive overrelaxation (SOR) iteration matrix Lgsor, respectively. Now, we deal
with the common convergence inteval of the GJOR method and the GSOR method.

Theorem 4.2. Let A be a Z-matriz and A = D — (E + F) be a regular splitting
with E >0 and F > 0. If A is an M-matriz with property c, then for all b in the real
inteval [0, 1),

(1) p(bD7IE) < 1 and

(2) Sy and Jp simultaneously converge.

Proof. If b = 0, then Sy = J, = I. The proof of the theorem is trivial. Now assume
that b # 0.Let A be an M-matrix with property c. If A is nonsingular, then Theorem
2.2.3113) guarantees p(D~'(E 4 F)) < 1, hence D' A is a nonsingular M-matrix. Since

Jp = (1 — b)] + bJy (4.2)

for any b € (0,1) we have p(J,) < 1. Because of D™'E < D™(E + F), we obtain
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p(D7'E) < p(D7Y(E + F)) < 1, and hence p(bD~'E) < 1. From S, = L(b,b) and
Theorem 3.1 it follows that S, converges for b € (0,1). If A is singular, then from
Lemma 2[7 one can deduce that D~'A is a singular M-matrix (and hence p(D~'(E +
F)) = 1) and indo(D"tA) = 1. Tt follows from Lemma 4.1 and (4.2) that J, is
convergent. Since bD'E < bDY(E + F), p(bD™'E) < bp(D"Y(E + F)) < b < 1 for
all b € (0,1), this proves that (1) holds. It is readily to obtain S, = (1—b)I +bH, where
H=({I-bL)"Y(1-b)L+U),L=D"'Eand U = D'F. From (1) and the hypothesis
it follows that D™'A = (I —bL) — ((1—b)L +U) is an M-splitting of an M-matrix with
property ¢, and hence p(H) = 1 and indo(I — H) = indo(D~'A) = 1 from Theorem
4.58]. This implies that I — H is an M-matrix with property c. It follows from Lemma
4.1 that S, converges. Therefore, for any b € [0,1) S, and J, simultaneously converge,
which proves (2).

Remark: Theorem 4.2 is a generalization of Theorem 3.4, in which it only con-
sider the specific cases that D, F and F' in the splitting of A are respectively the
diagonal, the strictly lower triangular and the strictly upper triangular parts of A. We
also remark that the real inteval [0, 1) such that S, and J, simultaneously converge is
sharp (see [1, p.194]).
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