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Abstract

In this paper, some results about approximation in a norm S induced by the
minimax series are studied. Then a Bernstein-type theorem for the norm S is
established. Finally the Bernstein theorem is applied to prove the existence of
certain equalities with minimax series and weighted minimax series.
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1. Introduction

Let f be a continuous function on [a, b]. II,, will designate the set of all polynomials
of degree less or equal than n and II the set of all polynomials. As is well known, for
each n the minimax of f is given by:

E, = — Pnlloo = inf — Pliooy
() =1f =pallec = mf [If —pl

where p,, is the best uniform approximation of f in II,,.
Let us also consider the minimax series given by the expression

S =3 Bulf) (L1)
k=0

The set of functions for which S*(f) = Z E;(f) < oo, where Ej(f) denotes the
k=0

error of best approximation of f € C[0, 2] with trigonometric polynomials was already
studied by S.N. Bernstein. He proved that such functions are of class C'a, b].

The series (1.1) can be seen as a measuare of “how good” the funtion f can be
approximated by polynomials, in the next sense. If f and g € Cla,b] and || f||co = ||9]|0o
we will say that f is better approximated by polynomials than g on [a, b] if and only if

S(f) <5(9)-
On the other hand let xg € [a, b] be fixed. We set:

My = {f S C[CL, b] : f(x()) = 0},

* Received September 26, 1995.




510 FRANCISCO PEREZ ACOSTA

11° = {polynomials p : p(xg) = 0},
1% = {polynomials p € IL,, : p(zy) = 0},

and
Co={f € My:S(f) < oo}

By introducing,

S: Cpla,b] = R
=S,

it can be proved that (Cp,S) is a normed space. Furthermore, Vf € Cla,b] such that
S(f) < oo there exists g = f — f(zo) such that g € Cpla,b] and S(f) = S(g). The
approximation of a function f € (Cp, S) by polynomials in II,, is studied in [5].

(i) For a given f € Cy, let p, € II,, be a best approximation of f in the norm S.
Who is p,?.

(ii) Is the space of all polynomials IT dense in (Cp, S)?.

The answer to these questions is contained in [5]. We recall in the next section some
results proved in [5] in order to make this paper selfcontained. Also the convergence in
the space (Cp, S) is analized in [5] and it is proved that it is a Banach space.

2. Approximation by Polynomials in the Space (Cy, 5)

Let f be a function in (Cp,S). We consider the best approximation of f in II,
n=20,1, - with respect to the norm S. That is, find ¢, € II,, such that:

S(f =) = inf S(f~p)

Let p € 1I,,. Then
Ex(f —p)=En(f), (k>=n)

and
Ek(f_p) zEn(f)v (k<n)
Then,
n—1
Jnf S(f—p)= inf I;)Ek(f —-p)+C(f),
where C(f) = Z Ex(f).

k>n
The existence of g, can be deduced from the fact that (II2, S) is a normed space of
finite dimension. Let us solve the following question, who is the approximant ¢,7.
Proposition 1. Let f € Cla,b]. Then S(f — qn) = il}_lf S(f —p) iff there exists a
pelly

constant C such that

qn = pn + C where ||f — pnlloo = qiennf If = alloo (2.1)
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(i.e. the best approximations of f in Il in the uniform norm and in the norm S
coincide module an additive constant).
Proof. If p,, is the best uniform approximation of f in II,, then:

Ep(f =pn) = En(f)  (k<n),

hence »
Z Ek(f - pn) = TlEn(f),
k=0
and »
> En(f—p) = nEy(f) Vp € 1.
k=0

(i.e. pp is a best approximation of f on II,, in the norm S).
Let g, be another best approximation of f in II,, in the norm S, then

n—1
Z Ek(f - Qn) = nEn(f)
k=0

hence
Ek(f - Qn) = En(f) (k < n)

(i.e. there exists 7 € IIj such that:

1f = (gn +7)lloc = En(f)).

Note that ¢, + r € II,, and, by the uniqueness of the best approximation F,, we have
Pn:(Jn"i'rka 0§k‘<’l’L,

for k=0, rg = C and ¢, = p, + 70.

Remark 1. Since S(f + \) = S(f) for any continuous function f on [a,b], and
A € R, then from (2.1) it follows ¢, = p, + C’, C’ being any arbitrary real constant.

Therefore in the space Cy both approximations coincide and the uniqueness of best
approximation in II2 with the norm S holds.

We now prove that the polynomials IIY are dense in (Cj, S).

Proposition 2. Forn = 0,1,2,---; let {p,} be the sequence of best polynomial
approximation of degree n for a function f € Cy in the uniform norm. Then p,
converges to f in the norm S.

Proof. Let f € Cy be. With the previous notations:

S(f=pa) = S() = (X El(f) = Ea(£)) = S(F) = 3 Eulf) + nEn(f),

k<n k<n

then:
0<S(f—pn) <S(f), Vn,
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and S(f — pn) is a decreasing sequence. Then there exists lim S(f — p,,) and:
UmS(f —pn) = A, 0< A< S(f).

Taking into account that Z Ey(f) is a partial sum of S(f), we have
k<n

lm S(f — pn) = limnE, = A

[e.e]

1
If A # 0, then the series S(f) and the harmonic series Z — have the same convergence
n=1
character, the harmonic series diverges and f € Cp implies S(f) < co. Hence A = 0

and the im S(f —p,) =00

We have immediately the following

Corollary 1. The set of polynomials TI° is dense in (Cy, S).

Corollary 2. If S(f) < oo then limnE,(f) = 0.

Now we will prove a Walsh’s type theorem for (Cp,S). (i.e. it is possible the
simultaneus interpolation and approximation in the norm S5).

Theorem 1. Let f € Cyla,b] and let x1,x9, -+, x, be n distinct nodes on [a,b].
Let ¢ > 0. Then there exists a polynomial p such that:

p(xi) = f(z:i), (1<i<n)

and
S(f-p)<e

Proof. Let f € Cy and € > 0. By Proposition 1, there exists a polynomial p € II,,
such that:

S(f_p)<‘€7

and p being the best approximation to f in the norm S and in the uniform norm as in
the proof of Proposition 1.
Then

Em(f _p) = Em(f) = Hf _pHoo
and
1f = plle <S(f—p) <e

Let ¢ be the interpolation polynomial of f — p at the nodes {z;},

a(x) = _(f(zx) — plax))Li(2),

k=1

Li(z) = () II(z) = H(a: — xj).

(x — )1 (xg)’ i1

Taking p1 = p + g, results:

pi(xi) = p(xi) + q(zi) = f(z;) (1 <i<n),
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and

S(f=p1) <S(f —p)+S(q) <e+5(q),

in addition

EI p@)IS(Le) < [If — plloe 32 S(L4) < =M
k=1 k=1
where .
= S(Lk)
k=1
Then

S(f —p1) <e(1+ M),

ans the proof follows since € > 0 is arbitary. O

3. The Minimax E,(f) and F,(f)

We have two type of minimax E,(f) and F,(f), both corresponding to the same
best approximant. Clearly, the minimax E, (f) does not give us information about how
the function f could be approximated by polynomials of degree lesser than n. However,
the number F,, = S(f — p,) contains certain information about this, because it can be
expressed in terms of S(f) and the minimaxs Ei(f) (0 < k < n). Indeed, one has the
following

Proposition 3.

Fu(f) = 8(f) = D_(Ex(f) = Eu(f))

k<n
for all f € Cla,b).
Proof.
n—1
f pn ZEkf pn +2Ek ZEk(f_pn)_Ek(f))+S(f)
k=0
—Z Eu(£)) +S(f) = S() = (X Ew(f) = En(f)) D

Proposition 4. The next recurrence relation holds:

F%+1_'F%
n+1

— n+1_En7 n:071727”'

for all f € Cla,b].
Proof. We have that:

Fo=S8(f—pn) =nEy(f)+ > Ex(f) =+ DE(f)+ > Ep(f
k>n k>n+1

Fop1=8(f =pot1) = (n+ DEa(f) + > En(f
k>n+1
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Hence
Fop1(f) = Fa(f) = (n+ D) [Enia(f) — En(f)] D

4. A Bernstein’s Type Theorem for the Norm Induced by the
Minimax Series

The next result is known as the Bernstein’s theorem:
If a sequence
Ag> A1 > Ay > -+ limA, =0,

and an interval [a,b] are given, then there exists a function f(z) € Cla,b] with the
minimax

E.(f)=A4,, (n=0,1,2,--+)

See e.g. [4, pp.137].
We proof the next similar result for the minimax F,(f).
Theorem 2. If a sequence

By > By =2 By > ---,lim B, =0,

and an interval [a,b] are given, then there exists a function f(x) € Cla,b] such that
S(f) < oo and
Fn(f):an (n:071727)

Proof. Let us consider

Bn—l—l_Bn
H,=— =0.1.2.--.
n n+1 9 n b A )
— Bn_Bn+1

A=Y

= n+l
An+1:An+Hna n2071727""

)

Note that
OOBn_Bn-‘,-l >
— < B, — B, = Bg.
et =B B =

So H,, <0 and An+1 < An, An+1 =H,+H, 1+H, 2+ -+ Hy —I—Ao.
Then

lim A, g = (i Hn) T Ag=—Ag+ Ag =0,
n=0
and, from Bernstein’s theorem there exists a function f € Cfa, b] such that:
E,(f)=A4,, n=0,1,2---.
Let us now prove by induction that the following holds:

Fn(f):Bn7 n:071727”"
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For n =0,
By =Y (Bn—Bpt1) =Y _ (n+1)(4; — Any1)

S DA 4 S A A = S B() = SU) = o),
n=0 n=0 n=0 n=0

Suppose that F,(f) = B, holds. For n + 1 we have:

Foi1(f) =Fu(f) + (n + 1)(Engr — En) = B+ (n+ 1)(Any1 — An)
=B, + Hp,(n+1) = B, ;0

5. A Theorem of Bernstein’s Type for the Norm Induced by the
Weighted Minimax Series

The so called weighted minimax series are considered in [6]. If o = (ng)32, is a
sequence of real numbers n > 0 and ng > 0, for all £ > 1, then the weighted minimax
series of f € Cla,b] relative to «, is the expression:

Salf) = 3 meER().
k=0

We can also consider the space
Cao ={f €Cla,b] : f(zo) =0, and S,(f) < o0},

where x is a fixed point of [a,b], and

S : Capla,,b) = R
f— Sa(f)-

Then (Cq,0,Sq) is a Banach space. The convergence in these spaces is studied in [6].
Also the approximation by polynomials with the norm S, is studied in [6]. Similar
results for the case a = 1, exposed in the second paragraph of this paper are obtained.
If p is the best uniform approximation of f on II, then p,, is a best approximation of f
on II,, with the norm S, and all best approximations of f on II,, with the norm S, are
of the form p,,+C being C' a constant. We can consider the minimaxs Fy, ,, = So(f —pn),

A recurrence relation between these minimax is established in the next result (which
is a generalization of proposition 4).

Proposition 5.

Fa,n+1(f) - Fa,n(f) = Sn-i—l(En—i-l(f) - En(f))

where

Sn = an
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Proof. We have that

Fa,n(f) = Soe(f - pn) = SnEn(f) + Z nkEk(f) = Sn-i—lEn(f) + Z nkEk(f)7

k>n k>n+1

and

Font1 =S(f = pnt1) = Snr1 B (f) + > muBi(f).
k>n+1

Hence
Fa,n-‘,—l(f) - Fa,n(f) = Sn—l—l(En—i-l(f) - En(f))lj

We establish now a Bernstein’s type theorem in the norm S,.
Theorem 3. If a sequence

Co>C1>Cy>---limC, =0,

and

limﬁ =0,

and an interval [a,b] are given, then there exists a function f(x) € Cla,b] such that
Sa(f) < o0 and

Fa,n(f):Cny (n:071727"')

Proof. Set
Hy =S =% _o1a
Sn—l—l
= Cn - Cn-‘,—l
Ay = _—
0 T; Sn+1
An+1:An+Hn7 n:071727”'7
= Cn - Cn-‘,—l . > Cn - Cn-‘,—l s Cn Cn—i—l CO
Note that —————— < 00 since — < — — = —. Hence
,; Snpt1 z_:l Spt1 T n;l (Sn Sn+1) So

Hy, <0and Apsy < An, Apsr = Hy o+ Hyy + Hy_o+ -+ Hy + Ag. Then
lim Ay 1 = (0 Hy ) + Ay = —Ag + Ay =0,
n=0

and from Bernstein’s Theorem, there exists a function f € C[a, b] such that:
E.(f)=A4,, n=0,12---.

Then
Fa,n(f)zon, 7’L:0,1,2,"'.

will be verified by induction.
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For n =0,
Coy = Z(Cn —Cht1) = Z Snt1(Ap — Apt1) = Z Sn1Ans1 + Z Sny14n
n=0 n=0 n=0 n=0

= - Z Sn—l—lAn—l—l + Z SpAn + Z npA, = Z nnEn(f) = Sa(f) = Fa,(](f)7
n=0 n=1 n=0 n=0

Suppose that F, ,(f) = Cy holds. For n+ 1 we have:

Fa,n+1(f) :Fa,n(f) + Sn+1(En+1(f) - En(f)) =Cn + Sn+1(An+1 - An)
=+ Cn + Hnsn—l—l = Cn—l—l 0

6. Application of the Bernstein Theorem to the Existence of Certain
Weighted Minimax Series and Certain Series with Minimax

Proposition 6. If a = (ng)}2, is a decreasing sequence and converges to zero,
then for each m =1,2,3,---, there exists f and g € C|a,b] such that:

[e.9]

Salg) = D_(Ex(f)™

k=0

Proof. From Bernstein’s theorem, there exists a fonction f such that:
Ey(f)=nk, k=0,1,2,---
and there exists a g such that:
Ei(g) = (Ex(H)™™, k=0,1,2,.

Thus,

oo

an Ex(f ZEk =) (B o

k=0

Proposition 7. If o = (ng)32, s an increasing sequence which tends to infinity,
then for each m =1,2,3,--- and for each f € Cla,b] there exists g € Cla,b] such that:

[e.e]

Salg) = D_(Ex(f))™"

k=0

E m
Proof. M is a decreasing sequence which converges to zero. From Bernstein’s
ng
theorem there exists g:

Folg) = BID™ oy
N
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then

o0

Salg) =D _(Ex(f))™ O

k=0

Proposition 8. If (ny);2, is a decreasing sequence which converges to zero, then
for each m =1,2,3,--- and for each f € Cla,b] there exists g € C|a,b] such that:

S(g) =Y nu(Ee(f))"
k=0

Proof. np(Ey(f))™ is a decreasing sequence which converges to zero. Thus there
exists g such that:

Ei(g) = m(Bi(f)™, k=0,1,2,---

S0,

S(9) = 3 m(EL(F)" O
k=0

Proposition 9. If (ny);2, is an increasing sequence and diverges, then for each
m=2,3,--- there exists f and g € Cla,b] such that:

S(g) = ni(Ex(f))"
k=0

1
Proof. — is a decreasing sequence which converges to zero. Then there exists
ng
f € Cla,b] such that:
1
Ek(f):_v k:071727"'

Also there exists g such that:

Ek(g):E]::n_l(f)v k:071727""

Therefore,
o0 o0 o 1
S(9) =3 Brlg) = 30 B () = 3 —milH(f)
k=0 k=0 k=0 "k

=S B (AEPN () = 3 mi(Eu()"D
k=0 k=0

Proposition 10. (a) If o = (ny)72, decreases to zero as n tends to infinity, then
there exists f € Cla,b] such that:

Sa(f) =Y EX(f).
k=0
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(b) If o = (ny)72, decreases to zero, then for each m > 1 there exists f € Cla, b
such that:

o0

Sa(f) =D _(ER(H))™

k=0

Proof. To prove (a) we can use Bernstein’s theorem to get a function f such that:
Ek(f):nk, k:O,l,Q,"'.

Then,
Salf) = meEr(f) =Y Ej(f) O
k=0 k=0

As for (b) we have just:
(n},) (r > 0) is a decreasing sequence which converges to zero. Then there exists f
such that
Ey(f)=ny, k=0,1,2,---.

Then
1

nk:E}?(f)) k:071727"'
and

0 oo 1 >  r41
Salf) =D muER(f)=>_EL (HE(f)=>_E," (f).
k=0 k=0 k=0

1 1
Thus, taking r = ——, rt = m we obtain
m—1 r
Salf) =Y (Ex(f)™ O
k=0

Proposition 11. (a) If a = (ng)32, s an increasing sequence which diverges to
infinity, then there exists f € Cla,b] such that:

Sa(f) =Y E;'(f).
k=0

(b) If = (ni)32 is an increasing sequence which diverges to infinity, and m > —1,
then there exists f € Cla,b] such that:

Sa(f) =D E™(f).
k=0

1
Proof. (a) {1—/2} is a decreasing which converges to zero. Then there exists f such
n

k
that: )
Ek(f)zw, k:0,1,2,“‘
n

k
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Then - -

W12 1
n = = O
=3 mp=3m 2 B

k=0 Mg k=0

1
(b) {—T,} (r > 0) is a decreasing sequence which converges to zero. Then there
n

exists f such that: )
Ek(f): k=0,1,2,---.

r?

i,
Then
nk:%, k=0,1,2,--
()
and

= i npE(f) = i !
k=0

k=0 E;i/r(f )

1 _
> 0, then r
m

ZE(T’ 1/7’

Hence, by choosing, r = = —m,

H=3 E™() O
k=0
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