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Abstract

We establish the convergence theories of the symmetric relaxation methods for
the system of linear equations with symmetric positive definite coefficient matrix,
and more generally, those of the unsymmetric relaxation methods for the system
of linear equations with positive definite matrix.
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1. Introduction

The classical iterative methods, such as the Jacobi method, the Gauss-Seidel method
and the SOR method, as well as their symmetrized variants, play an important role for
solving the large sparse system of linear equations

Az = b, (1.1a)

where

A = (am;) € L(R"

T = ($17$27"'7$n

) is a given nonsingular matrix;
)T € R™ s the unknown vector; and (1.1b)

b= (by,bo,---,by)T € R" is a given vector.

In accordance with the basic extrapolation principle of the linear iterative method,
Hadjidimos!!! further proposed a class of accelerated overrelaxation (AOR) method for
solving the linear system (1.1) in 1978. This method includes two arbitrary parameters,
and their suitable choices not only can naturally recover the Jacobi, the Gauss-Seidel
and the SOR methods, etc., but also can considerably improve the convergence property
of this AOR method. After many authors’ extensive and deepened researches, the
convergence theories of the afore-mentioned relaxation methods have been established
in a more complete manner when the coefficient matrix of the linear system (1.1) is
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an L-matrix, an M-matrix, an H-matrix, and a symmetric positive definite matrix,
respectively. For details one can refer to [1]-[7] and references therein.

Based on Hadjidimos’ work!*, many researchers have designed the symmetrized and,
more generally, the unsymmetrized versions of the AOR method, called as the SAOR
method and the UAOR method, respectively, and discussed in detail the convergence
properties of these methods under the conditions that the coefficient matrix of the linear
system (1.1) is either an L-matrix, or an M-matrix, or an H-matrix. For more details
one can see [4] and references therein. These studies not only afford efficient algorithm
choices for the linear system (1.1), but also establish systematical convergence theories
for the relaxation methods.

However, to our knowledge, except for the symmetric positive definite matrix with
property—A, there is no convergence result about either the SAOR method or the
UAOR method for general (symmetric) positive definite matrix class. The difficulty
seems to be that the commutativity as in the SSOR method does not still hold in these
methods. In this paper, we will emphatically establish the convergence theory of the
SAOR method for the symmetric positive definite matrix class, or more generally, that
of the UAOR method for the positive definite matrix class.

2. Reviews of the Relaxation Methods

More generally, from now on, we will turn to consider the system of linear equations
(1.1) which has the following partitioned form:

Aip A - AN z1 by
A= Az1 Azz -ee Aon , T = 33.2 , b= b,2 ) (2.1a)
Ani An2 - ANnN a:N by
where
A;j € L(R",R"), x;,bj€ R", i,j=1,2,---,N (2.1b)
and n; (i =1,2,---, N) are positive integers satisfying
ni+ng+-+ny=n. (2.1c)
Also, we will stipulate that A;; (i =1,2,---,N) are nonsingular matrices.
If we take

Ap = diag (A11, 422, -+, ANN),
0

)

A1 o o —An_1n-2 0
-Ay1 - -+ —AnnN—2 —Anyn-1 O
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and

0 —A1p —A13 -+ -+ —Ain
0 —Agg - - —Ayy
Ay = - . - . ’
—An_1 N
0

then the UAOR method can be expressed as

2P = Hyaor(y1, wi; 2, w2)2P + dyaor(y1, w12, wa), p=0,1,2,---, (22)

where

{ Huaor(11, w1572, w2) = Uaor(V2,w2) Laor(71,w1)

duaor(71, w1572, ws) = Uaor(y2,w2)(Ap — 11 AL) L (wib) + (Ap — 72 Ar) "L (wab),
(2.3)
and

{ Laor(,w1) = (Ap = 11AL) (1 —wi)Ap + (w1 — )AL + w1 Ay] (2.4)

Uror(y2,w2) = (Ap — 12 Au) (1 — we)Ap + (wa — Y2) Ay + wa AL

Clearly, this method covers a lot of known practical relaxation methods, for example,
(1) when v1 = v2 =7, w1 = wy = w, it gives the SAOR method:

xp+1 = HSAOR(’Y, W).Z'p + dSAOR(’Y; w)v P = 07 17 27 R (25)

where

{ Hsaor(r,w) = Uaor(r,w)Laor(y,w) (2.6)

dsaor(v,w) =Uaor(v,w)(Ap — yAL) H(wb) + (Ap — vAy) Hwb);

(2) when v = w; = w, 72 = we = @, it turns to the unsymmetric SOR (USOR)
method: P! = Hysor(w,@)2P + dysor(w, @), p=0,1,2,-- -, where

{ Husor(w, @) = Usor(@)Lsor(w)
dusor(w,®) =Usor(@)(Ap — wAL) " (wb) + (Ap — @Ay)~H(@b),
and
{ Lsor(w) = (Ap —wAL) (1 —w)Ap + wAy]
Usor(@) = (Ap —wAy) (1 —©)Ap + WAL);

(3) when 77 = 72 = w; = wy = w, it becomes to the SSOR method: xP™! =
Hssor(w)z? + dssor(w), p = 0,1,2,---, where Hgsor(w) = Usor(w)Lsor(w),
dSSOR(UJ) = USOR((U)(AD — wAL)_l(wb) + (AD - wAU)_l(wb);

(4) when v = 79 = w1 = we = 1, it reduces to the symmetric Gauss-Seidel (SGS)
method: 2Pt = Hgggz? +dsas, p=0,1,2,-- -, where Hsas = UsasLsas, dsas =
USGS(IAD — Ap)"'+ (Ap — Ay)™'b, and Lsgs = (Ap — AL) " Ay, Usas = (Ap —
Ay) T Ar;
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(5) when 1 = 9 = 0, w; = wg = 1, it changes to the symmetric Jacobi (SJ) method:
2Pt = HgyaP +dsy, p=0,1,2,---, where Hgy = E%J, dgy = ESJAl_)lb + Al_)lb, and
Lsy = Ap (AL + Av);

(6) when v; = 7, w1 = w and 72 = wy = 0, it gives the AOR method: zPT! =
Laor(y,w)a? +daor(y,w), p=0,1,2,- -, where daor(y,w) = (Ap —yAL) ' (wb);

(7) when 71 = 0, w; = 1 and 72 = w2 = 0, it reduces to the Jacobi method:
2Pt = LaP+dy, p=0,1,2,---, where Lj = ABl(AL + Ay), dy = ABlb.

3. Convergence Theory of the UAOR Method

In this section, we will mainly discuss the convergence property of the UAOR-
method when the coefficient matrix of the system of linear equations (1.1a) with (2.1)
is positive definite. More concretely, we will deduce sufficient conditions that can
guarantee the convergence of the UAOR method, and thereby, in particular, the USOR
method, for this matrix class. First of all, we demonstrate the following equivalent
expression of the iteration formula (2.2).

Theorem 3.1. Let

Guaor(y1,w1;72,w2) = (w1 +w2)Ap —wan1 AL — w12 Ay — wiw2 A. (3.1)

Then the iteration formula (2.2) is equivalent to

2Pt = 2P + (Ap — 72Av) ' Guaor(11,wi; 72, w2) (Ap — 11 AL) (b — AxP) (3.2)
p:071727"" ‘
Hence, if Guaor(y1,w1; 72, w2) is nonsingular, then
xp-i—l - ‘Tp + BUAOR(’Yla Wij; 727"‘}2)_1(1) - Axp)u pP= 07 17 27 Ty (33)

where

By aor(v1,w1;72,w2) = (Ap — mAL)Guaor(71,w1; Y2, w2) L (Ap — 12 Ay).  (3.4)

Proof. (3.3) is obviously a direct corollary of (3.2). So, we only need to verify the
validity of (3.2). By (2.4) it clearly holds that

{ Laor(y,w1) =1— (Ap —1AL) HwiA)
Uaor(y2,w2) = I — (Ap — 12 Ay) Hwa A).

Therefore, according to (2.3) we can obtain

Huaor(11, w1372, wa) =[I — (Ap — 12 Av) w2 A)[I — (Ap — 11 AL) (w1 A)]
=1 — (Ap —mAL) " (w14) — (Ap — 7240) " (w2 A)
+ (Ap — 12 Av) w2 A)(Ap — 11 AL) (w1 A)
=1 — (Ap — 72Av) 'Guaor(71,wi; 2, w2) (Ap — MAL) A
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In addition, we can analogously get

duaor(n,wisv2,w2) =[I — (Ap — 12 Av) w2 A)(Ap — AL) " (w1b)
+ (Ap — 12 Ay) " (wab)
=(Ap — 12 Ay) 'Guaor(v1,wi; Y2, we)(Ap — 11 AL) 1.

Substituting these two equalities into (2.2) we can immediately obtain (3.2).
Theorem 3.2. Assume that the matriz Gyaor(y1,w1; Y2, we2) defined by (3.1) is
nonsingular. Then

(1) Buaor(v,wi;72,w2) = A+ Fuaor(y1,wi;y2, w2),
where the matriz Byaor(v1,w1; Y2, w2) is given by (3.4), and

Fuaor(y1,w1;72,w2) = (Ap — YAy —wa A)Graor(y1,wi; y2,w2) H(Ap —y1 AL —wi A);

(13) if A is a positive definite matriz and Fyaor(y,wi;y2,w2) is a nonnegative
definite matrix, it holds that

2T Az

sup
220 T Buaor(71,w1; 72, wa)®

<1

Furthermore, if Fuyaor(71,wi;y2,w2) is also a positive definite matriz, then

xT Az

sup
220 T Buaor(71,w1; 72, wa)x

<1

Proof. We first test (i). By direct calculations we have

(Ap — 11 AL)Graor(y1,w1; 72, wa) " H(Ap — 12 Ay)
1 1
:[_GUAOR(’YLWIQ’Y%CQ) + (AD — AL — —GUAOR(’Yl,M;’Yz,tdz)H
w9y w2
x Guaor(71,w1; Y2, w2) !

1 1
X [—GUAOR(’Y1,W1;72,W2) + (AD — Ay — —GUAOR(’Yl,M;’Yz,tdz)”
w1 w1

1

1 1
=——Gpraor(m,wi;y2,w2) + —(AD — Ay — —GUAOR(%,M;%,M))
) w2 w1

1 1
+ —(AD — AL — _GUAOR(’Yl7W1§’Y2aW2))
w1 w2
1 _
+ (AD —mAL — W—QGUAOR(%,M;72,w2))GUAOR(717w1;72,w2) !
1
X (AD — YAy — _GUAOR(717W1§72,W2))
w1
=A+ (Ap — 72 Ay — weA)Gyaor(y1,wr1; V2, w2) " H(Ap — AL — w1 A),

which is just the equality of (i).
Clearly, (ii) is a direct corollary of (i).
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Based on Theorem 3.2, we can now give the following sufficient condition that can
ensure the convergence of the UAOR-method.

Theorem 3.3. Assume that the matrices A € L(R™) is nonsingular and definite,
Guaor(m, wi;y2,w2) is nonsingular. Then the UAOR-method is convergent to the
unique solution of the system of linear equations (1.1a) with (2.1) if it holds that

inf
y#0

y" Fuaor(vi,wi;v2, wa)y 1
{Re( yHAy )} >_§’
where Re(e) denotes the real part and I'm(e) the imaginary part of the corresponding
complezx, respectively.

Proof. Clearly, under the conditions of this theorem, we know that By aor(71,w1; Y2,
wo) is nonsingular, and for all y € C™\ {0} there hold 3 Ay # 0. Let A be an eigenvalue
of the matrix By aor(71,w1; V2, w2) LA, and y be the corresponding eigenvector. Then,
there has A # 0 and it holds that Ay = AByaor(71,w1;72,w2)y. Hence,

y Ay y Ay

A= = .
yH By aor(vi,wisv2,w2)y  yH Ay + yH Fyaor(vi,wi; vz, we)y

Now, if we denote
_ Yy Fyaor(y1, wi;v2, w2)y

C(y) ST Ay

and

£(y) = Re(C(v)), n(y) =Im(C(y)),

then A = 1/(1 4 ((y)).
Let p be an eigenvalue of the matrix Hyaor(71, w172, w2). Obviously, there holds

5= ((y)

=— _ VYyef&h
1+ Y

p=1-

where
E" ={y e C"\ {0} | Ay = AByaor(71,w1;v2,w2)y}.

Hence, the convergence of the UAOR-method is equivalent to

| = £(y)* +n(y)?
VI +E()2 +n(y)?

<1, Wwe&m

1
Noticing that this inequality is equivalent to £(y) > —3 (Vy € ™), we thereby fulfill

the proof of this theorem.

Theorem 3.3 immediately implies the following sufficient condition for guaranteeing
the convergence of the UAOR-method.

Theorem 3.4. If the matriz A is positive definite, the matriz Gy aor(71,w1; V2, w2)
is nonsingular, and the matriz Fyyaor(v1,w1;72,ws2) is nonnegative definite, then the
UAOR-method is convergent.
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Now, if we introduce matrices
Gss = Guaor(0,1;0,1) = 24p — A;
Gsas = Guaor(1,1;1,1) = Ap;
Gssor(w) = Guaor(w,w;w,w) = w(2 —w)Ap;
Gusor(w,®) = Guaor(w,w;0,0) = (w+ © — ww)Ap;
Gsaor(7,w) = Guaor(v,w;7,w) = w(2 —7)Ap + w(y —w)A4,

and

Fs; =Fya0r(0,1;0,1) = (Ap — A)Gg;(Ap — A);
Fsas =Fuaor(1,1;1,1) = ALGghsAu;
Fssor(w) =Fyaor(w,w;w,w)
=(Ap — wAy — wA)Gssor(w) H(Ap — wAL — wA);
Fysor(w,®) =Fyaor(w,w;w,®)
=(Ap — @Ay — 8A)Gusor(w,®) ' (Ap — wAL — wA);
Fsaor(v,w) =Fuaor(v,w; v, w)
=(Ap —vAy — wA)Gsa0r(v,w) " (Ap — AL — wA),
then the following convergence conclusions about the SJ-method, SGS-method, SSOR-
method, USOR-method and the SAOR-method can be directly got from Theorem 3.4.

Corollary 3.1. Let the matrix A be positive definite. Then

(1) if (2Ap — A) is nonsingular and Fsj is nonnegative definite, the SJ-method is
convergent;

(2) if Fsgs is nonnegative definite, the SGS-method is convergent;

(3) if w € R'\ {0,2} and Fssor(w) is nonnegative definite, the SSOR-method is
convergent;

4) ifw+ o —ww #0 and Fysor(w,®) is nonnegative definite, the USOR-method
18 convergent;

(5) if Gsaor(v,w) is nonsingular and Fsaor(y,w) is nonnegative definite, the
SAOR-method is convergent.

Corollary 3.2. Let the matriz A be symmetric positive definite. Then

(1) if (2Ap — A) is positive definite, the SJ-method is convergent;

(2) the SGS-method is convergent;

(3) if w(2 —w) > 0, the SSOR-method is convergent;

(4) if Gsaor(v,w) is positive definite, the SAOR-method is convergent.

4. Convergence Theory of the SAOR Method

In this section, we will further investigate conditions for ensuring the convergence of
the SAOR-method when the coefficient matrix of the system of linear equations (1.1a)
with (2.1) is a symmetric positive definite matrix. Corollary 3.2 in the last section will
be our basis through this section. Noticing from the last section we have that

Gsaor(7,w) = w(2 —7)Ap +w(y — w)A,
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and the SAOR-method is convergent if Gsaor(7,w) is positive definite.
Because the matrix Gsaor(7y,w) is congruent with the matrix

W(2 =N +w(y —w)Ap 2 A4,
while this matrix is similar to the matrix
w(2 =) +wly —w)Ap A,
or, after using ABIA =1 — Ly, it is similar to the matrix
Psaor(v,w) =w(2 —w)l +w(w—7)Ly,

we see that Gsaor(7,w) is positive definite if and only if all the eigenvalues of the
matrix Psaor(7v,w) are positive. If we define the functions

Ly

Fy@) = —7 =,

vz € R™\ {0}, (4.1)

x

then it is clear that the matrix Gsaor(7y,w) is positive definite if and only if
w2—w)+ww—7)Fs(x) >0, VzeR"\{0}. (4.2)

It is much easy to see that either of the following six conditions are sufficient to guar-
antee the validity of (4.2):

A)wzfy,w>0,2—w+(w—’y)m?iégFJ(x)>0;
€T
B)O<w§fy,2—w+(w—’y)m%<FJ(a:)>O;
€T
C)wgy,w<0,2—w—|—(w—7)m7i£FJ(x)<0;
€T

mv§w<q2—w+W—wm%Em@<0
x

Based upon these observations, we immediately have the following conclusions about
the convergence of the SAOR-method.

Theorem 4.1. Let the matriz A be symmetric positive definite. Assume A\, X\ be
respectively the smallest and the largest eigenvalues of the matriz Ly. Then the SAOR-
method is convergent if either of the following 17 conditions is satisfied:

(a) A>1,0<y<w, 0<w<2

—1 2
(a2)A>170§’Y<%7W22;
N Ay —2
(a3) 1>A#0,0<~y<min{2, w}, 0<w< N1
(ag) A=1, 0 <~ < min{2, w}; a
(a5)A>1,7<0<w;
Ay —2
(a6) 0<A<1,7<0,0<w< 1
2 Ay —2
A —<H< =
(a7)_<0,A_’y_O,O<w< 1
(ag) A=1,7v<0<w;
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—1 2
M,O<w§2;

<
b)) A<0,0<7<2,0<w<7y;
<

Xy — 2
0,7>2 0<w< A2,
-1

Proof. Noticing that A = m;]g Fj(z), A= m;z(}]( Fj(x), by directly solving the previ-
X X

ous inequalities A)-D), we can obtain the conclusion of the theorem at once.

Corollary 4.1. Let the matriz A be symmetric positive definite. Assume X, X be
respectively the smallest and the largest eigenvalues of the matrix Ly. Then

(1) the SJ-method is convergent if A > —1;

(2) the SGS-method is convergent;

(3) the SSOR-method is convergent provided w € (0, 2).

If we denote p; = p(Ly), then we easily see that the inequalities A)-D) are satisfied
if the following inequalities hold, respectively:

AMyw>y,w>0,2—w—(w—"9)ps > 0;

B)0<w<~v,2—-w+ (w—"7)ps >0

Clw<yw<0,2—w—(w—"7)ps <O0;

D)y<w<0,2—w+ (w—"7)ps <O0.
Hence, the SAOR-method is convergent if either of the above inequalities A’)-D’) is
valid. Based upon this fact, we can analogously get the following conclusions about the
convergence of the SAOR-method.

Theorem 4.2. Let the matrix A be symmetric positive definite. Assume that
p; = p(Ly). Then the SAOR-method is convergent if either of the following four

conditions is satisfied:

1 -2
(i)pJ>O,O<w<2,%<’y§w;

PJ
2—(1-—
(i) 0<py<1,0<w<2 w<y< 2 dZPIw.
PJ

2
(iii)pJ>1,0<w§%72p—;

J
() py=0,7v<2, 0<w<2.

Proof. Solving the inequalities A’)-D’) directly, we can obtain (i)—(iv) immediately.

Corollary 4.2. Let the matrix A be symmetric positive definite. Assume that
ps=p(Ly). Then

(1) the SJ-method is convergent if py < 1;
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(2) the SGS-method is convergent;
(3) the SSOR-method is convergent if w € (0,2).

5. Some Concrete Applications

We now consider some applications of our novel theoretical results demonstrated
in the previous section to two classes of practical systems of linear equations, which
are resulted from the discretizations of the one-dimensional and two-dimensional model
problems, i.e., the two-point boundary value problems of the Poisson equations:

—xyu(t) = f(1), for 0<t<1
x(t) = z(t) =0, for t=0

and
—Ax = —x5s —xy = f(s,1), for 0<s,t<1
x(s,t) =0, for s=0o0rt=0
x(s,t) =1, for s=1lort=1,

on equidistant grids by either the finite difference method or the finite element method,
respectively. These systems of linear equations are respectively of the following forms:

2 -1
-1 2 -1
A= ) € L(R"™)
-1 2 -1
-1 2
and
B I
-I B I
A= R e L(RY),
-1 B -I
-1 B
where
4 -1
-1 4 -1
B = ' ' e L(RN)
-1 4 -1
-1 4

and the right-hand sides are chosen suitably. For these special linear systems, if we use
the symmetric relaxation methods to get their solutions, we can immediately get the
following convergence conclusions for these methods by making use of Theorem 4.1 and
Corollary 4.1, as well as Theorem 4.2 and Corollary 4.2.
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Theorem 5.1. Let us solve the linear system (1.1) corresponding to the one-
dimenstonal model problem by the symmetric relaxation methods. Then
(1) the pointwise SJ-method is convergent;
i1) the pointwise SGS-method is convergent;
ii1) the pointwise SSOR-method is convergent provided w € (0,2);
iv) the pointwise SAOR-method is convergent in either of the following four cases:

(
(
(
( 2(ysin? 9, — 1)

1) 0 <y <min{2, w}, 0<w<

2sin?49, —1
(@) w<n< (2COSZiZS;7;Zw + 2’ 0<w<2;
(szaw%%zg;?szJ<w<&

where 9, = m Moreover, the pointwise SAOR-method is convergent also in
n

either of the following three cases:

2 29, +1

1) 0<y<w, 0<w< (ycos"dn +1).

2(:08219”—1-12 ’
2 —(1—2cos”¥,)w
2/ 2, w< USAndy
2)V0<w<2,w<y< 502 0, ;
2 (14 2cos? ¥p)w — 2
FNo<w< <y <0.
(3) v 1+ 2cos24,’ 2 cos? v, 7=

Proof. By direct calculations we know that the eigenvalues of the matrix £; are

mm
)\m :2COS2 (m) :2COS2(mQ9n)7 m = 1,2,-..’7’1/.
Therefore,
_ 2 nw 9wn? 3 _ 2 m _ 2
A= 2cos (72(71—# 1)) = 2sin“¥,, A= 2cos (72(71_’_ 1)) = 2cos” U,

and py = 2cos?1,. Substituting these quantities into Theorem 4.1 and Theorem 4.2,
and making use of Corollary 4.1 and Corollary 4.2, respectively, we can get the results
of this theorem.
Theorem 5.2. Let us solve the linear system (1.1a) with (2.1) corresponding to the
two-dimensional model problem by the (blockwise) symmetric relazation methods. Then
(7) the SJ-method is convergent;
i1) the SGS-method is convergent;
iii) the SSOR-method is convergent provided w € (0,2);
iv) the SAOR-method is convergent in either of the following three cases:
ycos(20y) + 2(1 + 2cos? I )
< .
4 cos? Uy ’

(
(
(
(1) 0 <y <min{2, w}, 0 <w
4 —4(1 —w)sin® Yy
cos(29n)

2(1 + 2cos?Iy)
() - cos(20n)

(2 w<y <

,0<w <2

yeos(20n) + 2(1 + 2cos? )
4cos2 Iy

<v<0,0<w<

7
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where Iy = m Moreover, the SAOR-method is convergent also in either of the

following three cases:
1
1M 0<y<w, 0<w< 5’}’008(279]\7) +2sin? 9y + 1;
24 4(1 —w)sin® Iy
cos(29y) ’
4sin®9n — 2(1 — w)

cos(29n)
Proof. By direct calculations we know that the eigenvalues of the matrix £ are

2N0<w<2,w<y<

(3) 0 <w < 2sin? 9y + 1, <y <0.

1 — 2sin?(j9n)

m,j=1,2,---,N.

™ T 1 1 2sin(miy)
Therefore,
)= 1—2sin?(NYy) __cos(2dn) Y= 1—2sin?dy  cos(20y)
T 1+2sin?(NYy) 14 2cos?dy’ 14 2sin?dy 1+ 2sin?dy’
and
cos(29y)
Pl =T 5 -
1+ 2sin“ vy

Substituting these quantities into Theorem 4.1 and Theorem 4.2, and making use of
Corollary 4.1 and Corollary 4.2, respectively, we can get the results of this theorem.
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