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Abstract

In this paper, a exterior Signorini problem is reduced to a variational inequality
on a bounded inner region with the help of a coupling of boundary integral and
finite element methods. We established a equivalence between the original exterior
Signorini problem and the variational inequality on the bounded inner region cou-
pled with two integral equations on an auxiliary boundary. We also introduce a
finite element approximation of the variational inequality and a boundary element
approximation of the integral equations. Furthermore, the optimal error estimates
are given.
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1. Introduction

Partial differential equations subject to unilateral boundary conditions are usu-
ally called Signorini problems in the literature. These problems have been studied by
many authods since the appearence of the historical paper by A. Signorini in 1933
[25]. Signorini problems arose in many areas of applications e.g., the elasticity with
unilateral conditions!!?, the fluid mechnics problems in media with semipermeable
boundaries®12 the electropaint process!!! etc. For the existence, uniqueness and reg-
ularity results for Signorini type problems we refer the reader to [3, 11]. Furthermore,
the numerical solution of the Signorini problems by the finite element method has
been discussed[*13]. Boundary element method for solving Signorini problems has been
presented in [14, 15].

In this paper, we will present a coupling of boundary integral and finite element
methods for solving a exterior Signorini problem, which is reduced to a equivalent new
variational inequality on a bounded inner region coupled with two integral equations
on an auxiliary boundary. The bilinear form arising in this variational inequality is
continuous and coercive on suitable subspaces of some Sobolev space. This leads to
existence and uniqueness for the solution of the variational inequality. Furthermore, a
coupling of boundary element and finite element methods for numerical solution of the
variational inequality is proposed and optimal error estimates are derived.

* Received June 6, 1996.
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2. The New Variational Inequality on a Bounded Inner Region

Let Q¢ be the complement of a bounded regular region in R? with boundary I
Suppose I' = Ty UT'; (as shown in Fig.1), with Ty NIy = ¢, Ty # ¢, we consider the
following Signorini problem:

—Au=f, in O,
u =0, on I'y,
>0, %50, onm
u =, on = , only, (21)
0
ua—z =0, on I'y, y
w is bounded,  when |z| — oo, g 1

where f has its support in a bounded subregion €21 of Q¢. In case of I'g = ¢, f satisfies
a compatibility condition!®!
fdx > 0. (2.2)
1951
Let Qo = Q°\Qq, I'y = 0 (see Fig.2). We will solve the exterior Signorini problem
(2.1) by using the coupling of boundary element and finite element methods. Consider
the equivalent system of Signorini problem:

—Au1 == f, in Ql,
—AUQ = 0, in QQ,
Ulp = u2, on Fg,
8’&1 8’&2
— =—-—=o0, only,
on on
u; =0, on I'g, (2.3)
0
up >0, S >0, onTy,
on
811,1
a. 07 r )
“ on onti Fig. 2
ug is bounded, when |z| — oo,
: 0 o
where w; = ulg,, i = 1,2, and — denotes the outward normal derivative to the

boundary 0Q2; =T UT'y (see Fig.2).

We note that u; will be completely determined, if o is known. On the other hand,
the function o depends linearly on w;|p, via the solution of the following exterior
boundary value problem

—AUQ = 07 in QQ,
Ug = U1, on I'y, (2.4)

ug is bounded, when |z| — co.

Hence the next step in the coupling procedures is to derive equations on I's which
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Ou

will relate o and ui|p, (i.e. Ir, and wi|p,) directly to that the original exterior

Signorini problem (2.1) may be reformulated as an equivalent Signorini problem in
bounded inner region €2;.

There are various forms of equivalent nonlocal boundary problems for boundary
value problems by adopting non-symmetric scheme or symmetric (or positive definite)
scheme or quasi-symmetric schemes46:7:9:16:18,19.20.24] * However, the difference among
these schemes will become more pronounced in their weak forms, even some coupling
procedure will not work without more strong restriction or modifiction e.g. in elasticity
(see Wendland [26]).

We adopt a coupling of boundary element and finite element methods!'!, which
preserves the coercive property of the bilinear form for the original variational inequal-
ity. Therefore, the strong restriction for the coupling operator required by Wendland[26!
will no longer be needed. Using Green’s formula we represent the solution of (2.3) in
the form

9G(z,y)

ug(x) = —/ ——uz(y)dsy + | G(z,y)dsy + o, z € Qy, (2.5)
r, Ony Ty

where « is a constant, and G(z,y) is the fundmental solution for the two-dimensional
Laplacian,
1
G(z,y) = 5 loglz —y|. (2.6)
T

Letting x approach I's, we arrive at the boundary integral equation

1 8’&2 o
(§I+T)u2(x) ~Fo 2 (r) —a=0, sy, (2.7)

where I denotes the identity operator, T and F are the double and simgle - layer
potentials defined by

9G(z,y)

T = — d r 2.8
w(@)= [ o (s, 2 € T, (28)

Oug Jua(y)
F—(z)= G d Is. 2.9
on (IL’) - (fL‘,y) 8ny Sy, v €1lg ( )

We also arrive at the boundary integral equation for %hh
Ouz(x) 1 N\ Oug

5 = = Wua(e) + (51 +T )%(x), z €Ty, (2.10)

where the boundary integral operators T and W are defined by

Ous 0G(x,y) Qug
== = 2 (y)d r 2.11
R e (211)
0*G
Wuy(z) = Mm(y)dsy, x €Ty, (2.12)

r, Ongon,
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Wuy(z) includes a hypersingular integral. Using the properties of the double - layer
potentialll"23] | we get

dus(y)
dsy

Wus(z) @ G(z,y)

= ds,, x € T 2.13
de Iy Sy T 2 ( )

In terms of the transmission conditionin (2.3), we have from (2.3), (2.7) (2.10) a nonlocal
boundary Signorini problem: Find (uq,0) such that

—Aul = f, iIl Ql,
Ul = 0’ on FO,
0
w 20,52 >0, on T},
n
ul% =0, on I'y, (214)
on
1
(§I+T)u1—FU—a:0, on I'y,
19}
ou _ ~Wu + (%I + T’)a, on I'y.

on

Let us introduce two bilinear forms and the following function spaces:

a(u,v) :/ VuVoudzdy,
Q1 J
b(o, ) :—/F g G(z,y)o(x)u(y)dszdsy,
2 2

1
H () :{u € H1(91)7 U‘Fo = 0}7
1
K ={veH (), v>0, a.e. on I'1},

**% 1
H *(Ty) :{MGH 2(F2),/ uds:O},
Iy
% 1+« lJra

Wa:H (Ql)x E[72 (P2)7

with norm [|(v, ) [|F. = lv[%,4 o, FHlel? 1o where H™(Q1) and H?(T'5) denote the
) _§ a, I

)

usual Sobolev spaces, m, 3 are two real numbers. We denote by < -,- > and (-, -)o the
1

1
duality pairings on H~2(I's) x H2(I's) and H'(Q;) x H~1(21) respectively. Then the
1

variational inequality of (2.14) reads: Given f € H~ (), find (u,0) € K x ;Iié (Ty),
such that 1
a(ui, v —uy) + b(dd%, %) - <(§I + T/>0',U - u1>

> (fav_ul)()’ VUGKa (215)
1

(. (%I +T)ur) — (. Fo) =0, Y err 2 (D),
where we know

(Wur,v) = b(@ d”), (2.16)

ds ' ds
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in terms of (2.13).
1

Alternatively, we may rewrite (2.15) in the form: Find (u1,0) € KX i (Ty),
such that

_1
A(Ul,O';U - Ul,u) > (f,?] - u1)07 V(Uvu) € Kx H ? (F2)7 (217)
where
duy dv 1
A(u170; v —ur, /’L) :a’(ulv U) + 6(7;7 %) - <(§I + T/)O'7’l}>

+ <u, (%I + T)u1> — (4, Fo),

is a bilinear form on Wy x Wy.

We have following Lemmas.

Lemma 2.1. A(u,0;v, 1) is a bounded bilinear form on Wy x Wy; that is there is
a constant M > 0, such that

|A(u, 030, p)| < M||(u, O-)HWOH(U’/‘L)HWO? V(u,0), (v, p) € Wo. (2.18)

Furthermore, there is a constant 3 > 0, such that

Aw, 150, 1) > B0, ) o (o, ) € Wo. (2.19)
Proof. We recall that case (see [21]) b(o, ) is a bounded bilinear form on Wy x Wy,
i.e. there exists a constant C7 > 0, such that

1
‘=3
by, 1) > Cl”ﬂ”i% by HEH T (Ta). (2:20)

Then it is straightforward to check that A(u,o;v,u) is a bounded form on Wy x Wy,
i.e. there exists a constant M > 0, such that |A(u,o;v, u)| < M||(u, o)||lw, (v, )Wy,
Y(u,0), (v, 1) € Wo. Furthermorel®), we have

du dv

A(ws 0, 12) =a(u0) +b(0 0] + a0 = oo, + Crllal? y
>B{|vll} q, + HMHQ% FQ}, V(v,u) € Wo,

with the constant 8 > 0, i.e. A(v, u;v,1) > Bl|(v, ) |I3y,, Y(v, 1) € Wo.

Lemma 2.2. Suppose (u1,0) € W, with 0 < « < 1, then there exists a constant
My > 0, such that |A(uy, 050, 1) < My ||(ur, o)|lw, || (v, W) |lw_., Y(v,pu) € Wo.

The proof is omited here, which is similar to the proof of lemma 2.3 in [15].

By Lemma 2.1, an application of existence and uniqueness results for elliptic vari-
ational inequality of the first kind by Lions and Stampacchial?? yields the following
result.
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Theorem 2.1. Suppose f € H '(Qy), then the variational inequality problem
1

(2.17) has a unique solution (u1,0) € KX o’ ().
Suppose u(x) is the solution of the Signorini problem (2.1), then we know that

—

0 *—5
ui(z) = u(x)|, € K, 0 = a—UhﬂQ el ° (T'2). Moreover, (ui,o) is a solution of the
n

variational inequality problem (2.17). By the uniqueness of the variational inequality
problem (2.17), let
{ uy, in Qla
u =

uz, in 927

we know that the exterior Signorini problem (2.1) is equivalent to the variational in-
equality problem (2.17).

Furthermore, we have

Theorem 2.2. The variational inequality problem (2.17) is equivlent the following

1
saddle point problem: Find (u1,0) € Kx o’ (T'9), such that
L1
L(uy, ) < L(uy,0) < L(v,0), Yo € K,ped > (T), (2.21)

where

Lw, ) = ga(v,0) + 2b(5 W) — (i, (G14T)) = 2b(a,1m) — (F,vho

1
Proof. Suppose that (uy,0) € KX [:T 2 (T'9) is the solution of (2.21).
1 1

Then for any p cH ° (I'2) and real number ¢, o+¢p cH ° (I'2), we have L(u1,0+
ep) < L(uy,0), that is

—E[<u, (%I + T)u1> + (o, u)] — ib(u,,u) <0.

Since € is an arbitrary constant, we obtain

_1
<u, (%I + T>u1> +b(o,u) =0, Yu ex ’ (T'9).

On the other hand, for any u;,v € K, we know that u; +t(v —u1) € K(0 <t <1),
then K is convex, and we get

L(uy,0) < L(ug + t(v — uy,0), Yv € K,

that is

t[a(ul,v —uy) + b(%, d(vd—sul)) — <(%I+ T’)a,v - u1>
12

—(f,v—u1)+§[a(v—u1,v—u1)+b(

dlv—uy) dv—u
( ds 1)’ ( ds 1))}20’
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Since ¢(0 < ¢t < 1) is an arbitrary constant and

d(v—uy) d(v—uy)
ds = ds

a(v—ul,v—u1)+b( )ZO,

we get

duy d(v —wuy)

a(ul,v—ul)—i-b(g, 7 )—<(%I+T’)J,v—u1>Z(f,v—ul)o.

=

This means that (u1,0) € Kx o’ (T'2) is the solution of (2.15). Each of the above
steps is reversible, hence we conclude that the variational inequality (2.15) is equivalent
to the saddle point problem (2.21).

3. The Discrete Approximation of the Variational Inequality (2.17)

1

Suppose that Sp, and S}, are two dimensional subspaces of o’ (T'2), respectively.
Let Kp, = {vp, vy € Sp, NK}. Moreover, we assume that Kp, is a closed convex subset
of Sh1 .

We consider the approximation problem: Find (uhl,ah) € Kj, x Sp, such that

A(u}llv Uh; Uh - u??ﬂh) > (fa Uh - ulll)0> vvh € th,uh € Sh27 (31)
which is equivalent to the following problem: Find (us,, ") € Kj, x Sy, such that
h h_yh 1
a(u’f’ Uh - ulf) + b(ddle7 3 dSU1)) - <<§I + T/>0h’vh - u}ll>
> (fv ol — ufll)(]v Vol e th (32)
1
(W, (GT+T)ut) = (u", Foh) = 0, V' € Sp,.

and the problem: Find (u?,o") € K}, x S}, such that
L(uillmuh) < L(u}llao-h) < L(Uh7ah)a v(vhmuh) € Kp, X Sp,, (3.3)

It is straightforward to check that for f € H~!(Qy), the problem (3.1) has a unique

solution (u?,o") € Kj, x Sp,. Furthermore, we obtain the following abstract error

estimate.
Theorem 3.1. Suppose that f € H1t%(Qy), and that the solution of (2.17),
1

* — 9 1
(u1,0), satisfiesu; € KNHYY(Q), o €H 2 (FQ)mH7§+a(F2), with 0 < o < 1, then
we have

h 2 . h hy|12
U —uy,o—o <C inf u — v, 0 —
I oo ol <Co im0,

Hlur =", o = u") .}, (3-4)

where (ul, o) is the solution of (3.1) and Cy is a constant independent of hy and hs.
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Proof. By Lamma 2.1 we have

1
I(ug — u'f,a - ah)||12/vo §BA(U1 — u'f,a —oluy — u}f,a — ah)

1
+ B{A(UI —ul o —oup — o o — )

+ A(uy, 030" —ug, p* — o)

— A(ul, oMo — bt — o™
— A(uq, J;u’f —u, ol — o)},
Vol € Ky, 1" € S,

On the other hand, we take v = u?, u = " — o in (2.17), then it follows
—Auy, o;ul —uy, 0" — o) < —(f, uf —uy)o.
Similarly we take p — o® instead of p/* in (3.1), then we get
—A(ul, oo — b — oty < —(f, 0" — ul),.
Hence we have
(01 = w0 = ), <A o = ot = o )
+ A(uy, 030" —ug, p — o) + (f, u1 — v™)o}
S;{MH(M —ut, 0 = ") lwoll(ur —v", 0 — 1) llwy

+ Mall(u1, ) [lw, (w1 = 0" 0 = ") |lw-_,
S -rranllur = 0" li—ag}

1 h h m? h
<5ltw —ui,o—o ) v, + Tm”“l — v, o — 1),
1
+ B[MaH(ULU)HWa + [ fll-14a.0]
H(ul - Uh>o- - Mh)HWfon v(vhmuH) € Kh1 X Shz'

Thus we derive the error estiamte (3.4) with

M? 2
Cor= max { T, ZIMal (w0l + 1S -1s00,] -

Let Jj, denote a regular triangulation of €24, i.e. {2y is written as a union U T

T1€Jh1
of triangular 77 and

h1 = max { diameter of T} }.
! TIEJhl{ 1}

Assume that the boundary I'y of € is represented as z1 = z1(s), x2 = x2(s), 0 <
s < L, and z;(0) = z;(L), j = 1,2. Furthermore, I'y is divided into segments {75} by
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the points 27 = (z1(s;), 2(s7)), i = 1,2,-+-, No. with 0 = 59 < 51 < --- < sy, = L.
We define

ho = max |[s;+1 — S;
2 1§i§N2| i+1 z|7

and this partition of I'y is denoted as J,.

Define
Shy = {vn € CO(Ql) |vp, |7, is a linear function on 71, V1 € Jp, },
(3.5)
Ky, = {v" € Sy, v >0 on Ty},
Sh, = {Mh | ,uh|T2 is a constant, V15 € Jp,, and phds = 0}~ (3.7)

I'>

Obviously, Kj, is a closed convex subset of Sy, and it is nonempty. Sy, and Sp,
are two regular finite element spaces in the sense by Babuska and Aziz26l which satisfy
the following approximation property:

: h h
o {llur = o"F g, + lur = 0" [1—a:} < Cahi®(lwallisa0, + lurllivan],
h1

+lloll_1
2

) 2 +0¢7F2] '

inf o — u|?
(o= aIP »

oot le =l Y < CRR el
202 2 2
By the abstract error estimate (3.4), we obtain

Theorem 3.2. Suppose that Sy, and Sy, are given by (3.5) and (3.7), f and
the solution (uy,0) satisfy the assumptions of Theorem 3.1. Then the following error

estimate holds:

(w1 = ut, o = ")y, <Cofhi*(lurliaq, + luilican]

2« 2
R (G T (3.8)

where C’a s a constant independent of h1 and hs.

From above it is easy to see that we can choose the subspaces K}, and S, indepen-
dently. We avoid a faster mesh refinement of the boundary elements than that of the
finite elements required by Wendland2%). For optimal error estimate, we should take
h1 = hs.

References

[1] J.M. Aitchison, A.A. Lacey, M. Shillor, A model for an electropaint process, IMA. J. Appl.
Math., 33 (1984), 17-31.

[2] I. Babuska, A.K. Aziz, Survey lectures on the mathematical foundations of the finite element
method, In: Aziz, A.K., ed., The Mathematical Foundations Of The Finite Element Method
With Applications To Partial Differential Equations. Academic Press, New York, (1972)
5-359.

[3] H. Brezis, Problems unilaterux, J. Math. Pures Appl, 51 (1972), 1-168.

[4] F. Brezzi, C. Johnson, On the coupling of boundary integral and finite element methods,
Calcolo, 76 (1979), 189-201.



570

[5]
(6]

W.J. TANG, HY. FU AND L.J. SHEN

P.G. Ciarlet, The Finite Element Method For Elliptic Problems, North-Holland, 1978.

M. Costable, Symmetric method for the coupling finite elements and boundary elements, In
Brebbia, C.A., Wendland, W.L., Kuhn, G., (eds.), Boundary Element IX, Vol. 1, Springer-
Verlag, (1987) 411-420.

M. Costable, A Symmetric method for the coupling finite elements and boundary elements,
In Whiteman, J.R., (ed.), MAFELAP, 1987, Academic Press, 1988, 281-288.

G. Duvaut, J.L. Lions, Les Inéquations en Mécanique et en Physique, Dunod, Paris, 1972.
K. Feng, D.H. Yu, Canonical integral equations of elliptic boundary value problems and
their numerical solutions, In: Proceedings Of The China - France Symposium On The
Finite Element Methods, April, 1982, Beijing, Gordon and Breach, New York, 211-252.
G. Fichera, Problemi elastostatici con vincoli unilaterali: il problema di Signorini con am-
bigue condizioni al contorno, Mem. Accad. Naz. Lincei, 7:8 (1963/64), 91-140.

A. Friedman, Variational Principles And Free-Boundary Problems, Wiley, New York, 1982.
R. Glowinski, Numerical Methods For Nonlinear Variational Problems, Springer-verlag,
New York, 1984.

R. Glowinski, J.L. Lions, R. Trémoliéres, Numerical Analysis Of Variational Inequalities,
North-Holland, Amsterdan, 1981.

H. Han, A boundary method for Signorini problems in three dimensions, Numer. Math.,
60 (1991), 63-75.

H. Han, A direct boundary method for Signorini problems, Math. Comp., 55 (1990), 115-
128.

H. Han, A new class of variational formulations for the coupling of finite and boundary
element methods, J. Comput. Math., 8 (1990), 223-232.

H. Han, The boundary integro-differential equations of elliptic boundary value problems
and their numerical solutions, Sci. Sinica, Ser.A29 (1988), 1153-1165.

G.C. Hsiao, The coupling of BEM and FEM - a brief review, In: Brebbia, C.A. et al. (eds.):
Boundary Element X, Vol. 1, Springer-Verlag, Berlin, (1988), 431-445.

G.C., Hsiao, The coupling of boundary element and finite element methods, Z. Angew.
Math. Mech. (ZAMM), 70:6 (1990), T493-T503.

C. Johnson, J.C. Nedelec, On the coupling of boundary integral and finite element methods,
Math. Comp., 35 (1980), 1063-1079.

M.N. Le Roux, Méthode délémenta finis pour la resolution numérique de probleres extérieurs
en dimension 2, R.A.I.R.O. Anal. Numer., 11 (1977), 27-60.

J.L. Lions, G. Stampacchia, Variational inequlity, Comm. Pure Appl. Math., 20 (1967),
493-519.

J.C. Nedelec, Integral equations with nonintegrable kernels, Integral Equations Oper, The-
ory, 5 (1982), 562-572.

C. Pollizztto, A symmetric definite BEM for formulation for elasto-plastic rate problem. In:
Brebbia, C.A., Wendland, W.L., Kuhn, G.(eds.), Boundary Element IX, Vol. 2, Springer-
Verlag, (1987), 315-334.

A. Signorini, Sopra alcune questioni di elastostatica, Atti della Societa per il Progresso della
scienza, 1933.

W.L. Wendland, On asymptotic error estimates for the combined boundary and finite ele-
ment methods, In: Innovative Numerical Methods in Engineering. Shaw, R.P., et al. (eds.):
Proceedings of the 4th Int. Symm., Springer-Verlag, Berlin and New York, (1987), 55-69.



