Journal of Computational Mathematics, Vol.14, No.2, 1996, 143-158.

A CLASS OF FACTORIZED QUASI-NEWTON METHODS FOR
NONLINEAR LEAST SQUARES PROBLEMS*

C.X. Xu X.F. Ma M.Y. Kong
(Department of Mathematics, Xi’an Jiaotong University, Xi’an, China)

Abstract

This paper gives a class of descent methods for nonlinear least squares solu-
tion. A class of updating formulae is obtained by using generalized inverse matrices.
These formulae generate an approximation to the second part of the Hessian ma-
trix of the objective function, and are updated in such a way that the resulting
approximation to the whole Hessian matrix is the convex class of Broyden-like up-
dating formulae. It is proved that the proposed updating formulae are invariant
under linear transformation and that the class of factorized quasi-Newton methods
are locally and superlinearly convergent. Numerical results are presented and show
that the proposed methods are promising.

1. Introduction

This paper deals with the problem of minimizing a sum of squares of nonlinear

functions m
1 1
Fla) = 5 (i) = gr(@)r(a) (1)
i=1
where r;(z),i = 1,2,---,m are twice continuously differentiable, m > n, r(z) =
(r1(z),r2(x), -, 7m(z))T and “T” denotes transpose. Nonlinear least squares problem

is a kind of important optimization problems and is appeared in many fields such as
scientific experiments, maximum likelihood estimation, solution of nonlinear equations,
pattern recognition and etc. The derivatives of the function f(x) are given by

9(z) = vf(z)=A)r(2) (2)

m

Gla) = v°f(z) = Ale)T A(z) + Y _ri(e) v ri(2) (3)
i=1
where A € R™*™ is the Jacobian matrix of r(x) and its elements are a;; = Or;(z)/0z;,
t=1,2,---,m,j=12---,n
Various iterative methods for problem (1) are available and can be divided into two
kinds, trust region methods and descent methods. Trust region methods are globally
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convergent, but complicated in implementation. In this paper we consider Newton-like
descent methods. Suppose that z(*) is a current estimation of the minimum point z*.
A descent direction d®) is assigned to #*) by solving a system

Bid® = —g® (4)
and a new estimate point is generated by
* D = 20 4 g q®) (5)

where g(*) = g(:z:(k)), By, is a symmetric positive definite approximation to the Hessian
matrix Gy, = G(z®)), oy, is a step length determined by line search. An ideal choice for
the step length is

ap = arg I;l;l&f(x(k) + ad®). (6)

Since the ideal choice of the step length is impracticable and unnecessary, inexact line
searches are usually carried out to give a step length satisfying

F@® 1 apd®) < F2®) + pagg® T a® (7)
| g(z® 4 apd®Td® (< —gg® gk, ®)

With p € (0,3) and o € (p, 1), an interval of acceptable a values always exists and an
efficient line search strategy to find such a step length can be found in [2].

Different choices for By in (4) generates different descent methods. For example,
the Gauss-Newton method with By = AgAK and the quasi-Newton methods with
B;. being obtained from qausi-Newton updating formulae are well known. Since Bj
in the Gauss-Newton method is obtained by neglecting the second part of Gy, the
method is expected to perform well when residuals at x* are small enough or the
function r;(z),i = 1,2,---,m are close to linear. The quasi-Newton methods such
as the BFGS method and the DFP method approximate the whole Hessian matrix
by using quasi-Newton update formulae and information obtained from first derivative
values. However the quasi-Newton methods do not take account of the special structure
of the problem.

Another kind of descent methods for nonlinear least squares is the hybrid method
between the Gauss-Newton and the quasi-Newton method®:20. Depending upon the
outcome of a certain test, the method chooses By, to be either the Gauss-Newton matrix
or the result of applying an updating formula to Bj,_;. Numerical experiments!'% show
that hybrid methods match or improve on the better of the Gauss-Newton and the
quasi-Newton methods for every test problem and therefore give reliable, superlinearly
convergent methods that contain the best features of both the Gauss-Newton and the
quasi-Newton methods.

Since the Jacobian matrix A(z) is usually calculated analytically or numerically in
nonlinear lesat squares algorithms, the first portion A(x)T A(z) of G(z) is always readily
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available. It is only necessary to approximate the second part of G(z). If we use Sk to
denote an approximation to this part, the search direction d*) can be calculated by

(AT Ay, + Sp)d® = — AT () = _ (k) (9)

Updating formulae to generate S have been proposed®® and formulated methods
are called structured quasi-Newton methods. However, the matrix AzAk + Sp may
be indefinite and it is not clear how to construct updating formula for Sy such that
AgAk + S}, is positive definite.

Yabe and Takahashi®® proposed a factorized quasi-Newton method, in which the
direction dj, is computed by

Brd®) = (A, + L) (A 4 L) Td® = —¢*) (10)

and Lj is generated by updating formulae such that L;{Lk + LgAk + A{Lk is an
approximation to the second portion of GG. Variatonal method is used to give updating
formulae for L and the resulting matrix By, = (A + Lg)T (Ag + Ly) is either a BFGS-
like or a DFP-like updating. The positive definiteness of the matrix By is guaranteed
when the matrix A + Ly, is full rank.

In this paper we propose a class of factorized quasi-Newton updating formulae for
nonlinear least squares solution using generalized inverse of matrix. The BFGS-like
and the DFP-like updating formulae proposed by Yabe and Takahashil'3l are special
cases of the class. The derivation of these updating formulae is given in section 2.

In section 3, it is proved that the factorized quasi-Newton updating formulae are
also invariant under linear transformation.

Convergence properties of the factorized quasi-Newton methods are discussed in
section 4. It is shown that these methods are locally and superlinearly convergent.

Numerical experiments and comparison are presented in section 5. The comparison
shows that the sized factorized quasi-Newton method is as efficient and robust as the
hybrid methods in [10].

At the rest of this paper, we make the following assumptions for nonlinear least
squares problems (1):

(A1l): G(z) and A(z) are local Lipschitz continuous at a local solution z* of the
problem (1), that is, there exist a neighbourhood N (z*,€) of * and constants Lg > 0
and L4 > 0 such that

|G(z) = G(z")| < Lallz — 27||, Vo € N(z",€) (11)
[A(z) = A(z")|| < Lallz — 2*[|, Vo € N (2", €) (12)
where
N(z* €) ={z | |z — 2™ < €}

(A2): G(x*) is positive definite, that is, there exist constants M > m > 0 such
that
m < ||G(a")]| < M (13)



146 C.X. XU, X.F. MA AND M.Y. KONG

In this paper || e || denotes the 2-norm for vectors or matrices, while || ® ||z denotes the
Frobenius norm of a matrix. Then there exist constants > 7 > 0 such that

Tlellr <lell <nlelr. (14)

2. Factorized Quasi-Newton Updating Formulae

In quasi-Newton methods, the matrix By is required to satisfy the quasi-Newton

equatz’on[s]
Bk+15(k) — 7(/’f) (15)
where
5K — p(+1) _ (k) (16)
7(lf) — g(k+1) _ g(k). (17)

For nonlinear least squares problems, when By, is choosen to be the form By = (Ay +
Li)T(Ay, + Ly), the equation (15) becomes

(Aps1 + Lir1) " (Agg1 + Lig1)6®) = 8. (18)

Another possible choice for ’y(k) is to use the special structure of problem (1) and to
define
V(k) = (Ap+1 — Ak)TT(kH) + A£+1Ak+15(k)- (19)

Numerical experiments!!®) show that quasi-Newton methods with v*) in (19) gives
better results. It comes from the knowledge of matrix theory® that the solution of
equation (18) exists if and only if there is an m-vector h such that each of equations

(Apr + L) R =40 (20)

(Aps1 + Lis1)d® = h
is consistent and .
BThH = 5k 7(k) (21)

For convenience, we introduce the following notations

Lit1 = Apy1 + L
L = Apyy + Ly

T
The system (20) can be rearranged into

SO IE, = nT (22)

L h =A™,
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Suppose Bif is nonsingular. Then a possible choice for h is
# s(k #p# L (k
h=aLis®™ +bL7Bff AW (23)

where a and b are constants. Then each equation in (22) is consistent and a general

solution of (22) can be expressed as!¥

Ly = UOVT Ry _gWyyRyM) 1y = X, +Y (24)

where U = 5(k)T, V = h, UM and V() are the generalized {1}-inverses of matrices U
and V, respectively, Y is any matrix satisfying

UY =0, YV =0. (25)
Combining (21) and (23) gives an equation for constants a and b
260 BES®) 4 2qhs® T ®) 4 2, (0T B§—17<k> — BT, (26)

It can be verified that matrices

hT 1 T 4T T -1 _ 4T
WO = g = st @ L W BT (27)
Y
1
sy — 1 sk 28
) ST 5k) =

are the {1}-inverses of matrices U and V, respectively. Using (26)-(28) and after some
manipulation, we have

T T T -1 T
AW TLET T g

X = + 29
’ ST (0) STy (k) (29)
One possible choice for Y is
_ #5k) 5 T p#T k) 5k
Y =L}’ e T5 Li ) 1a I—% el (30)
s B 5k 5T )

It is obvious that UY = 6"V = 0 is satisfied for any constants ¢ and d. Furthermore
if ¢ and d are choosen to satisfy

ad be
s®TA®) 5w T BF k)

(31)

then YV = Yh = 0 is also satisfied. If a constraint

c+d=1 (32)
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is imposed, then (26), (31) and (32) form a system of 3 linear equations with 4 un-
knowns, that is, there is one degree of freedom left in the choice of values of parameters
a,b,c and d.
Substituting (29), (30) into (24), and using (32) generates a class of updating for-
mulae for Ly:
Lzz;(k),y(k)T Lt Bljﬁ‘lfy(k»y(k)T L;f(;(k)(;(k)T B}

Liyi=Lp+(a—d +b - )
k+1 K+ (a—d) 5(k)T7(k) 5(k)T,7(k) ‘ 5(k)TBzf5(k) (3

The resulting updating formulae for By 1 = (Agr1 + Lpy1)? (Aps1 + Liy1) are

B;jg(k)g(k)T B} - dﬂ(k)g(k)T BY + Blfg(m(k)T

Bj1=B]" — (¢ + 2cd)

5T BF 5 50Ty ()
)T g# (k) )T g#=t (k)
90 Tk52+2ab ; —1—627 Tk 72
(5(k> W“)) §(k) 7 (k) (5(k> W“))
T
20W BESW N ) T
T o\2 AN
(5(k> ~( ))
=B + BB (34)

where a = ¢ + 2cd, = d?>,a+ B = (c+d)? =1

T T
BFGS _p# _ Bifs®k)gk)" B# (k)5 (h)

BPFS= 35
S O IR GG (35)
T T T T
i op BESWA®T 05w g# 50T B0\ k) (k)
BPFP =B - - +(1 . 1. (36)
50T (k) s k) | 50Tk

The formulae (35) and (36) are the BFGS-like and the DFP-like updating formulae
proposed by Yabe and Takahashil'3. It can be seen from (35) and (36) that if B,f’E
is positive definite and 5(k)T’y(k) > 0, then the resulting matrix By in (34) is also
positive definitel®.

For choices of values of parameters, we give two special cases. When a = 0 is chosen,
equations (26), (31) and (32) generate

1
b= (5(k)T’y(k)/’y(k)TB,f_lfy(k)) i ,c=0,and d = 1.

The updating formula for Ly is
#p# (k) 0T # 5(k) (k)T
Ly = Ly + LBy 7 T — Lid Tfy (37)
T T #—1 2 (5(k) ’y(k)
ST (k) (R)" BIF "y (k)
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and the corresponding updating formula of By is (36). When b = 0, the values of a, ¢
and d are

1
a= (5(k)T’y(k)/5(k)TB#5(k)> ’ ,d=0,andc=1
The updating formula for Ly is
Lk#guc)y(k)T Lk#g(k)(s(k)T B}

L1 =L+ T T
(30174 5007 ptg)? O B 5k

(38)

and the corresponding updating formula of By is (35). It can be seen from (34)-(36)
that when values of parameters a,b, c and d are determined from equations (26), (31)
and (32), the matrix [k is updated in such a way that the resulting matrix By =
(A + Lp)T (Ag, + Ly,) consists of a convex class of Broyden-like updating formulae and
the BFGS-like and the DFP-like updating formulae are two extremes of this convex
class.

For small residual problems, the second part of G(az(k)) converges to zero as z(k)
approaches z*. In this case, it is necessary for Sy = Li Ly + LT Ay + AT Ly to
converge to zero, so that the method can be expected to be comparable with the
Gauss-Newton method. Since the quasi-Newton updates do not generate zero matrix,
sizing strategy can be employed to force the updated matrix converging to zero. Various

3:13] " Among them we prefer Biggs sizing factor(®

sizing strategies are available
Br = min{r(k+1)TT(k)/r(k)Tr(k), 1} (39)

which is computationally simple and efficient.
With the sizing strategy, the updating formulae (33) and (34) can be reexpressed

as
o LI O K 5 3 MOMOR
Lis1=Bp Ly + (a — d)==~ bk
k1=l + (a = d) 50T (k) 5k T (k)
T# (k) s(k)T p#
ey w
51 B 50
Bip=aBPT® + BT (41)
_ ., BEskswTpE Ry mT
S (@)
50T B 5(k) 5k~ (k)
= T T A T 5 T
prp_ae BESEAWT LWk B ROz IORWMOMNE
Bt =Bi k)T (k L ey T 43)
5k T (k) SRk ) 5T (k)
where

L =pLy, + Apr
Bf=L¥TL¥
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3. Invariance

It is well known that quasi-Newton methods with fixed step length «y or with ay
determined by (7) and (8) are invariant!®! under general linear transformation. When
using an invariant method, the performance is not easily upset by a problem in which
G is ill-conditioned, because one can implicitly transform to G = I without changing
the method. In this section we discuss the invariance of the factorized quasi-Newton
methods for nonlinear least squares.

Let T be an n X n nonsingular matrix, b an n-vector. Consider the linear transfor-

mation

y=Tx+b. (44)

Then f(z) can be regarded as being computed either from x or from y. The derivatives
of f with respect to x and the derivatives of f with respect to y have following relations:

9.=T"g, (45)
AT=T" AT (46)
G.=TTG,T. (47)
With these relations, we have
5(k) 5(k) (48)
( )=TT~P. (49)

Theorem 3.1. Updating formulae (33) and (34) are invariant under linear trans-
formation (44).

Proof: At first, we prove the conclusion holds for the BFGS-like updating formula,
that is, (38) and (35).

Let
Lf =(rH'Lf (50)
Then
By = (A + L) (A + L) = (T HT B, 77! (51)
LT = (Ag + L))" = (r YT " (52)
where “~” is used to denote quantities in y-space. Now we prove, by induction, that

following relations hold for all k£ > 1.

E# _ (T—I)TB#T—I

Li =@ YL,

By = (T By T (53)
L, " =@ LT
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For k = 1 using (52), we have

B = L¥TLY = (r )T L#Tr#r—' = (r—"T'Bf ! (54)
while using (48), (49), (50), (52) and (54) we obtain

IT—iT + FOFOTLHFT - BESOGOTE#T

S oS0
(B30 50T BF5)? dTBF 5

7(1)5(1)TL71§£T B 3#5(1)5(1)TL?&T

=(T) | LT + .
(5(1)T,Y(1)'5(1)TB#5(1)) > ST B (1)

=(TH)"'L3. (55)
Then using (46) and (55) generates

EQZ(gQ + EQ)T(gQ + Eg) = (T_I)T(AQ + LQ)T(AQ + LQ)T_l
=T B,1!
LIT=(As+ Ly)" = (1Y) (A3 + L)' = (17 H)T'LY

which completes the proof that (53) holds for £ = 1. In the same way, we can prove
that (53) hold for k = > 1 with an inductive assumption being made.

In a similar way, we can prove the conclusion holds for the DFP-like updating
formula, that is, (37) and (36). Then the expression in (33) and (34) show that the
conclusion of theorem holds and the proof is completed.

Theorem 3.1 indicates that the factorized quasi-Newton methods with step length
oy, determined by (7) and (8) or with fixed step length oy are invariant. So without
loss of generality, we assume, at rest of the paper, that

G(z*) =1. (56)

4. Convergence Properties

In this section we study the convergence properties of the factorized quasi-Newton
methods. As regards global convergence, the method could be equivalent to the fa-
mous BFGS method for which global convergence is still an open question. So local
convergence properties of the methods are concerned, and superlinear convergence rate
is proved under assumptions (A1) and (A2). The continuity of A(x) and G(z) implies
that there is a neighbourhood, N(x*,€) say, of * and constants ¢; and 3 such that

|A(z)|| < ¢1,Ve € N(z%,¢€) (57)
|G(2)|| > B,Yz € N(2%,€) (58)
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and for any z(®), 2(F+1) € N (2%, ¢)

s k) — / LSBT G 4 150950 g1 > 5100 2. (59)
0

Thus if 6() £ 0, then 5(k)T’y(k) > (. In this case, as long as the matrix Bif is positive
definite, the matrix By, obtained in (34) is also positive definitel®!.
Following lemma is basic for our convergence results.

Lemma 4.1.  Suppose that the conditions (A1) and (A2) are satisfied.
Let 0 € (0,1). There exist 0 < €(0) < € and 6(0) > 0 such that when the point
%) and the matriz Ly, satisfy

l2® — 2" < €(9) (60)
1(Ak + Li) " (Ar + L) — I||r < 26(6) (61)
then By, = (A + Li,)T (A + Ly) is positive definite and the point
gD = (k) _ Bk_lAgr(k) (62)
is well-defined for A{r(k) # 0, and
lz®*Y — 2% < 6)|2®) — 2| (63)
Furthermore, the matriz B,fé 1s also positive definite and

[(Ag1+Lgs1) T (Ags1 + Liyr) — I||p
<(1+ plla® — 2* )| By, — I||7 + pljz® — 2| (64)

where Ly is obtained from Ly by using updating formula (34) with parameters c+d = 1
and i is a positive constant.
Proof: For given 6 € (0,1), choose €(f) and §(#) small enough such that

Mme(0) < 0/(1+6) <1 (65)
(14 6)(Lae(8) +205(6)) < 6 (66)
2(1 + 0)2((206(0) + 1)% + 2c1)Lae(f) <w < 1 (67)

Since ||[I]|||By — I]| < 276 < 6/(1 4+ 6) < 1 the pertubation lemmal’? implies By, is
nonsingular and
B <146 =co. (68)

Hence By, is positive definite and the iterate (62) is well-defined when A7r(*) 2 0.
Using ¢* = 0 and G* = I we have, with (66)
12+ — 2% =2® — B g™ — o7
<IB M [I9® = g7 = @® — &) + 1B = I][]a®) - 2*]]
<ca(Lge(9) +206(0))[lz™ — 2|
<0)ja® — 2.
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Since
1Bell < 1Bk — 11| + ]| < 216(0) +1 = c3 (69)
1
Lkl < [|Lk + Al + [[Akll < ¢§ + a1 =ca (70)
we obtain
IBY — Brll <2l Lilll Ars1 — Akl + 1Akl + 1A A1 — Agll
<2eq + 1) Lallz® D) — 2B
<2(cq +c1)Lae(0)(1+0) (71)
and
1B BE = Bill < 2(1 + 0)*(ca + c1) Lae(f) < w. (72)
Then the pertubation lemma again gives that Bif is nonsingular, hence positive definite,
and
IBEH < 1B /(1 w) (73)
IBEN < 1BE = Bill + | Bill < 21+ 6)*(ca + 1) Lac(6) + ¢3 = cs. (74)

Now we denote the updating formula (34) by Byxi1 = upd(Bzf,&(k),v(k)) and set a
matrix B) , = upd(Bif, 6®) §(-)). Then following relations!'!l hold among matrices
Bis1, By, and BY,

IBit1 — By llr < (1B — I|p +2)0(|2® — 2|)) (75)
IBpyr — Ille < |Bf — I||e. (76)

With these two relations and (71), we have

IBrs1—1IllF < [1Be1 = Bryallr + 1 Biyy — Illr
<(1+0(|a® —a*)IBf — I|lr + O([z™ —2*)
<(IBf = Billr + 1Bx = I|[#)(1 + O(Ja® — 2*|))) + O(|a*) — 2*)
<(1+0([lz" = &*D)IBy — I||r + O(||z™ — 27|])
<1+ pllz® =2 |)IBk — I|lp + pl|z® — 2| (77)
where y is large enough such that O(||z®*) — z*||) < pl|z® — z*||.

With Lemma 4.1, the convergence result of the factorized quasi-Newton methods
can be described as follows.

Theorem 4.2. Suppose that the assumptions of Lemma 4.1 are satisfied, and €(6)
and 6(0) are small enough such that besides (65)-(67),

(2016(6) + p)e(8) < 5(8)(1 — 6)
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1s satisfied. Then for any initial point
2 e Ny = {z] ||z — 2" < e(6)} (78)
and any initial matriz
Lye Ny ={L | [|(A+ L) (Ai+ L) = I|[r <6(0)} (79)

the sequence {x(k)} generated by (62) is well defined and linearly convergent to x* at a

rate
[2®HD) — 2| < 0)la® — 2| k=12, (80)

where updating formula (33) is used to generate {Ly}. Furthermore, sequences {| Bkl },
{1B; M1}, {HBZfH} and {||B,f&_1\|} are uniformly bounded.

Proof: By Lemma 4.1, we only need to prove that (60) and (61) hold at each
iteration. This can be done by induction.

By assumption made in theorem, (60) and (61) hold for k = 1. We prove that (60)
and (61) also hold for k = 2. By Lemma 4.1, (61) is obviously satisfied for k = 2. From
(79), (64) and (77), we have

1B — IF<I|By — Il + (216(0) + w)l|e® — 27
<5(6) + (215(8) + p)e(8) < 25(6)

Hence (60) and (61) hold for k = 2.

Now, assume that (60) and (61) hold for £k =1,2,---,1 we prove (60) and (61) also
hold for k =+ 1. By Lemma 4.1, (60) is obviously satisfied. By inductive assumption,
(64) holds for k =1,2,---,1. Using (64), (77) and (79), we obtain

1Biv1 = e = | Bi = Illp < (2umd(0) + p)0' |2 — 27|

. Summing both sides from k =1 to [ — 1 generates

-1

|Bias — IIp<|B1 — Ilp + (216(8) + )] — || 3 6"
k=1
<3(6) + (2u3(8) + we(6) /(1 - 0) < 25().

Hence both (60) and (61) hold for £ = [+ 1, which completes the inductive proof. Then
Lemma 4.1 shows that the sequence {z(*)} is linearly convergent and (68), (69), (73)
and (74) tell that sequences {[|Bgll}, {I B 1}, {IBEI} and {|BF ||} are uniformly
bounded.
Finally, by a similar way to the proof of Proposition 4 in [11] we can obtain
(B — Do®|

R O
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Then by Theorem 2.2 in [7], following superlinear convergence result is obtained.

Theorem 4.3 Suppose that all the conditions of Theorem 4.2 hold. Then the sequence
generated by (62) converges superlinearly to = that is

(k+1) _ .x
o) —ar)

1i

5. Numerical Results

Numerical experiments have been performed on a personal computer, and 27 test
problems are used to compare the factorized quasi-Newton methods with various avail-
able methods. The information about these test problems are given in Table 1. The test
problems are ordered in optimal values of functions, with “Z”, “S” and “L” being used
to denote zero, small and large residual problems, respectively. The first column of the
table gives names of tested problems where Osborn 1 stands for the first Osborn test
problem, Freudstein(1) and Freudstein(2) denote the Freudstein test problem with dif-
ferent initial points, Chebyquad[6] and Watson[6] denote Chebyquad and Watson test
problems with 6 variables, while Signo.[6-2] stands for the Signomial test problem[!!
with m = 6 and n = 2, and so on.

Following methods are compared on the test problems:

GN: Gauss-Newton method

BFGS: normal BFGS method

FX: hybrid method"” between GN and BFGS

F-BFGS: factorized BFGS method (with ¢ =1,d = 0)
F-Broyden: factorized Broyden method (with ¢ =d = 3)
S-F-BFGS: sized factorized BFGS method

S-F-Broyden: sized factorized Broyden method

In the implementation of these methods, search direction d®) is computed from
equation (1.4) with different choices of Bx. In GN, F-BFGS, F-Broyden, S-F-BFGS
and S-F-Broyden methods, this is done by forming LL” factors of the matrices A" Ay,
and (Ay + Li)T(Ay + L) using QR factorization technique. In normal BFGS method
LDLT factors of the matrix By, is updated by calling the subroutine MC11A®). The
line search method? is employed to determine a step length. This line search method
is specially designed for nonlinear least squares solution. Line searches are terminated
when oy, satisfies both the conditions (7) and (8) with parameter values p = 0.01 and
o = 0.1. The iteration is terminated when

(1) ¢ =0 or
(2) f®B) — fE+D <1078 max(1, ) or
(3) The prreset maximum number (100) of iteration is approached
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Table 1. Test Problems

Problem m | n g)) Optimal value | Type
Woods 7| 4 ] (-3,-1,-3,-1) 0 Z
Eugvall 51 3 | (1,2,0) 0 Z
Helix 3 | 3 | (-1,0.001,0.001) 0 Z
Box 10| 3 | (0,10,20) 0 z
Beale 3|2 ](0.1,0.1) 0 Z
Freudstein(2) 2 | 2| (6,6) 0 Z
Rosenbrok 2 | 2| (-1.2,1) 0 Z
Singular 44310 1) 0 z
Chebyquad|[6] 6 | 6 | (1,23,-6)/7 0 Z
Chebyquad[9] 919 |(1,23,-,9)/10 0 Z
Osborn 1 33| 5 | (.5,1.5,-1,.01,.02) .5464804E-4 S
Kowa.&Osb. 11| 4 | (.25,.39,.415,.39) .3075055E-3 S
Watson|[6] 311 6 | (0,0 ) .2287659E-2 S
Chebyquad|[8] 8 | 8 (1,2 3, )/9 .3516872E-2 S
Chebyquad[10] | 10 | 10 | (1,2,3,---,10)/11 | .4772715E2 | S
Bard 151 3 | (1,1, 1) .8214878E-2 S
Madsen 312131 773199 S
Freudstein(1) 2 | (15,-2) .4898425E+-2 L
Meyer(2) 16 | 3 | (0.005,6140,340) | .8793119E+2 | L
Jennrich 10| 2 | (0.3,04) .1243622E+3 L
Modified Box 10 | 3 | (0,10,20) .3073099E+3 L
Signo.[6-2] 6 | 2 | Random generate | .894283E-+4 L
Signo.[10-2] 10 | 2 | Random generate | .1218381E-+5 L
Signo.[18-6] 18 | 6 | Random generate | .4540915E+5 L
Signo.[12-4] 12 | 4 | Random generate | .7746263E-+5 L
Brown 20 | 4 | (25,5,-5-1) 8582217TE+5 | L
Signo.[20-4] 20 | 4 | Random generate | .158455E+-6 L

A FORTRAN 77 program with single precision was coded to carry out these exper-
iments. Numerical results are given in Table 2, where F denotes failure of convergence
at a local solution. Each entry in the table contains the number of iterations, function
evaluations and gradient evaluations required to terminate the iteration. From the ta-
ble, we can see that the factorized quasi-Newton methods are as robust as the BFGS
and the hybrid methods, that is, the factorized quasi-Newton methods solve almost all
the test problems. Especially, the sized factorized Broyden method is comparable with
the hybrid method FX, which is known to be the currently most preferred nonlinear
least squares method%.
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Table 2. Numerical results

|Problem GN | BFGS | FX |F-BFGS |F-Broyden|S-F-BFGS|S-F-Broyden
Woods 438345 T F F |43 86 45[40 77 42[41 79 42
Eugvall 9 17 10|12 27 14| 9 17 10[16 32 17]14 31 18 [12 20 13|12 20 14
Helix 58 6|/7118[5 8 6[5106|6 11 7|6 10 7|6 10

Box 59 7/8129[5 9 7|5 76|57 6|57 6|5 7 6
Beale 510 7|7 2110[7 20118 19 10/8 21 10|6 17 8 |6 17 8

Freudstein(2) F 711 7|6 13 6(6 9 6|5 9 5|6 9 6|6 10 6
Rosenbrok 18 27 18|15 26 16|16 28 16|15 26 16|15 30 16 |14 25 15|14 25 15
Singular 4 8 7|112417/4 8 7|9 1411|1020 14|10 16 13|10 16 13
Chebyquad[6] |5 16 7|8 1910{5 16 7|6 17 8|6 16 8 |5 15 7|5 15 7
Chebyquad|[9] F 14 26 18/ 6 11 8|15 47 26{1042 118 15 9|9 16 10
Osborn 1 9 15 9|23 44 27|10 19 12|23 42 30 F 21 44 28|19 41 29

Kowa.&Osb. |6 19 911022 12|6 17 8|6 17 8|6 17 8 |6 17 8 |6 17 8
Watson|[6] 8§ 6(318335/6 8 7(122012|1014 10|8 12 9|7 9 7
Chebyquad|[8] F 10 23 13(13 35 16|15 39 18|12 30 15 (13 34 17|12 28 14
Chebyquad[10] F 14 30 20{10 25 12|36 75 38|13 31 16 |26 57 29|13 28 15
Bard 5 7 7(815 9|5 7 7|6 9 7|6 9 7|6 8 6 8 7
Madsen 5105(6 9 6|516 6|5 8 5|5 7 5|5 11 4 12 4
Freudstein(l) |5 6 5|6 9 6|5 6 5/5 8 6|5 8 6|5 7 6|5 7 6
Meyer(2) 411 416 19 6|4 11 4(6 15 6|9 59 5 1999 216 60 8
Jennrich F 8§ 2410{6 16 6|8 23 8{9 25 9|7 20 9 |8 15 8
Modified Box |6 29 10|13 45 10| 9 46 11|13 39 18|13 37 16 |12 44 17|12 46 17
Signo.[6-2] 3 8 341243 8 3|4 8 4|5 17 5|4 10 4|4 12 4

Signo.[10-2] 8§ 20 89 24 9|8 22 8|7 20 9|8 19 108 14 9 |10 24 11
Signo.[18-6] 26 53 29|25 54 26(17 39 19|14 35 15|14 37 16 (14 39 15|15 31 15
Signo.[12-4] 18 51 18|14 38 16| 9 18 9|11 42 13|13 34 14|12 36 14|12 39 12
Brown F 10 20 11{10 22 11|11 22 12(12 22 12 |11 20 11|12 20 12
Signo.[20-4] 21 47 23|29 71 34|11 25 12|21 55 24|27 76 32 |16 41 16 |16 39 18

6. Conclusion

Efficient and robust descent methods for nonlinear least squares problems are con-
sidered in this paper. The search direction d®) is computed using (4). A class of
updating formulae for generating Ly is derived such that Ly Ly + LpT Ax + ArT Ly
approximates the second part of G(x(k)). Generalized inverse method is used and Ly
is updated in such a way that the resulting updating formula for By is the convex
class of the Broyden-like updating formula. Sizing technique is employed to enforce
the approximation to approach zero for zero and small residual problems. It is shown
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that the factorized quasi-Newton methods with fixed step length or with a step length
determined by (7) and (8) are still invariant. When the condition of full rank on matrix
Aj + Ly is imposed (Lemma 4.1), the matrix By, is positive definite and the search di-
rection d(®) is descent. Local superlinear convergence property is analyzed. Numerical
experiments show that the sized factorized Broyden method is as efficient as the hybrid
method FX, that is, the method matches and improves the performance of the better
of the GN and the BFGS methods in almost all test problems.

After we finished this paper, it is pointed out to us by Prof. Yuan'® that similar

resuts have been obtained by Yabe and Yamakil'4.
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