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Abstract

The multigrid algorithm in [13] is developed for solving nonlinear parabolic
equations arising from the finite element discretization. The computational cost
of the algorithm is approximate O(NyN) where Ny, is the dimension of the finite
element space and NN is the number of time steps.

1. Introduction

The finite element methods for solving nonlinear parabolic problems are studied by
many authors, such as Douglas and Dupont!®/, Wheeler®!, Luskinl®!, etc. They proposed
various ways of computing the problems and proved the optimal order convergence rates
of the methods, such as the linearized methods, the predictor-corrector methods, the
extrapolation methods, the alternating direction methods and the iterative methods!?,
etc. The multigrid methods for solving parabolic problems are studied by some authors,
such as Hachbusch*1%| Bank and Dupont!!?, Brandt and Greenwald® as well as
Yul'3l. But these methods are given mainly for linear parabolic equations. For nonlinear
parabolic problems Hachbusch and Brandt in [14], [15], [16] gave the multigrid methods
by using the integral differential equation and the frozen-7 technique.

In this paper we present a multigrid procedure for two-dimension nonlinear parabolic
problems. The method is an extension of our earlier algorithm in [13] for linear parabolic
problems. The iterative methods for solving the system of nonlinear algebraic equations
are avoided because the unknown function U ,?J“g in the nonlinear coefficient a(x, U, ,?Jre)
and the right term f(z,¢, U,?Jra) in the system of nonlinear algebraic equations is re-
placed by IkU,?ff in the multigrid procedure, where I, denotes an intergrid transfer
operator, 6 a weighted function and U ,?fle the solutions of the equation in the (k-1)th
level. We analyze the convergence of our algorithm and the computational cost of N
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time steps. The asymptotically computational cost is O(N Ny) where N is the dimen-
sion of the discrete finite element space and N is the number of time steps. In addition,
the methods can be applied to more general nonlinear parabolic problems.

The paper is organized as follows. In Section 2, we give the basic assumptions and
properties by using of the finite element discretizing a nonlinear parabolic equation.
In Section 3 we extend the time-dependent fully multigrid algorithm in [13] to the
nonlinear parabolic equation. In Section 4 we analyze the convergence of the algorithm
and in Section 5 we consider the computational cost and the development.

2. Notations and Preliminaries

We consider nonlinear parabolic initial value problems as follows:
{ Ouot = V(a(z,u)Vu)+f(z,t,u), (x,t) € Qx[0,T],u(z,t) =0, (x,t) € O x [0,T],u(x,0) = up(z), x € 2,2.1

where Q C R? is a convex polygonal domain, V is a gradient operator on z = (21, x2)
directions. Assume that the nonlinear coefficient a(z,p) satisfies the condition: there
are constants Ky, K7 > 0 such that

0< Ko <a(x,u) <Ky, V(z,p) € Q x R'.22

a(xz,p) and f(x,t,p) hold uniformly Lipschitz condition with respect to p, i.e., there is
a constant L > 0 such that

‘a(xapl)_a(x7p2)‘ < L’pl_p2’7 V(.’L',p) € QXR17 ’f(x7t7p1)_f(x7tap2)’ < L’pl_p2‘7 V(Z',t,p) € QX[OuT]XR123
Further assume that for any ¢ € [0,7], f(z,t,0) € L?(2). Thus by (2.3), we have
o, )] < £, 1,0)] + LG, 1)] € L2(9), Yo(z,1) € L2(Q).

The variational form of problem (2.1) is : Find a continuously differentiable mapping
u(t) = u(w,t) : [0,T] — H}(Q) such that

{ (Oudt,v) + a(u;u,v) = (f(u),v), (u(z,0),v) = (ug(z),v), Yo € H}(Q).2.4

where a(u;u,v) = [ a(z,u)VuVude, = Jo f(z,t,u)vdx.

Under the assumptions (2.3) and (2.4), a solutlon of the variational problem (2.4)
such that ||Vl feo (o) < +00, if it exists, must be unique where || V|| 00 () is defined
by

[Vl oo ooy = I Vull oo @) | oo 0,77

In the following we assume that a solution of the problem (2.4) exists and is unique.
And the solution is smooth enough for the finite element analysis.

Let I' be a mesh partition of the domain Q (the triangulation or quadrilateral
partition) which satisfies the partition quasi-uniformity conditions [17]. Since €2 is a
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convex polygonal domain, we can make the partition satisfy that 2 = U;cp7. Let M C
H{ () be the finite element space of the piecewise linear interpolation or the quadratic
interpolation corresponding to the mesh partition. Then the inverse inequality in M
holds, i.e., there exists a constant ¢y > 0 such that

lollmy < coh™Hlllz2, Vi € M, 2.5

where h denotes the maximum value in the element edge sizes of the mesh partition I’
of the domain €.

Let I be an interpolation operator from H} N H?(2) onto M. Then II satisfies the
approximation property: for Yu € H?(Q),

lu = Tull 2 + Allu — Tl g1 < ch?|lul g2, 2.6

where HP(€2) denotes the Sobolev space of p order whose norm is defined by ||¢|m».
p=0, H? = L*(9).

Let /At > 0 be a time step size, t, =nAt, J=1{0,1,2,---N}, N = [%] Assume
that the solution u of (2.4) be smooth enough with respect to ¢ so that the differential
quotient % may be replaced by the difference quotient. Set t,,19 = %(1 +0)tp 1+ %(1 -
O)ty, U = Ulz,ty), U0 = 2(1+0) U + L(1 — 0)U™, f(U) = f(x,tyig, U™TY),
6 € [0,1]. Then we have the finite element method for solving the variational problem
(2.4): Find {U’ é\le : J — My, such that

{ (untt-— U"At,v)+a(U"+9; U"+6,v) = (f(U"+9),v), Vo € Mg, (u(z,0),v) = (up(x),v).2.7

(2.7) is the Crank-Nicolson scheme when § = 0. (2.7) is the fully implicit scheme when
6 = 1. Obviously, (2.7) for any 6 € [0, 1] is a system of nonlinear algebraic equations at
each time step t; = jAt. By using of the Brower’s fixed point theorem, we can prove
that a solution of (2.7) exists. By using of the prior error estimate of the approximate
solution, we can prove that the solution of (2.7) is uniquelt?.

3. Time-Dependent Fully Multigrid Method

We now give the mesh partitions of the domain 2 (the triangulation or quadrilateral
partition) level after level. Let I'y be an initial mesh partition of the domain  which
satisfies the quasi-uniformity conditions and Q = Urep, 7. And I'y, (kK > 1) is a partition
obtained by connecting the midpoints of edges of elements in I'y,_;. Then I'; satisfies
the quasi-uniformity condition, Q = Urcr, 7 and hy, = %hk_l where hj, = max,er, hr.

Let My(k > 1) be a finite element space of the piecewise linear interpolation or
the quadratic interpolation associated with the partitions I'y (kK > 1). Then Mjy_; C

Let I be an intergrid transfer operator, I, : My_1 — My. I is defined as the
piecewise linear interpolation or the average of values of the neighboring nodal points.
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Since Mj_1 C My, I is a natural inclusion operator, i.e., Iyv = v for Vv € Mj_1.
Let I} be the conjugate operator of Iy or the restriction operator, I}, : My — My_q,
which satisfies

(Tiug, ve—1) = (uk, Iyvg—1),  Vu € My, vp—y € My_1.3.1

By the nested property of the finite element space, there exists a matrix By = [bij]n, | x N,
represented by the basis functions of the space Mj_; under the basis function of the
space M, such that I, = B,z, Il = B,[Clg}.

The intergrid transfer operator in the above definition has the properties as follows:

7) [Ixv|| 2 = ||v]lp2, Vv € My_1,17) V(o) |2 < ||Vollrz, Yv e Mg_1,3.2

where (3.2) holds by the definition of Ij.

The multigrid method for solving the system of nonlinear algebraic equations (2.7)
first makes the nonlinear terms in (2.7) linearization, i.e., a(z, U™*?) is replaced by
a(x,IkU,?jf) and f(z,t,U"?) is replaced by f(z,t, IkUgjl‘g). If the solutions U,?jll
and U]’ ; on the (k-1)th level as well as U]} on the k’th level are known, then we obtain
a system of linearized algebraic equations:

{ U —upat,o)+a(LUR U v) = (FIUP?), 0), (u(, 0),v) = (uo(x),v), Yo € My.3.3

By (2.2)and (2.3) assumptions, we can prove that a solution of (3.3) exists. In
Section 4, we will prove that the solution is unique. And the error order is O(At + h3)
when 0 # 0 and O(At? + h3) when 6 = 0.

Let {1/1'“} and {yF~ 1}N’c ' be the basis functions of My, and My,_1, respectively.
Then U,?Jrll = fvl’ "Hl/}k L and U"Jrl Zszl a"“d;k By the definition of I, we
know that LyCU"Jrl ZZ: ﬂ:”rll/}f where

n+1 — {ﬁn-i-l n+l . 5}7\1{+1}T BTOé;CH_% CMZJ'_% — {an-i-l n+1 . aN +1 }T
) ) ) k ) ) k—
Set
Ni—1 N
a) Ci = [(WF, ¥ Inoxves AR (@) = [(alZi( Y of ™) Vel Vi)l x, = [a(Y_ A el o )y
1=1 1=1

then (3.3) can be written in the vector-matrix form as:
(O 4+ 12(1 + ) At AR (@)t = ALFP (@) + Craf — 12(1 — ) AtAR (a)af.3.5

In the following we will give the time-dependent k’th level algorithm for solving the
system of linear algebraic equations (3.5). Assume that the solutions U, ,?fll and U["_,
on the (k-1)th level and U}’ on the k’th level are known. Then an initial approximate
value of the solution at (n+1)th step time on the k’th level is taken as:

UpS' = Ul + I(Upt = URy) (ot = af + Bl (apt — af_1)).3.6
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1) Pre-smoothing: performing v; time smoothing iterations on the k level:

1 1 1 1
U,?jl S’“U"Jr (ozZt S”laZJg )3.7
where Si is a smoothing iterative operator, such as the Jacobi iteration, the Gauss-
Seidel iteration and the preconditioned conjugate gradient iteration. The iterative
methods are discussed later.

2) Coarse grid correction: the coarse grid equation is that Vv € My_1,

(U = Ul 5, 0)+a(U 03 0) = (FURH), o)+ 1(F RUREY), Ivv) = (U = UR A, Tyo)—a( LU 12(1+¢

where U0 = 12(1 + 0)Ur ! 4+ 12(1 — 0)UP_,. (3.8) is written in the vector-matrix
form as:

(CraH12(140) At ARy (0))afHE = ALF, (0)+Ch10f_y —12(1—0) ALAL_, (a)af_y+ BT [ALF () +Ch (a1 —a}

where

Ni_1q Nip_1 Ni_1
1 antl k=1 3 0, k=1, 1 k=1 1 k—1\] 7
Ul?+1 = Z a?* i, A (@) = [a( Z 04;” (Chag i 7¢j )5 B (a) = {(f(
=1 i=1 i=1
Let U "+1 ,» be a solution of (3.8) obtained by using p time iterations and U, ]?+110 =

Un+1 Un+1

k.o, 1 Of the iterative

as the mitial approximate value. Then the corrective value
solution of (3.7) on the (k-1)th level is defined as

n+1 n+1 n+1 n+1 n+1 n+1 n+1
Upont1 = Up, + I,(U 1y — U (g = g, + B[ (4], p_ak 1))-3.9

3) Post-smoothing: performing vs time smoothing iterations on the k’th level:

U£t11+u2+1 =5 IZ:J/F11+1 (aZ,f11+V2+1 ZQGZT/}H) 3.10

Thus we obtain a approximate solution value of the equation (3.3) at (n+1)th step
time on the k level as follows:

Un+l U/?—Ii/_ll-i-l/z-i-l (QZH Z—rtil+u2+1)

The multigrid scheme is defined as a recursive process for the level k. If we carry out
the multigrid operation for each time step n, we get a time-dependent fully multigrid
method. Obviously, the above multigrid procedure for solving the nonlinear parabolic
equation (2.1) can be extended to the circumstances of the variable time step size.

We now consider to determine the initial approximate values of solutions in the
above multigrid procedure. Because the k’th level algorithm depends on the solution
values Uk , U, and U]}, therefore the fully multigrid iterative procedure depends
on the solutlon values U,g for k=1,2,---and U{' forn=1,2,---,N.

The approximate solutions U ,g(k; =1,2,---) are determined by the following scheme.
UY = UY is obtained by exactly solving the following equation (3.11). U for k > 1

0, k-1 k—1\\T
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is obtained by using I kUg_l as an initial approximate value to carry out the multigrid
iterations for the equation (3.11). The exact solution UJ(k = 1,2,---) satisfies the
equation:

(U2, v) + aup; UY,v) = (f(ug(x)),v), Vv € M;.3.11

(3.11) is written in the vector-matrix form as
(Cr + Ap(@))al) = Fj.3.12

where Cj, definition is same as the above. Ag(a) = [a(ug(z); ¥, ¢f)] and Fj, =
{(f (o). 5%,

Note that (3.11) or (3.12) is a discrete elliptic equation, therefore the convergence
of the multigrid algorithm can be found in the Bank and Dupont [12].

The solution values U}' (n =1,2,---, N) according to the different 6 values will be
considered in the following two situations in order to preserve the accuracy of values of
the approximate solutions.

1) When 6 # 0, UI"Jrl is obtained by solving the following linear equation:

(U = UP At v) + a(UT;UFY0) = (F(UT),0), Yo € My, 3.13

forn=0,1,2,---, N — 1.
2) When 6 = 0, Ull is obtained by applying the predictor and twice corrector
methods. Let Uy be a solution of the following predictor equation,

(U — U v) + a(UY; (U 4+ UD)/2,0) = (F(UD),v), Yo € M;.3.14
1
Set U; 2 = (Uf + UY)/2. Let Ui* be a solution of the following corrector equation,
>l<l *l
(U = U At v) +a(Uy %5 (UF + UY)/2,0) = (f(U;?),v), Vv € M1.3.15

**l
Set U; % = (Uf* 4+ UY)/2. Then Uj is obtained by the equation:

1
**2

sl L
(UL = Ut 0) +a(U] 2,02 ,0) = (f(U] 2),v), Yo € M;.3.16

The solution U{H'l(n =1,2,---,N —1) is obtained by applying the modified Crank-
Nicolson method.

1
(UPT — UP AL ) + a(BUM UL T2 0) = (F(BUT),v), Yo € My,3.17
where EUT = 3Up — 1U7.
The above exact solutions of the equations (3.13)-(3.17) can by replaced by the
approximate solutions, which are obtained by the smoothing iterative method defined
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in (3.7). The convergence, see [1], [2]. Therefore, the multigrid scheme is described by
the diagram as:

|
— solving exactly O

LS S S
[ D N A
(O — smoothing iteration O X X X X x— n=1
X — multigrid iteration ‘ >‘< >‘< >‘< >‘< >‘< n=20
k= 1 2 3 4 5 6

Now we will give some considerations for the smoothing iterative scheme (3.7).

Set AP(a) = C) + (1 + 0)A%(a) = D}a) — L(a) — UP(a) where D}(a) =
diag(A7 (), L} () and U} (a) are the strictly upper triangle and lower triangle matrix,
respectively. F'(a) = AtFP(a)+Cral — 1(1—0)AtAR(e)a}. Then the equation (3.4)
can be written in the form as:

Al(@)af ™ = F().3.18

Set Ap(a) = Oy + Ap(a) where Ag(a) = [(VF, Vip¥)]. Then Ag(a) and Ag(a) are
independent of time ¢. The smoothing iteration (3.7) can be chosen as:
1) The Jacobi iterative method: for i = 1,2,---,v

it = Dy THa)(Li()+ U (e)ap i+ D ~Ha) B (a) = (I-Dy ~H(a) AR (a))ag 7L +Df ~H(a) i (a).3.19

Usually, we do not use (3.19) to perform the smoothing iterative computation in the
multigrid scheme. We use the modified form of (3.19). Let 0 < A\ < Ay < --- < Ay,

be the eigenvalues of Ag(«) and {Xi}l{\’:kl C My, be orthogonal eigenfunctions of Ag ().
By the assumption (2.2), we have

AiKo(xi, Xi) = Ko(Ax(a)xi, xi) < (Ax(@)xi, xi) < K1(Ax(a)xi, xi) = K1Xi(xi; Xq)-
The modified Jacobi iterative method is that
1 ~ 1 N
aptt = (I —11+ S+ 0) AtAN, K1 A (o))aj it + 11 4 5 (14O AtAN, K Fi'(@).3.20

The smoothing iterative matrix is that S =1 —11 + %(1 + 0)AtAy, K1 A7() and the
convergence radius satisfies that

1 1 1
p(Sk) <1-1+ 5(1 +0)AtAy, Kol + 5(1 +O0)AtAy, K1 = (1—K0K1)(1+1§(1 +0)AtAn, K1)~

Note that Ay, < ch,;2. Hence if we choose At ~ O(h}), the convergence radius of the
modified Jacobi iterative method has

,O(S]';) < (1 — K()Kl).3.21
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2) The Gauss-Seidel iterative method: for i =1,2,---, v
aZjl = oszl—k(I—EZ(a))_lf)Z _l(a)(ﬁg‘(a)—ﬁﬁ(a)aZj_ll) = (I—(I—Zﬁ(a))_lf)g _l(a)ﬁﬁ(a))aZjil +(I—LE(

Analogous to the Jacobi iteration, we consider the modified form of (3.22):

ot = (I=7(I-Lji(e)) ™ D ~H(a) AR (a))ag ity +7(I - Li(a) "' D ~ (o) F! () 3.23

Obviously, when 7 = 1, (3.23) is same as (3.22). The smoothing iterative matrix of
(3.23) is that Sy = I — 7(I — L ())"' D} (@) A} (). By Missirlis and Evans [6], we
know that the convergence radius of S}, is that

p(Sk) = g2 = €72 - &
& nn — An Al(a
where 79 = %, £ = p(I — D} Ya)AR(a)) < p(I — 1+%(1+g)(AzAnkKl
(3.21), we obtain the convergence radius of the modified Gauss-Seidel iterative method

). Hence by

as follows K,

v B KO
p(Sp) < (1 [7e

)22 — (1 - =2)% < (1 - KoK1)™,3.24
1 K
here we assume that At ~ O(h2).

3) The preconditioned conjugate gradient iterative method: we use the matrix

Ag(a) as preconditioner. Set
i)z = osz(;l,ii.)qo =59 = F'(a) — Ag(a)aﬁ;l,&%

then the preconditioned conjugate gradient method for solving the equation (3.18) is
that

a)zir1 = zitaisi, i = (A7 ()i, @i)e (50, AR (@)si)e, b)gis1 = Gt i AR (a)si, c)siv1 = A qitBisi, Bi = (Ap ' (@)
where (-, ). denotes the Euclidean inner product. Set

n+l _
.y, = Ty

Then by [7-9], the convergence radius of the iterative method satisfies that

p(S)) < 2Q"3.27

and g, 11 satisfy that ¢y < a(zu(zt) ~ by

a(z,uo(z)) —

where Q = 1—(%o/41)
1+(%o/41)

[N RN T

4. Convergence Analysis
Let ¢(t) be a mapping, ¢(t) : [0,t] — H*(Q). Defining the LP[0,T] norm of ¢(t) as

IO lLr sy = PO 15 ) | Lo (0,17
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Let u be the solution of (2.1) which satisfies
u € L®(H?), oudt € L2(HYNL®(H?),0*udt? € L®(HY), 9*udt’ € L*(L*)NLY(H').4.1

Then under the assumptive conditions (2.2) and (2.3), the finite element solution of
(2.7) has the following error estimation of the convergencel>=%.

Lemma 1. Let u be the solution of (2.4). U(n > 1) and UY are the solutions
(2.7) and (3.12), respectively. Then for 6 € [0,1], there are the constants c*, 79 > 0
independent of hy, {Ug} and At such that At < 19, we have

lultn) = Ullez + hillu(tn) = Ol gy <4 (b +O8%), 6= 0,¢"(hi + Ot), 6 # 0.4.2

In the following we will prove that the finite element solution of the discrete equation
(3.3) still has the error estimation (4.2).

Lemma 2. Assume that we have obtained the finite element solutions _,?fll, U,?_l
on the k-1 level and U} on the k level. And U]?H is the finite element solution of
(3.3). UM is the finite element solution of (2.7) on the k level. Then for 6 € [0,1],
At ~ O(h3), there are the constants ¢*, 79 > 0 independent of hy, {UP}, {UP} and At
such that At < 19, we have

U7 = Ollzz + il UF = Ofllgg <4 (B + A8%), 0 =0, (hi + At), 6 #0.4.3
Proof. Set ¢} = Ul — U'. Then (2.7) subtracting (3.3), we have the equality:
(€t — At ) +a( LU 70 v) = (DU U0 U0 o)+ (F(UPT0)— F(LLUMT),v), Yo € My.4.4
Since
L2AH(E = &L G+ &) = 1A = LG — 0280 - gL gt - ),
hence by assumptions (2.2), (2.3) and (4.1), taking v = €7 in (4.4), we obtain

L2A([|E 12— €0 132)+ Ko VET || 2 = 12A8(E0 T =€, T €0+ Ko | VET || 12 < 1AHET =€, &) +a(I,

where the function w is the solution of (2.4) and the constant ¢ depends on L and
K
C+IO{1

[Vl poo (poey. Taking € = and adding %HQZMH%Z in two sides of the inequality

(4.5), we have
0 G Frn+6 0 Frno
LA(IE 72— IR 17 )+ Koll&rl my < el T+ lu=Up |7+ | I Uy = U7 01223

where the constant ¢ depends on Ko, K1, L and |[Vu||pe(re). The above inequality
sums up for n. Since UY and UY are the solution of (3.12), hence £) = 0. By the
discrete Gronwell inequality, we get

n—1 n—1 n—1

(L=cAD) N7+ Koot Y 16 T < A Nlu=T |72+ Y IO -T2 -
=0 =0 =0
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Thus when 1 — ecAt > vy > 0, i.e., At < %1 = 79, we have

n—1 n—1 n—1 n—1
1 r7i+6 r7i+0  rri+0 7146
[ISHIFPRRAY E ||£Z+ I < A Nu=Up 12243 10 = U E} < eA{Y ) u=Up |22+ lu—Tl-1u
=0 =0 =0 i=0 i=0

here II;_1 is a interpolation operator from u € H& N H%(Q) onto Mj,_1. Therefore by
(4.2), (2.6), 1) of (3.2) and hy, = $hg_1, we obtain

n—1 n—1

HikHLﬁNZ ek I < Ritenst Y IMp—yu—TF 172 < Ritetst Yy lu-U;t])724.6
=0 i=0 =0
where Ry, = {c¢” (h3 + At?), 6 =0,
c*(hi + At), 6 # 0. The finite element solution U*(n =0, 1, 2, ---, N — 1) defined in
(3.13)-(3.17) satisfy that
lu = UT'||12 < Ry,

(see [1], [3], [4]). Hence by (4.6), we can prove that for j < k —1,
lu=Tj'llp2 < Rj.

Thus by h; = %hk_l and (4.6), we obtain

IER1I72 + At Z HfZHHH(} < Rj+R; , < RjAT
1=0
Note that the assumption At ~ O(h?), we know that (4.3) holds.

Applying Lemma 1, Lemma 2 and the triangle inequality, we obtain the convergence
of the finite element solution of the equation (3.3) as follows.

Theorem 1. Let u be the solution of (2.4) and satisfy the assumptive conditions
(2.2), (2.3) and (4.1). Let Ul(n > 2) be the solution of (3.3) and U, UY be the solutions
of (3.13)-(3.17) and (3.12), respectively. Then for 6 € [0,1] and At ~ O(h}), there are
the constants c*, 179 > 0 independent of hy, {U,?} and At such that At < 79, we have

ulta) = O L2+ hillu(t) = Ol < { - ¢ (02 + A8), 8= 0,¢"(h+ A), 6+ 0.48

In the following we consider the convergence of the k level iterative solutions defined
by (3.6)-(3.10). We first consider the error arising from the k-1 level correction. Let
U} be the exact solution of the equation (3.3) on the k-1 level and U"! be the
solutlon of the equation (3.8). Then

(U = Op st 0)+a(Op s U =077 0) = (FO) = FIa Ut 0) - +a(Op =1 1075 004 0)+(0F
Taking v = U',?jl UL by (2.2), (2.3), (4.1) and € inequality, we obtain

”U]?j-ll n+1”L2+12(1—|—9)K0AtHV( n+1 Un-i—l)HL2 < (Un-l-l Un+1 Un+1 Un+1) —i—Ata(Un—Hg Un+1 Un+1 (:
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where the constant c in (4.9) depends on K1, L and [|Vu| e (re). Applying i.), ii.) of
(3.2) and taking € = %, we have

103 =T 72+ 12004 0) Ko AtV (U U7 ) 72 < eI = Liea U2 172+ V (u= D))+l O =L

where the second term is the error of the smoothing iterative solution. By i.) of (3.2)
and theorem 1, we have

N0 =T U5 | StV (u= U )72 At < =Ly U755 |72 St =T [ A < u—Tl— 2 At |

where II;_; is an interpolation operator from H3 N H?(2) onto My_;. Note that
At ~ h%, we obtain

IO O 22+ AV (O =072 D2 < RE A +llO U L+ 0|V (O U DIIZ].

k,v1 k,v1

Thus we have

Lemma 3. Assume that u satisfy the assumptive conditions (2.2), (2.3) and (4.1).
Let UM} be the solution of (3.3) on the (k-1)th level and U} be the solutions of (3.8).
Then when 0 € [0,1], At ~ O(h2), we have

~ - A - = = 1
T =T o+ il O = U gy < Reoa e[| UR —U | o+ AV (O = U3 | 2], 4.10

where Ry = {c* (h2_, + At?), 6 =0,
c*(h2_, + At), 6 #0. The constants c*,c depend on Ko, K1, L, [Vl poo (ro0y -

Let U ,?fll’p is an approximate solution of the equation (3.8) obtained by p time
smoothing iterations. By using of the Euclidean norm, there exists a constant 0 < v < 1
such that

n, L . n, 1 .
1A% (@) (@34 — ot e < APIAZ (@)(G3F] — aft)le4.11

US| R
where A, 2 (a) = Cp_1+1(1+0) AtA?_, (o). By (2.2), (4.11) can be written equivalently
in the form as:

O3 = Ot 7+ 12004 0) ALK ||V (U = Op L IO = O [+ 12004 0) ALV (U U7 ).
Therefore, the error of the coarse corrective solution of (3.7) satisfies the inequality
that

103 U 72 120 0) At Ko [V (O T = U L )17 < 107 = U 2 H Ik (O, =00 E D72 +12(146)

where Rj,_1 = {¢” (h%_l + At?), =0,

cH(hi_y+At), 040, I = | —UZs 3, + 1201+ 0)AtKo V(O = UZs 2.
The inequality (4.13) shows that the error of the coarse corrective solution is

bounded by the error of the smoothing iterative solution of (3.3) adding the error

of the finite element solution of (3.8).
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We now consider the solution error of the smoothing iterative scheme (3.7). The
smoothing iterative methods (3.20), (3.23) and (3.26) by using of the Euclidean norm
have the error estimation:

~n.L ~n. L
1AL 2 (@)@ = D lle < p(SEIIAL 2 (@) (@™ = a5t le4.14

where p(S;') satisfies inequalities (3.21), (2.24) and (3.27). Similar to (4.12), (4.14)
can be written in the form:

1O U3 71204 0) At Ko [V (O ' = U DIz < p(SOIITE T U 22 +12(140) ALK |V (U7 T = U E )|

k1 k.1

Thus by (4.13) and (4.15), the k’th level algorithm defined in (3.6)-(3.10) has the
result:

Theorem 2. Let U™ be the exact solution of (3.3) and U,?;JFVQH be the iterative
solution of the k’th level algorithm for (3.3). If there exists a constant 0 < vy < 1 such
that (4.11) or (4.12) holds for the (k-1)th level, then when vy + v is large enough, we

have
1OE =0 | 1204 0) Ko AV (O U,  SUEBE 1+ [I07 ! —URE [72+12014+0) Ko At ||V (O - Uy 3
Proof. by (4.15), we have
1O =0y L1204 Ko AV (O =05 L )l < p(SEITEH U7 +120140) K AtV
By (4.13), we get
108 U s |22 A L2040 Ko AV (O U )Mz < p(SP2) el (1y”) BE_a] < ep(SE ) [T =

here Rj_; is the error of the finite element solution of the equation (3.8). Hence if
v < max{cp(S;*2), (1 +9P)p(S}?)} < 1, then (4.16) holds.

Theorem 3. Let u be the solution of (2.4) and satisfy the assumptive conditions
(2.2), (2.3) and (4.1). Let UL, 1,41 be the k'th level iterative solution of (3.6)-(3.10).
Then there are the constants c¢*, 19 > 0 independent of hy and At such that if At ~
O(h2) and At < 19, we have

[u(tnt1) — UI?ZIJFVQHHL? + h[lu(tns1) — U/?:r11+u2+1HH3 < Rj,.4.17

Proof. By (3.2), (2.5) and the triangle inequality, we have
1O =Upg 22 +12(040) Ko AV (U = U g D122 = 10 = U~ L (U2 = Uf_ )| 72 +12(14+0) Ko At || V(T
By theorem 1, we obtain

U = U7 S 72 +12(1 + 0) Ko At]| V(O] = U7 < Rp.4.19
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In virtue of (4.16), (4.19) and theorem 1 as well as hy, = Shy_1, we get
1 1 rrn+1 7 1 7 1 1
lu(tns1)=Ups g lliz Hhlultn i) =g g i Ly < =T8Tl thillu=0g gy +I07 U0, e+

In the following we analyze the convergence of the multigrid scheme. By the as-

sumptive conditions (2.2), (2.3) and (4.1), the solutions Uj'(n = 1,2,---,N) of the

equations (3.13)-(3.17) satisfy the error estimation>=3l:

[u(tn) = Uil 2 + hallu(tn) = UT'l gy < R1.4.20
Hence by (4.18), (4.19), (2.3) and (2.5), we have
1O =Uig ez = 107 =UR = Lo(Up S = Ul g2 < |0 = U8 =IOy = O ) g2 + 1 e (U = UpF )l 2 +IIE

By theorem 2 and (4.20), the inequality (4.21) is recurred about the level k. We have

k
1O U5 e < BetyRoa A O =Up e +elllUR =UR | 2+ 108y ~Up_yllze] < 37" Rity™H| 07
1=2

Applying hy = %hk_l, we have

k k k
T+ Uz e < B Y20 e A 07— g < eoRbe Y2 TP ~U7 12
=1 =2 =2

1= (29"
1—

where €y = 5 Therefore, we obtain

k
1O = UP | e < veoRk + ey YA 07 — U || 24.22
=2
here we used (4.16). (4.22) is recurred about n. We obtain
|URH = U 2 < Ry4.23
Similar to (4.23), we can prove that
WU = U gy < Ry4.24

Therefore, we obtain the result of convergence of the multigrid algorithm.
Theorem 4. Assume that conditions (2.2), (2.3) and (4.1) hold. Then the ap-
prozimate solution defined by multigrid algorithm satisfies the inequality:

u(tne1) = Up e + Pellultnsr) = Up g < Ri4.25

where the constant c* is independent of hy, At and {U]'}.
The proof of the theorem 4 can be obtained by the triangle inequality, theorem 1
and (4.23), (4.24).
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5. Computational Cost and Development

Because the coefficient a(z,u) and right term f(z,t,u) in the nonlinear parabolic
equation (2.1) associate with the known function u, much computational time is costed
in forming the algebraic system (3.5) in the time-dependent fully multigrid algorithm.
If N denotes the dimension of the finite element space Mj on the k’th level, the
computational cost for forming the algebraic systems (3.5) can be bounded by ¢ N.
In addition, the computational cost of 141+ 15 time smoothing iterations (3.20), (3.23) or
(3.26) is bounded by c2(v1 + v2) N The computational cost of p time coarse corrective
iterations is bounded by c3(Nk—1 + pNg—1). Thus the computational cost of the k’th
level algorithm is that

Ny + 62(1/1 + VQ)Nk + Cg(Nk_l —l—ka_l).

Usually, the iterative frequencies 11, 19, p all are not larger than 4. By the relation
Ny ~ 4Nj_1, we obtain that the computational cost of the k level algorithm is bounded
by ¢4 Np. Therefore, the computational cost of the multigrid algorithm satisfies that

> alNj; < eaNp(1+ 14414 + -+ 4) < 43¢y Ny,.
J<K

If N denotes the number of time steps, then the computational cost of the time-
dependent fully multigrid algorithm is bounded by O(N Ny,).

Note that the multigrid algorithm defined in Section 3 has a few restrictions for the
equation (2.1). Hence the multigrid scheme can be extended to more general nonlinear
parabolic equation, such as the equation

{ ¢ (x,u)0udt = V(a(z,u)Vu)+b(z, u)Vutf (z,t,u), (z,t) € Q x [0,T], a(z, w)Oudt+ib(x,u) = g(z,t), (x,t) € I

-

here 77 denotes the unit outer normal direction of the domain boundary, b(x,u) =
(b1(z,u),bo(x,u)).

By using finite element discretizing the equation (5.1), we obtain that a system of
linearized algebraic equations is simillar to (3.3)

(LU = UR At o) +a(LUR U v) —BUUVURH, ) = (FIURT).0) 4 < gltnss).v >, ¥

where < -, > denotes the inner product on the boundary 0f2.

Similar to (3.6)-(3.10), we can define the time-dependent fully multigrid algorithm
for solving the equation (5.2). The convergence proof of the algorithm needs for the
nonlinear coefficient ¢(x,u) and b(x, u) some constrain conditions, here it is omitted.
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