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THE SPECTRAL-DIFFERENCE METHOD
FOR COMPRESSIBLE FLOW*

s i e
(Sha_nghai‘:U?;iperaity_ of Science and Technology, Shanghai, China)

Abstract
A apectral-d_lﬂ'erence scheme i8 pmpqsed forﬁ aenu—penudlc cnmpresmble flow
with strict eat.unatmﬁ ST LEALES E A

ST 81 Introduction
Tanil!l proved the ﬁilsftencie of iheloéal smooth solution of 'cnuipféﬂéible viscous flow.
In [2,3], a difference method and a spectral method were given. We consider the semi-
periodic problem and use the spectra.l-ddference method wh1d1 has been successfully
applied to fluid flow (see [4-7}])." R
Let n; and n, be positive integers. Let 2’ = (::1, s ) = (B g, i )
and z = (21,"--,2,)". Let 2 = 1 x @ where -

U ={z'0<2;<1,1<j<m},. Qa={2"[0<z;<2x,n +1<j<n}

We denote by T' the boundary of ;. The closures of ( and (; are denoted by  and
;. Let u be the velocity and u = (ull),-- 'u(“))"' p is the pressure. T is the absolute
temperature. p is the density. f is the external force and f = (f(1),..., f())*. V(T, p) >
0 is the viscosity, v'(T,p) is the second viscosity and «(T',p) = v/(T,p) - P’(T, p).
p(T p) > 0 is the heat conductioncdefficient. .S'(T p) is the entropy, ST = 7 S and
S, = %>. In order to avoid the mstablhty of computation, we put ¢ = Inp as in [2].

For sunphmty, we suppnse that p Rng R bemg a pumtnre constant. Then we have
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ctions have the period 2x for the va.na.ble zinp+1<j<n)

Suppose that all fun
BliBI: VO,VL.K'I:PO Ho, ﬂlisﬂisllsziiﬂ and

and that there exist positive constants By,

@1 such that if
(T, ) € Q = {(T:‘P)lBo < T < By,lel < Ba}s

then |—£| is bounded where 7 = ¥, &, #, 51,5, and q T, vy, and

w<v<n, Ix<m, min{nx + (n + 1)v,7) > Po, . - (1.2)
pod p<p, Se<he< |Se| < Sa, $o < e ¥ < 9. :
§2. The Scheme and ErrorEstlmahon o

" Let J be a positive integer and h = :1; The mesh domain is defined by
Ql,h = {frlzj = h12h1 i o R h, and 1< jS ﬂl}l_
Qup =0 aUTLh, Qp = O p X 3, O = Qi x O, |

where T', is the boundary of Q1 , in the following form:

T 71
rn=UT» Ti=TuUT-i
i=1

r,;={z'lz; =1 and zy = h,2hk,---,1—h,for § #j},
I‘_j-::{z']zj:ﬂ and :I:yﬂh,?h,u*,l-h,fﬂl‘ i # 3}

l,.) [2" = Z l; z, and II”Im = max |I;], where
ny

In addition, let ¥ = {054 F1<5€
J n

J=ﬂl+1
L;(ny + 1<73 < n) is an mteger For any positive mteger N define

Vi = span {e‘I" & |l"|.,_-. < N}

be the subset of Vi mmlvmg all real valued ﬁmctmns Let PN be L’-orthogana.l

Let VN
{},) onto V. Let 7 > 0 be the mesh sme of tlme 2 and

projection from L?(

A = max(2n17h~%,maTN?), {t_ kTIk B 1, [ ]}

or smplr by r:(k)

Denote the value of the function 5 at point z and time kr by n(z k)
("))"‘ De.ﬁne

or 7. A.ssume that n, £, a,b are scalar functions and w = (fwm

ﬂ:n, (2, k) = -'[ﬂ(z * hﬁ::k) ’7(3 k)]! ’75,(3:"')=7h,(3 — he;, k):

------

5,2, k) = lm,(z O +m(ebl ek Zlate, b +1) - a(e.

where ¢; is the n-dimensional vector whose jth ccmlponent equalﬂ 1.and the others are
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" {nz,-, if 1<j<n,, o {q; # 1S iem,
J . g < : < 2 ‘. SR . : B ,i :

ﬂzj'lf “1+1_.J_“ ‘3-‘.1'.,*_' Ifjn1+1<3<n _
N ;
D*(w)= Y. D}w?), D~(w)=3.D; (w‘”) D(w) = §[D+(w) + D (w)],
=1 — . _ |
_ 1 1
Afn = ;D; D} [vDj (m]+ 5D [FD"(!?)L A¥n = Eﬁ“m Dj(n) = “[9+(f})+D o,
=1 , | _
n
d)(n,w) = ) lew?Dy(n) + (1 - a)Dj(quP)], 0<agl
— o g Pk

Now let up, Ty and on be the appronmatmns tou, T and 99, where uy € (VN ", Tn,
on EVyforall 2’ € Q) and £ € Z The spectral-difference scheme for, solving (1 A1)

is as follows:

T
"EH"- :

“fv?: + PN[d(ﬂﬂ(uﬂ yun) — (1 al) D_(tm) e “”H ( }(H(Tﬂ,ww) HN) ,E
=P A¥ Ty ) _ o-en H, ¢ )(r(TN,son),uN] + RDDI(TN) .
+R0TNDI(‘PN)] = P ¥, 1= 1,-0ym, 6 3
Tne + Pn{d® ) (T, un) - (1 — a2)Tw D(un) — e ¥ T Sz (T, o ) APIN N YTy
—e “NHs(un,Tn,¢n)] =0 o
ene + Pr[d(on, un) — (1 - aa)pn D{un)] + D(un) =

.
where (:l: t) € Qh X Zp, 0 < ay < l(q = 1.2 3) and _

B (<(Tw,on), un) = 3 D7 [Ty om)D™ (un)) + 37 (T, o) D¥ ()],
B (U(Tn, o) un) = Z{D+[P{TN,PN)D; (ul)] + D [u(TN,saN)D*'(u"’)]}
F-ES(ﬁN:TN:WN) ”V(TN#PN)TNISTI(TN&N) Z[D (“m) t D‘(“(J])F prea if:l

il= 1 : B Lo oy '1-1"} j‘}ﬂ.«.'-
N(TmtPN)TNISEI(TN,w)[D(uN)]’ + €N Sy (T, o )ST (TN%"‘{_? AN

For error eéstimation, we need the fu]lowmg semi- dmcrete inner Prqd‘?tﬁ 103!
SR e T

- (n(', k), &(' k))m = (21_) f ﬂ(:e k)f(:u k)dz” - wai%sﬁ
z',k = (n(z’, k /10 ) ) T 't
= (=, k)i, (n( ),n(z’ ))a, C e Al $ER ,?1

(n(k), (k) = D h"'(n(z k), E(== k))nﬂ ﬂ ||'J(k)"2-(’?(k) fl(k)),_

e T A A @0

Ty o w " _ma g g e s ps mTa am m o = .
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(W(k):f(k))l"ﬁ 5 EF hﬂl_l(ﬂ(zf’,k),_f(z',k))ﬂﬂ
- w'ely; _ -
(n(k),€(k)r_; = Y, R™ M (n(2', k), é(2', k))a.,
T-'EP_J? ? ; -

R, = (LA, + ey VR, = L e,
()2 = %i[llDI(n(k))II’+I|D;'(n(k))l|’],

(49, = 5 3] uﬂf(n(k))u%i ; uz??f(n(knn%j],-:

ﬁﬁ' M:

Bl = e In('m_k)l: 7-----||w(k)u2 anm(k)n=
_ 2

(7)
e = 285, 110 E)lo, et

We also mtmduce some summatmns as fﬂ]lows

Y(w,n) = EZII'JD+(W)||P + |nDp (w)li2.],

=1]=1
!;é.r

Ar,(n,€,w) = -E[(n, (EwD) =), . + (7%, Ewl)r,; — (n, (Ew(’})”"” )r_,
=1 |

— (g¥*, t'w("))r_,]
D(’)(ﬂ, b,n,£) = (aDj (n), (bf)'t‘)r+:+([ﬂ9+(’?)] “,6€)r .,

- (“‘D+(’?) (66 ™ )r_y ~ ([aDj ()™, bﬁ)l‘-u
where nt%i(z, k) and 7% (z,k) denote n(z + he;, k) and n(z - he,,k) respectively.
Furthermore, let B(Q:) be a Banach space of functions defined on (2,

C(Sh, B(Q2)) = {nlﬂ @, — B(%:),Inllcw@,.5@2) = mﬂ Iln(z )l Beas) < m}

We can define the spaces C‘(ﬂhB(ﬂ;))(l =1,2,---) and C(O to; C’(QI,B(Qz))) For

simplicity, ||nllc(o.w;0'(0: ,B[ﬂg])) and -C'{Qy, H(Q2)) are denoted by {Inlllca, Bea)
and C'(H?) where H"’(ﬂz) 13 the subset of H"(Qg) the elements ﬂf wh.lch have the
penod ox for z;(ny + 1 <7 <'n). - Bl |

"Now let it = upy — Pyu, T:= TN --,PNT and ¢ = r,pN - Pygo Then the errors satisfy

3 | o |
(I)(“! 3 ‘P) = ﬁy) + PN [E F“] Z Egl‘ = PNf](.Q!.ﬂd =1y.-0,m,0

Lz(“: :‘F’) Tt+PN[FG+F9“EE] PNfz: a' | (22) :

1 B D A ?-—4 { o B :'." Pl & ;.'J‘ 5 s _ { s . :
| LS(ﬁ‘r 'ia) ‘Pt '|' PN[Fm -— Eg] PNfa o 8 ik
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F = _e Pvo—S g ((PyT + T, Pye + ¢), ),

O = e Pre=s g0 (x(PyT + T, Py + 3) — 5(PT, Py ), Puv),
}-;-.(I) — e~ PNP—® ﬁv(fﬂffffnwfl-ﬁ)ﬁ('], - .

Pl _ e~ PNe—9( AH(PnT+f'.P§¥;i-¢) Pyul) — AVIPNT.E N'?-‘I) PNu(‘)),
FO = —e~Pue-4 g0 (y(PaT + T, P + ¢), ),

Fé" = —e PN~ H)(u(PaT + T, Pyg + §) - (BN T, Pryp), Prvu),

= RoPnT Di(@), |
'F'a = “PN"‘*’(PNT ¥ T)-IS;l(PNT +F Py & go)ﬁ""(P”T""T PW*"PIT
Fy = —e PNe=9(PNT + T)"‘S;*(PNT + T, Pmo + @Y AMPNTHT Pre+é) pyr
) ﬁ#(PHT Pne) PNT) - w | |

Fyo = d° "')(SG:PN“): , |
EY = éiﬂﬂ(u(‘l Py + ) — di“ﬂ(mu(‘l,u) + (1 - a)(Pvul) + a9)D(a)
+(1- cxl)umD(PNu), E
E(l) - (e-Pmo- i —Pﬂﬁ)lﬂ(‘)(n( PNT PN‘P] Pyu) + AYIPNT.Pre) PNu(”
+ B (v(PnT, Pry), Pyu))],
B = ~RoDy(T) — ReTDi() - RoTDi(Py¢),
By = —de)(T, Py + @) — d@2)(PyT. @) + (1 — ao)(PnT + T)D(4)
+(1- az)TD(PNu) _ |
.Es = e PuP=B(PyT + T)*‘[STI(PNT b Pmo + ¢)
- = Sp'(PNT, PNiP)]ﬁ"(P"T & ”")PNT
By = e"PN“"’“’[(PNT +‘:z')-3l L (PNT)"I] '(PNT, Pyya)A”(P”T'P”")PNT
By = (e Pveb - -PN*')(PnT)"‘ ST (PHT, Pi) AMPNTINO BT,
Es, 'P” "’"’Ez{PNu_-l- ﬂ, PNT 2 T Pth+ fp) —e™fW "’Hs(PNﬂ PnT, PN&O).
—d(“=’(r.o,u) d("”(Pmp, u) +[(1- as)(Pw + ¢) - 1)D()

[ +j} 3 d Kot _ i fl;

b (1 ) D (? o DA Pt
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3 (1) | '
fO = a”;t w4 (u- V)l - dien) (Pyu, Pyu) + (1 - o) Py ul) D(Pyw)

~Pne g (x(PNT, PN o), PN‘H) s -E_'PE%(E(Tr PV - “)

- Huld)
+ o Pav B (PaT, P, Pas) - € 3 g (T 0 5)
=1 ;

+ e

T

+ &~ Fwe AUPNTFNO) Py e ”(T:‘P)V)“m‘i'Rng

— RoDi(T) + RoT ai RoPNTD:(Pmo),'
. _
fo= 5y T +.(u- V)T - d@)(PyT, Pyu) +(1 - az)PNTD(PNny).
4+ e
— e""T"S;‘(T, ¢)(V - p(T,¥

~Pne( PNT)_I SEI( PnT, Pne) AF(IPNT,?H'P) PNT .
WHT + e~FN? Ha( Pyu, PNT, Prny)

- ou (1) 0 (7). 2
2T, )57 (T00) Z Gy

(T, Q)T SF T, PN -0 + e ST )STH TN -l

~ 0
fo= 5 -t (ue V)~ AV (P Pre) + 0 - as)PryD(Pru)

+ V. u— D(u).

ﬁu) , ’1"]]"‘ and Cg denote a posltwe cnnstant mdependent

Hereafter, let fHi=(h
which may be d]fferent m deferent cases. Suppose

of any functions and mefﬁcmnts,

that
“fd"z < Cy H-—ﬂz hn; +2’ . (2.3)

AR, < Coll@ll® + Al
(2.4)

lu} < Coh, (z,t) 6 Iy % (12 X Ty, | |
v ( gl 4#0@03050) _ fut s (2.5)

A < — min
T 3n @“(nl +v2)’ " @2B151

where C, is a pusitive constant wluch may, depend on - Morenver,

k-l

0,250 = o E)II’+IIT(1=)I|’+H(P(k)ll’ ; Zmnw(m*

) J_.O

— e B — b, T T T

L

ST +moalls;‘rr(sn1 —-E[um(s)u’+|m(:)ll’+1l<»°t(ﬂ"’1
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k-1 4 '

p* (k) = ||a(0)]* + IIT(G)II2 + 18O +7 3 ST IAGI® + E[\IH(J)Hr,.
& =0

3=01]=1

+ ITG)IIE, + hlﬁ(j)lr. 1 ¥ KTG)IE, + IIT(i)f'i(J')ilr. Ilso(J)ﬂ(J)IIr..
+ |!P(J)T(J)||r.. + N ™ la(i)Ig, + Y(2(5), T()) + Y(a(5), ())]-

Theorem 1. Assume that the following ccmd:twns are fulfilled:

(i) (1.2) holds and (T, ¢) € Q,

(ii) for B > n2/2, ¢ € C(0, to,C'l(Hﬂ) ﬂC(Hﬂ'*'l)) T,u®} € C(0,t0; Cz(Hﬂ)
nCI(HﬁH) N C(HP?)); and for some o > ny /2 +'1,u) € C(0,24; C(HPF®)), 1 =1,

amE=0-—n3f2, .

(iii) A* = O(N""z") as = 1{2 and (2 3), (2 4) (2 5) hold

(iv) for kr < t;'j(p"'),' p (k) < MIN'“?h“l“"

E(u,T B; k) < Map' (k)ew"

where tﬁ(p ) s a pos:twe canstani dependmg on p*,C1, M, M; and M_o. with M; bewg
positive constants dependmg on u,T ¢ and the functions mentioned in (1 2)
Now suppﬂse that g;(z, t) gg(z t) uo(z) To(z) and qan(z) are suﬁc:ently smooth,
91—-(9 ) 191})* “(uoi',:uo)m'i | | "
{u(z ,t) = g1(=, t) T(z,t) = ga(2,t), (2,t)€T x Qg X (D to],
u(z,0) = uolz), T(z,0)=To(z), #(.0)= po(z),
Because I' x Q1 is a characteristic surface of the last equation in (1.1), we could not
give the boundary value of . We take

{ﬁﬁ(z,t) = Pngi(2,t), Tn(2,t)= Pnga(2,t), (2,t) € Th x Q2 X Z,

un(z,0) = Pyuo(2), Tn(2,0) = PyTo(z), ¢n(z,0) = Pryo(z), 2 € m@ A

(2.6)

The value pp(2,t} on I'y X Q2 x Z, is calculated by extrapolation.
Theorem 2. Assum’é that the. following conditions are fulfilled:’
(i) (2.6) and (2.7) hold i
(ii) the conditions (1) and (111) of ﬂeo*nem 1 hold
(ili) ny = 1 and h = O(N™™),
(iv) B > %, r > max(8, 2n,),
ull) ¢ C(O to C“(L’)ﬂC"(H‘ ﬂcz(m)nci(Hf“)QC(H'“)nC(Hﬁ+ﬂ=))

- T ec(o, tﬂ,c_*(z;’)noﬂ(H')ﬂcl(Hﬁ“)r]C(H"+=)), e VIR B

T -a., R T 2o,y g o8 AMSaa’h Cos

- pecing a’ano;’(ﬂ mCI(H')ncm’“))
. 'i’;’ c o, e, e
where n= u(n T and rp,E Tk and p,l = 1 3T .Then fogkfiﬂto,

| J-.i : . } 5 L
| BT RS Miek (s A I - i

- E‘ p.
et i ; § B ) kT - ] . i Ea. pn - ¥ g e i e a0 - S
Frve : iy -f o st T O :.;H:-_i{-iijﬁ“*a,-, e i s AL
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where My, Ms are positive constanis dependmg on Cl,“S ||c=(Q) and the norms of

u, T, p, v, K, pb in the spaces mentioned. -
Remark 1. The condition (T, rp) € Q is satisfied (see [1]).
Remark 2. For the problem with fixed wall u=00onT Xy and thus (2. 4) holds.
If the value of @y on Ty X Q2 X Zy is computed by linear extrapﬂlatmn then (2.3) also

holds.

§3 _ The. P rdof '- of " T'lzléci!réms Y
Lemma 1. If n(2) is smoath G’W“Qh on 0 undﬁ > n2f2 then |

Pyl < Cﬂ”’?llc(ff#}: aes OB 1w J e,
Di(PNﬂ)"m < Cu”ﬂllcﬂ(mp fﬂf‘ 1<j<n,

|| (PF'?)“m < C'u“'QHC(HﬂH): for m + 1“"1 J' < n, etc.

. £
' .; = L o

Lemnm 2. Ifq ¢ C(HPH) for B > n2/2 and 520, then

. .. |iPnn- Moo < CoN ¥ nllcias+s)- . y |
Lemma 3. Ifa: b,#,& have the period 2x for zj{n1 +1< j < n) gnd are suitably
smmth then for 1 <t < n,
(D[eD; ()] + Dg[aDi (n)), ) + (ﬂD+(n) bD;, (Q) + (aD:(v)__,_bD;.(f))

(@D} (1), €**"b,,) — (aD5 (1),€ " b5 + 2DE (00, mE):
tf 1<m < ny, |

—2(aD (7), E-————), 1)" i +1<m<n.

Lenn:na 4. If n,.f,w have the peﬁod 2x for zj(n1 +1 < 3 < n) and are suitably
smooth, then

(m,d3)(, w)) + (6 B (n,w)) = —Ar..(n,.f,w) *3 Ar,.(e,n,w)
We only prove Theorem 1. We take the fnllc:wmg mner product s

230 + i), L0, T,8) - Puf 0y 4 2(T + TTan(“r ..so):-— PNfz)

=1 t ,l .,
i s 2(p + T‘aﬂ’t:La(ﬂ:Sﬁ’) PNfs) = R ;"'*; T gt (3 1)
It fo]lnws from condltmns (i), (u) and. Lemma 2 that: lf N m;_smtlably large then

(PNT,Pny) € Q. Let £ be a sma.]l pnmtwe cnnstant tn be ﬁxea later, a.nd M be a
positive constant depending on ¢y, the: ‘bounds in’ (1 2)} a?ih t{he norms of 1, T, in

the spaces mentioned in condition (ii). Let M* . M '(Tﬁ") y.nd M “__— M “(T "P) be
_Ipamtwe functions such that if - ;
“THE BB(2N + 1)—ﬂ-zhﬂl _ "T"[‘ < B!(gﬂq_l)—nzhﬂl 1 - (3 2)
1612 < BN ¥ i)y mhm, IglR < BN 1) hﬂn—l :
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where B is a sufficiently small positive constant, then M** < BM* and M* < M.
Clearly, (3.2) implies ( Py T + T PNrp + @) € Q Now we suppﬂse tha.t (3 2) is satisfied
which can be ensured later. -

Firstly, we put m = 1, ~—-J,ﬂ- = n(PNT:I-T PNqo-i—{p) b=c¢ P”"’ % p=al £ =
i) in Lemma 3 and sum it up for {,j. Then

22(-&“’ F) = Dy + (e PNe=%x(PNT + T, Pyp + ), [D* ()] + [D () + D

where

D, = _2ZED(J}(”(PNT+ P Pyt ‘P) —Pno—-¢ 1j;.,(.‘i') '{-'-))
i1=1 =1

I‘D'I < elilf + M*[(l + N““h'“"zllsoll )(Ilﬂll2 t hl\ﬂ\lr,.) + h"‘lhﬁﬁllr,.] - (33)

22 um F(')) =D, +'D q:.'—..q2 4,6, Be T e 3R B,
- o
22(11(‘) Fm) = D3+ ZZ(E =N ‘Py(PNT—i- T, Pth+tp) [D""(uﬁ%
(=1 5=1
e + (D7 (@))?) + Ds,

22(:&‘3 FY) = Ds 4 (e Pre—Py(PyT + T Py + ¢), [.ir_;~+(1;._)]2 |
I""‘ 3

+ [D™(#)]*) + Ds
where

ny n ‘ E o, | # ‘
I’Z = _222‘0{{](”('?”21 + T! PN‘P+ ‘IE) 3 E(PNT, PN@)-IE_PH'F_W: PNE(J)iﬁU)):

i=1 _1'—1 '

- L S s
2' S T2y
L .

Dy = -2 Z Z D[J)(I’(PNT + T: Py + (ﬁ)’effﬁ‘ﬂ’_—‘ﬁ,ﬁ“‘),ﬁ(ﬂ)i | &

i=1 .‘f=1 o B
—2 Z E D[’)(H(PNT + T PW & (p) _ v(PNT PNrp) -Pw p uﬂl i),
i=1j=1 R 5"

n n _ _ | g
Dy = -2EZDE’(1,v(PNT+T,Pw+-@)e"’f*“"ﬂﬁ‘”rﬁ_ﬂl),

I=1 5=1 v Y B e B E o on B
n ny Lo
- =9 Z E ._Q“)(V(PNT % T PHP + ‘P) i P(PNT Pytp) E-f’ﬂv"*? %(J] '(1})
=1 j=1 ) S _h | '_“ a
Mareover, |Dg| is baunded by (3: 3),° andescn . L {1;#}

1Dg) < elalf + M*[l1all® + 1T + Ilwll2 N“’h'“‘ - lIfPll’(IIwH2 +7i'ﬂullr..

R AT 2416 .

il C T jr-__.r__;_ B
i !* .'}' 18 .1;?7-“"’;-...
; 1 .
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DY < efl? + M{(L+ N™h~™ (T + gl + A, )’
+ NP R 22 + MITIR, + 18l + RIAIE,)
¢ Rjaf2, o + A FE, + e, +Y (@ T) + Y (@)
We have

23 (@, F) = 2RoAr, (¢, PNT, ) — 2Ro( D(EPNT), ).

The absolute value of the last term is bounded-by
, elal? + M|l + I8l)-
We have b | |
(T, Fs) = D7 + Z(e"’w Pu(PNT + T, Pne + @) PNT + T)-ISTI(PNT
=1 .

+ 7, Py + 8),[DF (F)F + (D5 (B)F) + D5,

2T, Fo) =Ds +Ds

where
»

Dy = -2 Z D(’)(p[PNT + T, Py + @), e TV~ #(PT + T)18zY(PnT
=1 | . - .

+ .T: Py + 56).111': T),

™ g _ .
De=—2) DF"-] (u(PNT + T, Pno + ¢) — #(PNT, PN #)s TS PN T
g=1

+T) 1574 PnT + T, Pny + ¢), PnT, T,
D4 < el + M*{1+ N™h™™ (I T|]" + 1BIIEIR + AITIE,)
+ M R (TR, + 170D
DA < eI TH+ M1+ N map-m =2 PR 4+ IPINTIE + el®.
+ MR (TR, + IE2IR,) A
As a result of ag = 1/2 and. Lemma 4 we obtain
. 2(‘.0, Fio) = Ar, (@, ¢, PNu). e
On the other hand ls(PNT + T, Pup+ P < (L + M™), etc. Thm |

|2r ] Z('m F, “))l -'r'llutllz + 322% (nnl + 2v4 )(1 ¥ M “)3(‘“I1 + h1“|r,.,1)

.,'—1,3,5 =1
| + M '(llﬂll + hllﬂllr.)f

7 R R T ur - ap ]
(o Bl < TP + 168383852550 + MU+ M+ MTIR,)
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We also have

“v (D) 2 " g — e SR
l2r 30 @D, FM)| < erllill® + M"(1+ N™R" [1g")UIT(* + ||¢11%)
- =248 =1 : "

+ M*h(|| TR, + @lE. ),
127(Te, Fo)| < erliTel® + M*[1 4 N"’h_"‘("T": + ||£¢='||2)](UT“2 li8l*)

+ M*h(|TIiE, + I2li},)-

Furthermore, from condition (ii), it is obvious that

or 'E( il P ))‘ < el n’ + M(uqou’ +.h|IBIT, ),

|2T(‘Pt:F10)| < ~‘“3'="'||5f5’1t||2 $ M(”‘PIF + hll%‘"r.) —
|2 Z(ﬁ“’ + 71D, B + FO)| < erflaa]l? + MBI + MU + 1Al ),
2(T + 70y, By + Bo + Br + Fo)l < exl[Tl® + M*(IF? + 161%) + Mllf 1%,

J2AP + Te, fa)l < erl|@el? + M(”"Pllz 11 fs11?).
It could be verified that |

e el £ + £ |<zeruu I + el + 1F1) + M1

+ N (G + AR, I + B, ) + MOIFIR + HITI,)
+ MN™B™ =22 (I3]1% + h[B|2,),
2(F + 78y, By + Ea)| < 267 Bl + (21l + [F2) + M1 + N™ah—™ (jla?
+ITIDNUEI + AITIZ,) + ME= | FalE, + M(IFP + ()
+ (M + M1+ Nh~™=2(laf? + hllallE, + [FID)I(1E]° + Alla)2,),
2 + v, Bo)| < erll@l® + el + M(L+ N™h~™=2|a|?)(|¢|1? + AlGIZ,)
+ M(1+N™ j‘r"“"ll<.«s~||’)(rlull" + hllal3,) + Mrlllsaﬁllr,.

Next we estimate the terms ’D and Ar,. By an argument as in [2 3], we obtam

“T 1 ".‘.-

‘Dl :"h;l E{((l — € sign "')"‘(PNT + T PN‘P + #)Ne” ~op- gl_zl [(“(I))Z]—::;) Ly
=1 1 i i‘ﬁx A
+ (1~ ¢+ signm)K(PNT + T, Pap + PPty [(u“’)’l*"' r_i}

- 5'“|1 1"-4"‘(""""2 h_1||“”r,. + I"’II‘;.,I)

Dj 3"(1 = E)h ‘Z Z{{‘;(PNT + T, Ppr + P)(E_PHP") =i [t‘-ﬂ)) W’SF-H

S l-..-l :=l

L

£

' { . :1"\- ‘_1. ":
+(V(PNT+T PNso+s°)(E'P”“’ "“')J"""”r [(“m)’]*”’)r } °]“|1 M"h'lllﬂllr..,
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Dy 2(1 - ™ SoUPNT + T, B + e GOV ),
=1
+ ([V(PNT + T, Pyo + @)e Fre™ o gl (@)} - elall — M '(Ilullﬂ

+ h_1||“|lr.. + &%, 1),

D7 2(1—¢€)h™ E{(p(PNT +T, Py + @)l Pe=?(PuT + T) 'Sz (PnT
3=1

+ T, Pyg + @)%, (T2) %)y ; + (W(PNT + T, P + )l e “’(PNT

+ Ty 157 (PNT + T, Pne + @)1, (T’)'*" )r_;} —¢lT 2 - MRYPIR,

D] <elil? + M (ITI? + 1217 + IFIR, + Mgl + A Ialk), 1=2,46
Ds| <elTli + M*(I|TII2 2 I|s¢=’ll2 + hllfPllr. i h"!lTllr,,) |
We also have = e I 7 Bl

I2Rof1r..(% PNT, ﬂ)l < Eluh + M (||'PII’ t h"‘P"r,. h'lllﬂllr,.)

|AI‘;.(‘F:‘P: Pyu)| < M(I@12 + RlI@IE, + A 1||¢PN“||I‘,.) <M (llwllz + hli@lIE, )-
If v + x > 0, then the estimation is simple. If ¥ + & < 0, then

e Pre-?[u(PNT + Ty Py + §) + =(PNT + T, Py + (D @) + (D™ (@)?

> n E e~ Pne—9 [u(PNT + s PNso + so) + H(PNT + 7, Pye + @)(DF (3)))’

j=1" -
+ (D7 (@)
Let
P(PNT 4+ T,Pny + @) —“'nnn(nn(PNT +T,Pyo+ @)+ (n+ Lp(PNT
+ T, Prno + @), V(PnT + T, Pny + @)

1
£< ﬁ-mn(l,m§0,3ﬂoﬁ'03f15;l).

It is ea.sy to see that -

(1 —¢-sign n)u: + 2(1 — e]v EP'
By substltutmg the abuve estimate into (3. 1) we get

- 1 1 )

(Ilmlll2 + llTll2 + H‘PH“): + (llﬂ-&ll2 ¥ ||T¢|fz + II*P:II’) % -Pn‘i’ulﬂﬁ + 2#1:-‘5031 LSTHTI

. < R(u, ,so)+G(u,T ¢)+}:f, (@,T,¢)
, j=p I - o

where

R, T :‘P) M‘(Ilullz i3 +II§°II )[1+N“’h"“‘“’(llﬂllz+IITH’+II?II’)]

G(ﬂ: 150) M Z I£Fill* + M 'h"llllﬂllr,. + IITlIr,, + hlﬂlr,. 1 + ||T2||r + ||T“||r,.

o LA
¢ JIF'H";L g i .I-I:’i .r ,_1 4
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+ || it Ilr.. +1eT(IE, + N "R, + Y(H,T) + Y (4, )],

ofa oF '- ~Prp— 3
[, T,¢) = - EZ(E Fool "P(PNT+T PN90+50)—-P0%

=1 3=1 _
— 16nA33(v? + ul)(l + M""")‘I M "‘N""’*h"“‘ (lhiill2 + llfl"’ll2
+ 181", [DFf 5O) + (D7 @),

f2 (% Z "’?*’?_“?"a(PNT+ T, Puio+ GNPuT + T) ' Sz (PN T
e

+ T » P + &) - BmﬁuB“‘S“l - 4nAp=§‘-'B-=s (14 M**)?

1'%!""1\7"”'h""”'(IIMII2 IITII’+!|<PII’) [D+(T)]’+[D (TN,

f;(ﬁ:f': ) — fh-l ‘E{(""P(PNT + T PN'P + ‘P) - Ih[v(PNT -|— T PNIP

Held =y -
+ @)kl '[e“‘“'”""-*’(ﬁ"’)’r'*") Tt (';-P(P:éﬂ 7, Pmo +¢)
= |h[v(PnT + T, PNSP + ‘P)]--.-ll le” P” i i
The rest of proof is the same as in [3].” |

-’
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