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CONVERGENCE ACCELERATION OF VECTOR SEQUENCES
BY VECTOR PADE APPROXIMATION*)

Xu Guo-liang Zhuang Guo-zhong
(Computing Center, Academsa Sipica, Beijing, China)

g Abstfact

By making use of vector Padé apﬁr’oxiniﬁr’iis," a method for accelerating the
convergence of vector sequences is derived. The method obtained includes the well
known Henrici transformation .as a special.case.. A main’ ch'%:r@.cter of-the method .
is that it can use partial vector components to accelerate convergence of the whole
vector sequence. Results about the eﬂicacy of the method are eatahlmhed An

B‘Li."’-"" ."r:;. 1

algorithm and some numerical éxamples are-given."
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| §1 Introduction

o

In applied mathematms, we sometimes need to campute véctor sequences wlnch un-
der certain assumptions, converge to the solution’of the problem consideréd. However,
it is often the case that the convergence is so slow that the camputatlona.l approach is
of no practical use. Hence, it is natural to employ some convergence acceleration meth-
ods. In this paper, we derive a method from the vector Padé approximation introduced
in [5]. Differing from the existing acceleration methods (see {3]), our method does not
use a fixed number of components of the vectors being accelerated. The number of

components used varies with the degrees of Padée approximants.
In order to mtroduce the vector Padé a.ppmxuna.tmn(VPA) we give firstly the

fa]lawmg notations:

P | k .
B i= (ol p(z) = ) aiz',0 € C},

1=0
{f(z) E(z)—- Z a;2,a; € C},
: 1=k+1
gi::-m{“ n= (nl’: ; :nP)T!mEZ'f'! : '_ o ’P}’ :".-'?_--'

“where p is :h.-g:m‘-‘iitmtwh wmteger and Zy i8" the set of all nnnnegatwe mtegers |n|

- -"21—1 n4, for "’EZP* ol e §o .8 fals
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If g(z) = Y k=0 ¢ 2®, e € C, we denote

1 7 | *+r Clen4l
Cl+1 € "t Clend2 o5 5
I - - .
Tm,n(g) B . : i | oo _ '_ (1.1)
Cl4m—1 Ci4m-2 " Cl4im-n

with the convention ¢ = 0 if £ < 0.

Definition. Let f(z) = Yi= ﬂckz. ¢, € CP be a given power series, i =
(nl,---,np)T € Z§ and W = (wy, " w,,) € Z” be two given integer vectors such

that

gi=w-n€Z}, and |u|= lnl +m,

where m is a given integer. If we can find a vector: palynmmal N(z) € H; P and a scatar
polymmtal M (2) € Hp such that ST

f(z:)M(z) N(z) € 1:3'2,.- ~j and M(D)= 1 ,
then we call N(z)M(z)™! the [#,m, W] vector Padé approzimation of f. We denote 1t
as [7i, m, w]s. » |
From (4.1) and (4.2) of [5], we have ; |
Theorem 1 (Determinant expression for VPA) If H (n m,w) is mmingular; then

- (1.2)

Z

i - S i PALLdn I
Mis) = H(#,m,w - [B(n mw] H(#,m,7&) ] :

| (%) (A-1) ... zmfli-m)
N = gmms) {B(ﬁ{m,ﬁ ", H(r’i,mi’ﬁf ] B3
where | | |
TR . - T.-_-’:',“(f )
H(#A,m, i} = : . B(f,m,w) = ;
gl s . ;‘:;“(fp)

f(ﬁ)(z) = [fl(m)(z), - (“P)(z)]T f;(k)(?:) s g‘:'(c:)t . fﬂl‘ k>0,
01 fDI k< 0

fort=1,---~, p, and Det|[- -] denotes the vector obtained by ezpanding [ - | with respect
to its ﬁrst row”. Here and in the following (-): denotes the i-th mmponent of the uactor_
. In Section 2, we will abtmn an acceleration method from VPA. a.nd show tha.t the

Henncl transformation is a specm.l case of the method. Tn Section 3 we. will use the

E-algorithm in [2] to implement it. Some numerical examples are given i ‘Sectmn 4,
it

which show that the VPA method does accelerate the convergence ' of vector sequences,

o Ol nn e ey S w e e R
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and is more- puwe:ful than the well known vector e:-a.lgmthm [4] in some cases.

SR '- " §2 Acceleratmn Method of Vector Sequences

o

"“G'wEn‘ a vector sequence {5,}3° C CP, define f(z) b}'-thﬂ formal power series:

f(2)=) az*, acc? (2.1}

k=0 '

where ‘ |
i et Bl Ck=ﬁ-5'k 1= Sk — Si- 1y, _?{_1 2,- - (2.2)

By (1.2) and (1.3) we can deﬁne the generalized Hennca tra.nsfurma.tmn as fu]laws

S'.i SiH-l Sﬁ+m } - ke
h(ni,m,w) = n+m,m,w 1) = Det [

PRI o o

<+ det [ ] 23
T s ﬁSf;ﬁ . __ﬁSﬁ'fi—l,é' ﬁsﬁ-ﬁm.’é‘ J{_._? , T _ (

where n+! — (n1+1 iy + 0T, 1 = ‘3T Sﬁm{(&L);,:_ (Sn,)p]T E=tn

(ﬂ. + ﬂ'.I) = (ﬁlj ) 1‘3—1?)?,35.&' =[(S“I _)ll" . (Sﬂl-f-l!;—l)l: ) (S“.PJP* iy (S“r'l‘fp"})l’lr
as,-; . 5ﬁ+1a Sﬁ.e and - . o T

{‘}r

e ﬁ“ (n+m)>0 |w|—|n+m|+m - | (24)

Renmrk. If we wnte h(n m, %) in the form of E,ﬂd(ﬂjsﬁh, we can see that the

coefficients a( ) (t = -,m) depend on at most m components of the original vector
when m < p. - b | S '

Let |
ASime=[ASze,AS741.5, -, Adztm-1zl

Azsﬁm€= ﬁ.S,-i_Fng— ﬁSa'm.g,'

| AS g = = [ASz,ASz41,+, ASaymi] ,
where A.S',-; — S,;.H — Si#. By usmg the knowledge of linear algebra and (2.3) we ha.ve
- -h(n m ‘W) S;~AS ﬁm(ﬁ Sﬁ!m;g)flﬁ.gﬁ‘g

Example 1. Setne Z,,p EZ.,.,n ={n,---,n)T € Z_’I’_,m p,and W = i+ pile
Z% . . Obviously, (2.4) holds, and (2.3) becomes the Henrici transformation defined in
[2] Hence we call h(#i, m, W) generalized Henrici transformation (GHT).

- Theorem:2.: Suppose thatVn"- o+ k € Z% (ie., Vk € Zy, fig > Oﬁzed) det
[Q'Sa,m_é) ;“5 0, forsi='1,2. .fl M&Mry and suﬂiclentgondttwn that Vit = iy + k €

T h(7, m, %) = S is that the- sequence {.S'k} satwﬁes n

#n.}"’-i?-"ﬂ ﬁf‘} 'EI

W G 3 : o B g - s A I;
Zﬂ:(sﬁh -5') 6, and Za. = 1 % €C. (2.5)

4=0 ¢ T

Pmof ﬁ.{‘he sﬂﬁclency is obvmus . oo eEBEEGe e BN oy ..
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NGCESSitY' If Vﬁ & ﬁﬂ + k(k € Z+) € Zil h(ﬁ: m, tﬁ) = 51 then
Sﬁ‘;s _Sﬁ_-i-l'_s 3 Sﬁ-{-m-—S].F__ . . |

generalized determinant, we get

Det [

for Vil = 7ip + k(i.e.,Vk € Z4) € Z% . Expanding this

Y 28z - 5) =0, Vit = flo + k € Z5 . (2.7)

=0
On the other hand, we have

oz : Zz”" = det(a’sﬁm) #0.

‘--"0 Sy

- 1__:1": :

Set a(ﬁ) = :c( )/ g Then (2 6) becomea

Z ﬂ{ﬁ)(Sﬁ;.i.' — S ) ~ with Z aga) =1.

+=0 1=0

Now we prove that for a fixed fig é’:'rf,'!l’_,_dgﬁ) is independent of k (7i = fip + k. k€ Z4)

If e; > 0, by row-adding, we have B

| de [(Sﬂ.) (Sni+1)t (Sﬂ.+m):] ~ det [(Sn.'+1]i (Sﬂ;+2)i“'(3ns+m+1)i]
ASzz ASatpe - ASarme ASiz DSsyrer ASarme

o= det [(Sﬂi+=.-—1)i (Smpterds o (S“‘-J’“J’m—l)il
ASze = ASape -+ BSame )

Hence 3 o y g o I e 4
Det | 7A€ 79 JAET S T Atm,E ] s :
.e' [ ﬁSﬁr!— Asﬁ-l-l,é' 2 ﬁsﬁ+ﬁ1,é' 3 (2 8)
where |
5 | o €p

Therefore |
m {-ﬁ] i  , E o 15 m (ﬁ)

Z o (Sayig—5y=0, 20" =1 8]

i—=0 S ...-_-!_,--' : i=0' &,

By adding successively the rows 2,3,-:-,m to the 1st, 2nd, - -+, m-th component of the

vectors in the first row, we can. write the relation (2.8) as

Dat [,Sﬁ'+1.é‘-_ff“ _'5.'-_-_.;;5'1';'4-_2,5._'--'“._.5' R ',_-‘Sf'i_-i—_mﬁ-l.f-f?;s] i 6 : (2'10)
_ ASzz = Adane "‘-"‘Sﬁ+m£
~ Hence b o C T |
NN g eor @ '
3l (Sﬁﬁ-ﬁ,ﬁ‘*—f‘s) 0, with Eﬂ =y iy

If we replace i by i + 1 in (2. 9) a.nd mmbme mth (2 8) then we have

zﬁa(ﬁ)—ﬂ Zﬁa( (S;H. +1*f S):ﬂ | ;

LT 4=0 | =0 . __ :

#-
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o »Si:m:e detﬂSﬁ+1m,¢+17‘-‘U Aﬂ()""ﬂ fOl‘&Il . +kEZiandt-01 m,
the necessity is proved. | |
Corollary 8. If -5, = § + 3_1 A"z,, z; € CP, and none of the eigenvalues of
Aj(j =1,--+,J) equals 1, and A’Sz,,# # 0,i = 1,2, then [fi + m, m, W)y exists and
[ + m,m,w];(1) = 5. Here f(z) is given by (2.1) and (2.2), & = (n,---,n)T,m,w
satisfy (2.4) , and m = GP(A) is the degree of P()), while P(}) is the least common
multiple of all the minimal polynomials of A; with respect to z;(j = 1,---,J).
Proof. Let P(A) = T 7 ,al\* be the least common multiple of all the minimal
polynomials of 4; w1th respect to z;. Then P(A,)z, 0,forj=1,---,J. So

‘ 'Eﬂi(sﬁﬁ —5) = EA“P(A )z; = 0.

=0 , ;r'"‘l
By the assumption, P(1) = 37, a} # 0. Set a; = a!/ Ek—{l a,.. We have 3570 a;( Sz —
.8) =0 with. E,_Ua, = li a; € C. From Theorem -2y we can easily see that the cnmllary
18 true, | - A )
Example 2. Let 2 4 - 5 P e = ::
T Sepr = A.S';, + b k 0 1,- e s (242) 4

be a linear iterative. ﬂqheme, and I Abe nﬁn’ﬁh‘éula.i"“Then Sk — 8 = A*¥(So ~ 5).
It follows fogm Cortﬂlary 3 that h(7i,m,@) = §, where m is the degree of the minimal
polynumla.l of A with respect to (So = &k, e

Let ¢ be a real number, ¢ > 0. We denote the aet K (¢) of square matrices by

K(c):{ :[a ,---,GP]:G ECP\{U}, i: 1,.-.,1;, and IdEtAF"CH"ﬂ‘HZ} :

i=1

Definition (see [2]). % sequence of matrices {Bﬂ} 13 said to be uniformly tnverttble |
if and only if 3d > 0, N € Z;, such that B, € K(d), Vn > N.

Theorem 4. Let {S,.} be a sequence of complex vectors converging to S € CP, and
(S,‘i.|.1é"— S) = (B Bn) (53‘3“3) with p(B) < 1, and ].ll’l'].“_,,,,_-'.,,;:,~ Bﬂ =0 (ﬂ. = nu-l-k —
oo means k — oo, fig fized), where p(B) denotes the spectral radius of B. If the matriz
sequerice {A S a7} is uniformly invertible, then

(1) the sequence {h(n m, ﬂ} is deﬁned for ii sufficiently large;

@) *

"h(ﬂ m, &) — Sfl2 _
'""""“" i ISz — Sl

~ where h(fi,m, ) = s,u-- asﬁm-w S tmz) ASz e fi,m, D satisfy (2.4).
" Remark The proof of tlm theorem is gimilar to. that of Theorem 8 of [2].

Eial §3. An A.lgonthm |

o8 A

— iln tlul mtmﬂ we -tl!re the E-algtmthinﬁ‘{[ﬂ]) to unplement our generahzed Henrici



82 XU GUO-LIANG AND ZHUANG GUO-ZHONG

transformation. Suppose {g:(7i)} are auxiliary scalar sequences.

following ratio of determinants:

Let us consider the

Sa Sarvi 0 Satk
(@) @q@+1) - @@+ E)
H,E"} _ Det | 92(R) ga(B+1) - g2(fi + k)

a@) g(f+1) - g(A+E)
1, & e~ 1

gi(f) g@(@+1) -+ qu(f+k)
=+ det yn(ﬁ) 92(1'1' +1) - ga+ k)

gk(“) yk(n +1) - gl k).
Using the vector S ylvester’s identity for the numerator and the scalar one for the
denominator, we obtain a recursive a.lgnnthm the E- algonthm for camputmg H (#)sg:

H(ﬂ) S(ﬁh 9{(;:] = gi(n) "’ € Z+r i=1,2,-

» a AHTN
H( Hk )1’ }‘:*-]l,k" = & e
A%k

@ _ @ _ ) Agiy
N Pl TRl DT S o ie 2%, k=12,---, 12> k
AgL_ 1k
where '
i n+1 5 (11 7 n4l
ﬁ‘H|l(=--)1 Hl(c—l ) "_;Hl(c-)li Agijl,l y}b—l :) - gr-l-)l t*
Let m € Z4, o a.nd g = (el, .,e,)T be given; moreover, m = Ié‘] - Suppose
-, Wm € Z%

&(i=1,---,p)is thesth column of the unity matrix Ipxp. Define wo, w1, -
and the initial values gj(n) by the fo]lowmg steps

,np)T, 3—0 1_1 andegk-ek,fnrk-l -, P

(1) Set 'I.U[] — = ("11
(2) If eoi > 1, set § 1= = j+ 1 g_,(ng + k) = (ﬁsn.+e.-en.+k)t:k = 0,1,---,m, e€oi
b - T 1, ‘I‘.UJ .= ‘H.JJ_1 --—B, L

(3) Set i:=i+1ifi<p,gO to (2) otherwise go to (4)

O I AR B @Y L e e
(5) Stnp
Then the E—algnnthm gnres Wi "‘j* o F B |

H[ﬂn-l.k) h("nﬂ +-k l:’luhfl' k) l€ Z-'-I-'--' s, FEpannee mdd B

o . i:i“; i" "‘l:..'r o ] i -
e L Sk, B T
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Hence -ﬁ?ﬁﬁtﬁﬁz-.the H-Tahle i 5 ,
{aot1) 1ﬁo+l) ... pglie+y)
H Hop
H?ﬁo+2) }ﬂo-f-ﬂ . gle+d)

‘ :j

. Taking fip = 0 and & = n[l I)T for a positive mteger a, we wﬂl gnre some
‘nurnerical examples accc-rdmg to this scheme in the next section.

1§4 Numerical _Exa.mnles |

In the field of numerical ana.lysm, '-vector sequences are often generated by some
numerical methods for findirig the solition of @ given problem, such as various iterative
methods for solving systeims’of linear or nonlifiear equations and systerhs of differential
equations. These sequences may converge slowly or even diverge. In this section, we
will use four examples to. ;oppgre the.eflicacy of the generalized : Hmngl t;l,'_ angf
tion{GHT) w1th~that of veﬁape—-algﬁo thm{VEA) given: by Wyan [4] A

Vectnr i—algonthm ' BAES ol Tig ree o | |

?
isg?i- 0. eﬁ'? =8z AE Z"

R eii’i —-E"‘*‘?H o "'")" e e e

in whch the Samelsnn Inverse, y“'l of ¥V E C" is deﬂned by y -—WJ'&‘”; The results
(”} can be arranged in a table le., the g —table (see [4]). _—

When we compare two entries coming fmm H-Table and e-Table respectwely, the
following two principles should be followed.

Principle 1. The largest subscnpts of the initial vector sequence used in the com-
putation of the two entries are the same, e.g., We compare H: Rotit-1) ieh eg}, for
t=0,1,--;7=1,2,-.-; and'7 no 0 (the largest subscript is 2_1 + ).

Pnnclple 2. The two entnes use the' same number of vectors of the initial sequence,

e.g., we compare HY . “with'é A, {they use k original vectors), where

ﬁk:ﬁadd k-1, lfklsudd,'
5—— ﬁk=
0, k, otherwise ="

o e e

ﬂtherwme, y

Tables 14 are arrayed acq.ardmg to Pnnclple 1, and Table 5 according to Prmc:ple
2. The entnes gwen in these iables denate the numbers of. slgmﬁcant dlglts SD defined

by e £ W "’3 ::-" w5 U - 5
SD — log wﬂg‘{ge Sphthnr Apprmmate Sulutmn ||m :

7t -"J' i.'

The ﬁrst rnw of Table 1—Table 4 and the*‘secmd cnlumn cf Ta.ble 5 aré’ "notatwns df the
L3 _'&s Y i‘rll'ai e g JTfJ{ﬂi 7 7 P (i gy

TR
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Example 3. We consider the solution of the system of linear equatlone[“]

b T 6 .5 .1'-’1 L 23
7 10 8 1 z21{ '3_2
6 8 10 9| |=zs| |33
5. 1 9 10 A | 31

The true solution of the equation is (1,1,1, 1)T. We obtain the initial vector sequence,
which diverges, by the using J acobi 1teratnre methnd as in [3] the startmg 1teraxwe

point is (0,0,0,0)7.

Table 1 (Example 3)

k Sk Hlk—-z Eg-z i ;-'-3 k—" Hl—*ir H Eg—-ﬂ H:_ﬁ E:Eln
4 —1.699 0.601 0.601 0.527 0&54

6 2488 0.637 0.637 0.448 0.656 ' 0.685::0.683 - E
8 —3.726  0.652 0.652 0.762-.0.657 : 0:687:-0.685 eﬁ 4017 4.253 i
10 —4.064 0.658 0.658 0.714 0.657 - 0.688 063615627 335L 5341 4420

Example 4. Now we cons:der the selutmn ef the system of hnear equatmns[“]
1 -3 1 b 2o 4
3 1 6 -2 rs | N '__IB
4 5 -2 —-1) Lz L6

i ek
T, -

The true solution of the equatlen is (1,1,1 ,1)T. We obtain the initial vector sequence,
which diverges more rapidly, by using the Seldel 1terat1ve method as in [3] the starting
jterative point is (0,0,0,0)T." '

Table 2 (Exemple 4) I

S, HF? . o5 H,--'!""- ﬁ—*.._ Hy SR ’,;*"_
~1.847 -0.110 -0.289 - . TR |
—2.291 -1.064 —1.504 A 2102 0 957 T
—3.808 -2.302 -2.268 5.384 3.837 13.04 3.962
—4.401 -2978 -—3.358 8.667 7.119 13. 13___,12 62 .

0w O N A

Example 5. In this example, we want to find the numencal sulutmn %(1) of the
ordinary differential equa.tmns o B Ty

s =;.“y;3"-§.i‘ . oo sl BBNAS BT JHE G
L s = L, o tpmale o TAE fe B Mt :
= —¥3
it o=l 9(0) =0, y:i(b) =7 - E
by the well known Euler method o s Bl WL, ik s o 7

The initial sequence is generated by ta.kmg step lengths 2 " (k (ll,,l,y ) ;ucces-
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sively. The true lalut:m is fp‘(l) ="(~cos(1), sm(l) e‘l)T

R oble § (Esample §5) |
¥ S B g @t g g s
2 0983 118 1377 . -
4 1582 2386 2.733 3.120 2.961 |
6 2183 3.598 3.906 4.931 ‘4.863 5.697 5.000
8 2784 4.806 5108 6.738 6.643 8.143 ' 7.55] -
10 3.386 '6.011 '6.312 8.544 8425 1057 10.04
12 3.988 7215 7516-. '-1'0-&5 1023 13.15 '-‘-12 18

o |

Example 6l2 ] Here ws—:- pmduce the Jmtla.l vectar sequence by the quad:atlc ltera-

|||||

tion Spyp = G(s,.) where So.= {1;5 1..5 1.7, - a)T | o
:adag G(.S') = b4 A.S'+ Q(S)

7225 001 "0.05 050'*-*’““*--
A< |00 17570.00 0057
~10.05 0.00 “1.75 001"

059 0.05 0.01 2.25 -
" The sequence {S 3} cunverges to the vector .5" ~= (1, 1 1 IJT |
- Table 4 (Example 6) .

qqqqqqq

v o il ;H»abw g k—iﬁ 5 ﬂ*‘*‘gb-d H""‘" sﬁ*"‘“' ﬁf-s :E:A HE
N 127& 1%&7‘* b § 333**“%07 2,107 ‘2654""‘2;113 i
8 1506 1990 2.227 2836 2.651° 2.918  2.877 2'¥63 2878
10 1.720 2.325 2586 3123 3.154 3110 3.544 2.621 3.754
12 1925 2625 2924 3474 3.641 2.932 4.187 2.932 4.550
14 2.123 2914 3.250 3357 4117 3.302 4.797 3.518 5.272
| Table 5
£4, B S¥nad WM. Bpl 6. T . 8 .9
Sy -0900 —1.313 1.699 —2.906 —2.488 —2.882 .__-3 m _3.670
Example3 Hy ¢ 0507 0532 0683 7346 7419 7871 7628 7119
| e’ 03507 0564 "0.654  0.655 0683 0684 4253 3762
S8 —1.847 -—2.215 -2.291 —3.074 -3.808 —4.271 - —4.401 —4.auti~
- Example 4 H? ->—0110---—nlzﬁzh;z 128: .13.83  13.92  13.96 . -Jaeu -13.81 7%
' e, 0289 —0774 0057 2196 3962, 13.04 | .12.62 ; 12.91
ovi o Seii: 0983 1,283 1532_ 1.882  2.183 _2433 21'34*"' 3035
~"Example 5 - H). oY ] “'-"“=-21'?sm£fzi7 5824 7.523° 9.751 V12,81 1409
S e L A3TT 21232961 3945 5.0000 6.325 *nsa*?l 9286 0 )
e bes SgRe (i, z_..--:;,_n.ssoﬁ;ggiuu i 21561 1278  1.395- 61,5067 16157 n.
‘Example ¢ H)_, 0515  1.151 22046 gszli /2.650  3.113  3.360 13.&915
B =5 '-'z;*;"* 0.750 113¢ 1406 1800 2113 2.523 2.878  3.332

Remarl: From theae tables we can see that act:ﬂrd.mg to Principle 1, VPA method.

T TR N e ¥y S Y D L 1
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is better than vector £ —algorithm except for Example 6. But according to Principle 2,
the former is much better than the latter for all the above examples.

§5. Conclusion

It is well known that most '_ acc_ele:réiéip;i formulas for vector sequences caq be ex-

pressed as a linear combination of the original vectors (see [3]).. A common feature of

" these methods is that the coefficients of the égqq;hination depend upon each component
of the vectors. This seems quite natual; for;we accelerate every component of the vec-
tors. However, in many cases, the coefficients constructed from partial components can
accelerate vector sequences as well. E’ﬂfefﬁﬁﬁf fies in the fact that all components of
the vectors are related to each other in' ;ue;al* The full information of the vectors may
be got from partial components. - With Theorem 2 in mind, we take the linear iterative
scheme (2.12), which 18 commonly used in linear algebra computation, as an example.
If the degree m of the minimal polynomial of the matrix A corresponding.to (5 — So)

is less than p, then by using m campbpél,}ts_ we can get the 1;1'_11&. solution.

The examples given in the last sé;ti;::_i:l show that the partial campuneﬁts mothod
(GHT) does ac;eleratg the convergence for the given sequences in many cases. Further-

more, it sometimes behaves better than the vector £—algorithm, which is now widely
used. Another property of the Padé method is that it may cost fewer computations

.'. L]

since it uses fewer components. o it
" Finally, it shbult;l'be-pninted out that the Padé method indeed includes the case

that all the campdnénts are used (i'.e., €2>1). Therefore the Henrici transformation is
a special case of the GHT method (€ =.(1,:"- , 1))

.
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