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"ﬁ" GENERAL ALGOR.ITHM AND SENSITIVITY ANALYSIS
Lo FOR VARIATIONAL INEQUALITIES'
0 Muhmnmad Asla.m Nuur
g (Mathemut:ca Depnrhuent College of Sctence,
) ey F G ® I{mg Suﬂd Umnmty Saudt Ambtu)
AT SR o _ Abﬁ“ct

The fixed point techmque is used to’ prm ihe existénce of a solution for a
class of variational inequalities related with odd order boundary value problems
and to suggest a general a.lgonthm "We also ma.ke the senmtmty analysis for
these variational inequalities'and mmplementantjr pmblema using the projection
technique. Several special cases are discussed, which can be obtained from our
results. - g momm o # R i s Ehaeten satsss e R

§1. Introduction -+ -

‘-‘

umﬁlmd wectm technique for studying a

- Variational mequahty them'y is“‘ﬁ‘

%%{sﬁ%pmh__ main a.yn _. Hay sapal ooyt ol '
extended and genera!ized m evers a& dn'ectmm umng new and powerﬁ.ll mgthods that
have led’ tu ‘the solutioh of basic and' fundunental problems thought to be inaccessible
previously. Some of these developments have: made mutually enriching contacts with
other areas of mathematical and engineering sciences. We also remark that the theory
so far developed upto now is only a.ppllcable to constrained boundary value problems of
even order. On the other hand, little attention has been given to odd order boundary
va.lue prnblema In recent years, the author has developed iterative type algorithms for a
- certam class Df ?anatlonal mequahtles related with odd order boundary value problems
hamng mnstrmned condatmns We a.lso study the qua.htatwe behaviour of the solution
of the vma mnal mequahtles when £he given 0perator and the feasible convex set vary
thhda, parameter Such a studyaskpqwn;as sensitivity analysis, which is also important
and meamngful Sensitivity analysis Eﬁmudes useful information for designing, planning

mﬁoﬁ%% %1 S I*}ﬁ’miieﬁ; ﬁﬁiiﬁ ing the future éhmges of the equ.lhbna as a resnlt

of* Ehf Jn ﬁﬁ,g%jvé;ﬁ? ystéms. In a.dd.ltlon, fmm a theoretical point of view,
ity properties of 8 mathematical programming problem can  provide new mslght'

Ei'ﬂbhlm bemg.j ytq@mgl and ‘can  sometimes stimulate new ideas and

L] nr .
-"--' AL 2T B L R L e T R o o e T
! ‘. .J._'E. e _.....__:_._: R e A i !'p e e R o TR
. . A
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Motivated and inspired by the recent research work going on in this area, we consider
» new class of variational inequalities. Using the fixed point technique of Glowinski,
Lions and Tremolieres [1], and Noor {2, 3], we prove the existence of a solution of these
variational inequalities. This approach enables us to suggest and analyze a’ general
algorithm for these variational inequalities. We also show that the variational inequal-
ity problem is equwa.lent to solving a fixed point problem using the projection method.
This equivalence is used to analyze the sensitivity of the parametric variational inequal-
ity. This approach is due to Dafermm [4] We a]so canslder the sensitivity analysis for
the general complementarity pmblems Severa.l specla.l cases are also discussed.

In Section 2, we formulate the variational inequality problem and review some
necessary basic results. The existence of the solution of the variational inequality
problem is studied in Section 3 using the fixed point method along with a general
algonthm Sensmwty ana.lysm is the sub jECt of Sectmn 4. The apphca.tmns of the

main results are conmdered in Sectmn 5 -
§2. Vanatmna.l Inequahty Formulatmn

Let H be a real HJlbert space w1th norm a.nd inner pmduct -] and (-,-) respectively.
Let K be a nonempty closgd convex set in H. |
Given T,g: H — ¥ continuous operators, consider the functional I{v], defined by

L In=g{Tesl) . (2.1)

L

which is known hs the general energy (cnst) ﬁmctmnal Note that for g = I, the identity
ﬁperatc:r, then the functmnal I [v] deﬁned by (2 1) becomes |

' Il["] {T”l )1 The

which is the clasmcal energy functmnal
If the operator T is lmear, g- symmetnc, that is

(T[u), g(v)) = (g(u) T(v)), for a]l u, vE H,

and g-pcusmve deﬁmte, _then we can shnw that the mm1mum  of I [v], deﬁned by (2.1) |
on the convex set K in H e eqmvalent tu ﬁndmg u€ H suc.h tha.t g(u) € K and

Pouts e (Tu, g(v) - g(ﬂ))<0 forall y(ﬂ)EK - (22)

Inequa.hty (22 J‘L;_ :

;5 known aks the eneral vanatmnal mequphty, mtroduced and stud1ed'_

¥ ;ﬂ'f-;_ Bl ?.

by Nmrls] We k that i g -‘ I the ;dentlty 0perhtor, t_hen problem (2 2),
Eqmvale‘nt fﬂ H'E'dﬁng u e K mal that t& S .;‘g _} Aper SREEII 1—-—‘3- T L e kAT RR A B
il th & 1, {Tu, '0- )< 0 fora]l-vE K s g vl B (23) |
T 't ‘;’;_

which is knownt as the vanatmna.l mequahty problem consldered :.md studled b? Ialms )
and Sta.mPacdh_m“ | 5 S
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If K H, then problem (2.2) is eqmvalent to ﬁ.ndjng u e H such that 4l o swdw

N T
T se SE L A Ky ¢ e iCH .l‘.:.!' J."I

L kﬂa.'?.ﬁ_k,h e T 2
; L e e =0, el g €H L

A BB e,
Problem (2. 4) is l:nown s the weak formulation’ of the odd ardes buundary value:
problems and this appears to be a new one.

If K* = {u€ H; (u,v) >0 for all v ¢ K}mapnla.r cnneafthecanvexconef(m

H.and K Cg(K), then problem (2.2) meqmvnlent to ﬁndmg u € H such that - v 2%

:[.{ T' "*'f-r..'-."'\l”‘#"‘l

g(u) € K, Tue K* and {Tu, g(u))—D T sy

a complementanty probleni irhmh is essentla.lly due ‘to’ Oetth_ and Nmrm Note the
symmetry mle played by the oPerators T and g gmce K K i — R+ Thm problem
includes niany previously: known proMemq as special: cages,; © - |

It is clear that problems (2.3), (2.4) and (2.5) a.'re specml caaes le the gﬂ?ral 15%1;1-
ational inequality (2.2) introduced in this paper. In bnef we conclude that problem
(2.2) is.a most general, anEl umfymg one,:which is one of the main mniotivation of this
paper. !E G BT Ll M B o Ty , .

We now deﬁm; thg follqwmg concqpta P S | .

Definition 2.1. An operator T : H — H is smd to be

(a) strongly monotone, tf there exists a constant a > 0 .mch that g
: (Tu=Tv, u=") 3 aflu~vlf, for all u,”u s 0y
(b) Ltpschztz cantmum, :f there emﬁs a mnstant ﬁ > D mch that

Ituclearthat:fﬂmsu Qwﬂ#ﬂdoesa anda<ﬁ
e -r, 2 ;fxiﬁ Bh.._“lt J., %._t‘r = Jn’ltdr Iii & g 1_.,__.11__” T

g -

i = Sl e SRy R L | T 3 Lo Gaia T
o §__ . Existence Theory .., .« i«
i o e Ty § "o LEDT = ' T A . 4

In this section, using:theé fixed:poitit techni ique ‘of Glowinski, Lions and Tremolieres
1] and Noor, 2, 3], we prove “the engtence of the. snlutlon of the general variational
inequality (2.2).. i

Theorem, 3.1. Let the opemtora T.g : H'S H be both strongly monotone and
Itpschitz continuous. reapectwely f the operator g is one-to-one, then there ezists-a

unique: solutzon u eEmm:h—that gl(u) € {{ a closed convez set in H and
| -ﬂku*_;;r* o I\ﬁ; s ,"1”' e

i3 oiinbe iTu gfu) g(tr)) >’0 “for all g(u) € i (3. 1)
iR sty «ﬁmﬂi Hi! Wm )Y dadi tevls < s 8 dpdt woale oy avad wou oW

{12:3’ proof is similar to that of 218 ’Eglstence We. now use the

ﬁief; ;?m' - : &hg é:ihtenge Of ﬁt%lﬂt{.l‘ll'of '5'3 1). -;Fofr%ﬁ%q;eﬁﬂiu
b ‘m'*’ ‘h‘* £y, PR J"E“‘ of finding wie Byench thakio(on) g;mmwhe.w

-

L. “‘le e L ﬁf“!ﬁ SEAg s S R SR 3] 18w
} “'l :-
ﬂ - ‘rm 4+ el e - e LA

ARPLN a»m) 3 (u,u—w) T Tia() <) b ol a(v)e*ﬂ”ﬂ ' (32)
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where p > 0 is a constant. _
Let w1, w2 be two salutmna of (3. 2] tela.ted to uy, tg € H respectively. It is enough

@ show that the mapping v — W hasa fixed pmnf befongng to E fatfsfymg (3 ] ) In
other words, we have to show that for p > 0 well chosen, .

||w1 = w;n < 9"‘!11 o— tlg“

with 0 < 8 < 1, where 0 is mdependent of u; and u;. Talcmg v = Wy (iesp_ectively w )
in (3.2) related to 1y (respectwely uz), we have '

(wn, w3 —w1) 2), w3 = 93) - (T, glws) = 9(1))

il

C (wn, wy - wa) 2)us, w1 w:)r-pti?_ﬂmgtw) gt -

= Ll = = .
i, "‘!'. i A 1 : PR gt i
F ﬂ' o o h-ﬁ,‘q ' - i o *
- -,

Addmg these mequahtles,weo!btam - i_ )
(‘wi —ws, w1 — w2) S (u; —uz, w1 — - aws) = p(Tw1 — Tuz, g{wy) — g(ws)) <
= {uy — ug — p(Tuy — Tug) Wy — ‘I'.Ug)

1 P(T’ﬂl & T‘uz, ‘wl = w: o (9(101) Q(Wz)))
from which it follows that '
llwy — 1wzll < flug — vz — p(Tr1 - Tuz)l| flwn —wall -
A pllwr - w2 - (g(w1) — g(w))ll 1 Tur — Tzl (3.3)

Since T, g are both strongly monotone and Llpsc.hltz cnntmuous, by using the
techique of [8], we have

lluy — uz — p(T1 — T‘H'-:)H2 < (1 - 20p + B2l — wal’ (3.4)
and
1wy — wa — (g(wn) = gwa))|* < (1 - 20 + §%)ljwn — w — 2", (3.5)

From {3.3), (3.4) and; (3.5),. we obtmn, by using the Lipschits'-cantinuity of T,

o =~ wal] < {B(VI—20 4 80) + /1 2+ ﬁ"‘ﬂ’}llm. ~ gl
=kt (o)l = vall + Ol - uzu

whera B pk + t( p) = B |

'We. nnw have to show that 9 < 1 It is clea.r that t(;; assumes its mmjmum va_lue
ol R B T

v _;, I‘orp p, pk o & t(p) ﬁlrmhu that: pk <1 a.nd -
! fgfa]lp T e praddiona vraliimrs sy ult VIR

- Jorew .
R
-l
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| s‘laeq 9 < 1, the ma.ppmg U — w deﬁned by (3 2) has a fixed pomt wh:ch is the. solutmn_ |
of (3. 1), the required result. % | . » .
Remark 3.1. If ¢ = I, the 1dent1ty operatnr, then prnblem (3 2), is eqmvalent to
finding w € H, for given u € H, such that -

(w, v - w) > (u, v—w) - p(Tu, ' .w) for all v € E, (3.6)

mdp>0 From the proof of Theorem 3.1, we have k = Dandﬂ '1—'-2ap+ﬁi 2 <1

for 0 < p < ,23‘:’ so the mapping v = W defined by (3.6) has a. ﬂxedpumt fthch is
the solution of the variational: mequa.hty (2.3), studied by Lions’ aﬁnd Stampacehla [ﬁ]
Comequently, we have a new proof of the variational mequahty prﬁb]em (2- 3)."

~'Remark 3.2. We note that the solution of the variational méﬁ'ﬂaﬁifpmblm (3 2);
i8 eqmva.lent to finding the mmmmm of the flmctmn F(w) on I{”’»!wh&%’ FHT

F(w)-I/ 2(w, w) - (u, w) + p(T, g(w)) i (3 7)

Hence p > 0 is a constant. ‘It-turns out.-that this. auxiliary *prqblem, is -very:useful
in suggesting an iterative algorithm for computing - the approximatessolution:of the
variational inequality (3.1). Based on these observations, we extend the'ideas of Cohen

(9] and Noor [2] to propose a more general algorithm: ' | &, . 7as o o
Ceneral Algorithm 3.1. For some u € K, we introduce the- fallowmg auxlllar}f
problem | S I R e T
wEK F[w] | q-ﬂ‘uf E:*”“”—I{_. :
' - e e 1&‘ (e e E b 8 L Y
where | ‘---e'a e B
F[w] E(w)+ p(Tu, g(w)) (E’(u) w} (3.8)
i;
Here p is a constant and E is'a convex differentiable ftmctlona.l. = = L
Itis. clea.t that the selutlm w of (3.8) can be charactensd -by the" mtibnal
s G g dnal sadd e e ‘.5»' ."‘?-"s gt & 88 R
(B(w), u-u) > (E(w), o~ w) - p(Tu, g(v) g(w», ﬂali;yg K (3 9)
We note that if w = u, then clearly w is a solution of (3. 1) This fact suggests the
following iterative algorithm: - o
(i) Choose the initial vector w,. . it s gkl s ede oy

_{ii) At step n, solve the aunha.r_y problem (3 B) mth u = waiLet Wwni denﬁte the
solutlon of this problem. Bl & WE L

(iii) Calculate {jwn41 ~ wall- If‘||w,,+1 - w,,|| <€, for grven ﬁﬁzﬂ@tep,, athermse
repeat (ii).

- ‘It is obvious that if E(w) — (w, w) then the general auﬁ];ng ablem (3 8) 18
| e:n.ctly the same as (3.7). C['l:le:l'ei't:.'url'«ag,r we, may consider this algorithi ?ﬁ q_gmeralizatim
of the previous ideas of Noor [2] We remark that the Genera.l Algorithm 3.1 is an
nit&eatmg way of computmg & soTutmn of (8. 1) as long a8 (3. 8) or (3 9) is easier to
tolve than problem (3.1). This depends crucially on the choice: ofﬁhg@unha.ry Konvex.
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cost functional F[w]. Since the auxiliary problem (3.8) is essentia.llj a minimization
problem, a large number of algorithms are available to solve it. - '

§4. Sensitivity Analysis

In this section, we conduct a sensitivity analysis for the variational inequality of type
(3.1). This problem has attracted considerable attention recently. The methodologies
suggested so far ¥ary with the problem settings being studied. ‘Sensitivity analysis for
variational inequalities has been studied by Tobin [10], Kyparisis [12, 11], Dafermos 4]
and Qiu __p?nd;Magnanti [13] using quite different. techniques. We mainly follow the ideas
.and technique ofLDaférmns_ [4], as extended by Noor [14] for a class of quasi-variational
inequalities, which is based on the projection technique. This approach has strong ge-
ometric flavour. Using this technique, one usually proves the equivalence between the
variational inequality problem and the fixed point problem. Consequently, this tech-
nique implies that continuity, Lipschitz continmity and differentiability of the perturbed
solution depend upon the continuity, Lipschitz continuity and differentiability of the
projection operator on the family of feasible convex sets.

We now consider th® parametric variational inequality version of problem (3.1). To
formulate the problem, let M be an open subset of H in which the parameter A takes
values and assume that {K): A€ M} isa family of closed convex subsets of H. The
parametric general variational inequality problem is:

Find u € H such that g(u) € K, and

(T, X), 9(o) — 9(u)) 2 0, for ll g(v) € E, (4.1)

where T'(u,A) is a given operator defined on the set of (u,A) with A € M and takes
values in H. We also assume that for some X € M, problem (4.1) admits a solution .
We want to investigate _thdse conditions under which, for each ) in a neighbourhood of
A, problem (4.1) has a unique solution u()) near & and the function u(}) is continuous,
Lipschitz continuous or differentiable. We assume that X is the closure of a ball in H

centered at ©.

We also need the following concepts. -
-+ PDefintion 4.1. The operator T{u, ) defined on X X ‘M is said to be locally, for
al A€ M, u, v€ X, - a |
"(&)'“‘s"i:"'ron'glf"mﬂndtone,'-'ﬁ there exists a constant a > 0 such that

o L " (T(4, )7 T(v,A), v —v) 2 allu- ol . (42)
+(b) Lipschitz conftinuous, if therd exists a constant f > 0 such that %%

o am o B ot IRRRTLY T B e B BL B R L s ey v U : T ‘
ety T (9

In particular, it follows that'& > 8.
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hY We need the following results to prove the main result of this section. The ﬁrst one

is duetoNoor[‘] * P . et E
demma 4.;[5} The ﬁmctwn u € K, is a solution of the pammetﬁc vamtwnat

mequabty (4.1) if and only if u is the fized point of the map N

F(u,A) = u— g(u) + P, [9(u) - pT(u,2), (4.4)

for ali A EM und some p > 0, where PKA is the pmjectwn of H on the faimly of cloaed

convez sets K.
We are here only interested in the case that the solutions of the vana.tmna.l mequalttjr

. (4 1) lie in the interior of X. For this pu:tpme, we consider the map 1
o FNu,A) = u - g(u) + mex[g(u) ~pT(u,A)}, forall (u,A\}e X x M. (4 5)

We have to show that the map F*(u, A) has a fixed point, which by Lemma 4. 1is a.lso B

' solution of the variational inequality (4. 1) “First‘of all, we prove that the map F"(u, A)

is a contraction map with respect to u, uniformly in A € M by using the local strong

monotonicity and Idpsch.ltz contmuity of the operator T'(u, A) defined on X x M.
Lemma 4.2, Far aH u, vE X, and A E M we have

1F*(u,2) - F*(v, A)Il < Olu~ 1HII

where 8 = b+ t(p) <1 for |p - % < ‘/3_732% kfj| ,a> Bk —-2) and k < 1.
Proof. For all u,v € X, A € M, from (4.5), we have
[1F7 (u, A} = F (v, A)]] < [lu - ﬁ-v;(g(#l - g(0))ll + [|Pxynx [g(x) — pT(u, M)
~ Prynx{g(v) — pT(v, NIl < 2[|u — v — (g(u) - g(v))}
+ [lu — v — p(T(u, ) - T(v,A))]] (4.6)

since the projection operator Pk, ., .nx is nbnexpa.nsive see [1].
Now the operators T'(u, A) and g are both (locally) strongly manc:tnne and Lipschitz
cantmnaus, so by the method of Noor [8],

lu - © — p(T(u, A) - T(o, )12 < (1 - 2ap + B% ’)Ilu—- oY,  (47)
and ' | o
||u-v ~ (g(u) - g(v))u’ <(1-26+0%)u—vf?. (48)

From (4 6) (4 7) and (4.8), we obtain -

1 F*(u, ) - F*(v, ).)u <{AVTZ2w+ o?) + ‘/1 - 2ap+ B 2}||1:.c. u||
= (k + t(p))“u A 1tf'llt?l\m = tr'II,. |

P E Ry ThITR i 3 mﬁfiiwi'f?'t ) ' 147y

whg&” F -g-qu 1 — 26 1—1515) 1%‘1 t(p)- \/1 2ap+ ﬁ’pf an,uamgthe
,,._._,qm;lg%\ﬁhwmshwma cEe s e F o whie

;i.‘:.
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.and k < 1, from which it follows that the map F*(u,A) defined by (4.5) is a contraction
map, the required result, | _ i 4 ‘- - .
.. Remark 4.1. From Lemma 4.2, we see that ‘the map F*(u, ) has a unique fixed
point u({X), that s u(A) = F*(u,A). Also by assumption, the function # for A\=Xis a
solution of the parametric variational inequality (4.1). Again using Lemma 4.2, we see
that @ is a fixed poirtt of F*(u,)) and it is also a fixed point of F*(u, A). Consequently,
we conclude that u(}) = @ = F*(¥(A),A). s | |
- Using Lemma 4.2 and the technigue of Dafermos [4], we prove the continuity of the
‘solution u()) of the variational inequality (4.1), which is the motivation of our next .
: .. Lemma 4.3. If the operators T(%,A)," y(ﬁ) and the map A — mex[g(ﬁ) -
nction u()) satisfying

 pT(8,\)] are continuous (or Lipschitz continuous), then the fu
(4.1) is continous (or Lipschitz continuous) at A I T TR
f, For A € M, using Lemma 4.2 andthe triangle inequality, we have

) 0 = (), 2) ~ ()90 < 1), = F R Dl

+ 1P (R, 2) — F(u(R), Dl < 611u(3) — v
+ P (a0, A) = F*(u(R), Dl '
o » ~ '- ; .
From (4.5) and the fact that the projection map is nonexpansive, we have

1F~(u(3),3) - Fr(u(), 01 o

P la(u()) = PT(u(0), N)] = Prynxlo(u(R) = oT((X), A
< pIT (W), ) — T(u(R), ) + | Prsxlg(w(X)) — PT(u(), )]
_ Preoxla(u(d) — pT(u(R), M

Now from Remark 4.1, and combuung(49) with (4.10), we get

(4.9)

(4.10)

e = 8l € 51T ) = Ti@, M + g Pracxl9(@) — #T(3, M)

from which the récjuii'ed result follows. |
' Lemma 4.4. If the assumptions of Lemma 4.3 hold, then there exists a neighbour-
hood N C M of A such that forle N, u()) is the unique solution of the parametric
variational inequality (4.1) in the interiorof X. =7 JEAE v 70T
Proof, Tts. proof is similar to that of Lemma 2.5 in [4],// . =
We now state and prove th ma.m H _result of t!:ls sectmn -. ;

1 P

. Pheorem 4.1. Let @ be the solution of the parametric variational inequality (4.1)
and X = X"and T(u,X) be the locally sirohigly manotone: Lipgchitz continuous operator
for all u,r € X. If the operators T(%,A), 9() and the map X Pgmx[g(ﬁ) = pT (@, A)]
are continuous (or, Lipgchitz__,cont_t'nums) at'A =X, thep there ezists a neighbourhood
N C M of \ such that for X € N, the paraietric variational inequality (4.1) has

o e
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a umque soluttan u(A) tn the interior af X 'u(.l) u:and -u(l) is cintinuous {or
Ltpsch:tz continuous) at A= X, ' of L Y
- Proof. Its proof follows from Lemmas 4.2-4.4 and Rema.rk 441

Remark 4.2. The results obtained in this section can be exténded when the-
. operators T and g are both allowed to vary with the parameter A along w1th the
feulble convex sets, The variational inequality problem (4.1) becomes -

. Find v € H such that g(u).€ K, and

(T(wX), (o, 0) - g(w )20 forall g(v)e Ky  (412)
whxch is eqmva.lent to ﬁndmg uc H auc.h that 5 5 i
. RN =Pl - TN, (413)
for A G M and P >- O T]ns furx;lulatzon a]lows us to_obtam results smnlar to thnse in
Remark 4.3. We note . tha.t for g = I, thF glgnt;ty operatar, the _pargmetric
matwnal inequality (4. 1) reduces to . e ¥ oo
e ARG G sglch A S Y T

{T(u,.\) v—u)}(l fﬂraﬂuefﬁ,.

the problem studied by Dafermos Consequently, our results are exactly the same as
proved in [4h We also remark that the function u(l) as defined in Theurem 4.1 is
continuously differentiable on some nelghbourhpod_ N of A For this, see ‘Dafermos [4].

§5. General Complementanty Pmblem
In this section, we illustrate that the results 0btmned in Sectwns 3 and 4 can be

used to study the sensitivity for the general complementarity problem studied by Oettli
and Noor [7]. To be mare precise, given T',g : H — H, find u € H such that

g(u)e K, Tu e K* and (g(u), Tu) =0 (5.1)

where K* is the polar.cone of the convex cone K in H. Since problems (5.1) and (3.1)
are equivalent, the results of Theorem 3.1 and Theorem 4.1 can be used to prove the
existence of the solution and the sensitivity analysis of problem (5.1).
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