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A SPECTRAL-DIFFERENCE SCHEME FOR THREE-
DIMENSIONAL VORTICITY EQUATIONS
WITH SINGLE PERIODICAL

BOUNDARY CONDITION*Y

Guo Ben-yu
(Shanghat University of Science and Technology, Shanghai, China)

Abstract

We develop a spectral-difference scheme to solve three-dimensional vorticity equa-

tion with single periodical boundary condition. We prove the conservation, generalized
stabilty and convergence. The numerical experiments show that this scheme gives
much bet#er results than usual difference schemes.

F

81. Introduction

Let z = [1:1,:1:2,::3), g1 = (1,0,0), €2 = (U, 1,0), €3 = (U,U', 1) and {) = Q X I, where
Q = {(Il,mg),ﬂ < X1, T < 1} and I = {173,0 < Iy < 2'1!'} Let P; = {.‘I: = Q,Ip == 0},
Iy ={z€fl, z,=1} (p=1,2), Fp=T; UPtand T =T, UT,.

Let &(z,t) and y(z,t) denote the vorticity vector and the stream vector respectively.
§o(z) and fi(z,t)(! = 1,2) are given functions. Their components are denoted by £(P)(z,1),
it (z, t), {;’,,gp ](:r, t) and f,[p ) (z,¢), p = 1,2,3. We consider the three-dimensional vorticity
equation as follows:

%f' +{(Vx 9)]¢ — (- V)(V x ) — vV = £, (z,t) €0 x (0,T],
'_vﬂ'# = £+ fa, [z,t] € {] x [O, T], (1'1)
(z,0) = &o(2), z€

where v is a positive constant and f;(z,t) and £y{z) have the period 2x for the variable T3.

There are many papers concerning the finite difference methods for solving (1.1) 1.2} The
author and others!®4 proposed spectral and pseudospectral methods to solve the periodical
problem. Because problem (1.1) is only periodical for the variable Z3, we cannot use the
method in [3, 4]. Recently, the author!®® developed a spectral-difference method to solve
such partially periodical problems. In this paper, we propose a spectral-difference method

for (1.1).

*Received September 29, 1987.
1)The computation was done by Mr. Xiong Yue-shan.
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§2. Notations and the Scheme

Let A and 7 be the mesh sizes of the variables z,{p = 1,2) and ¢, Mh = 1. Define

Qs = {{z1,22) = (j1h, 72h)/1 S 1,52 € M — 1}, Qn = {(51h,2h)/0 < 51,52 < M},

On =Qn x I, Qn = Qn x 1,
I‘,,p—{zeﬁh,fzp—u}, I, ={zeflh/z, =1}, p=12,
rhp_rhpur;p, Iy =Thi1UThz, |

> = {z € ln/zp = h}, | ﬂ*""—{:zzeﬁhfmp:l—h}, p=1,2;
ﬂ:': —ﬂ*'UﬂhP, =10, , VI, 5,

S, ={t=kr/k=0,1,2,---, }.
Let u(z,t) and v(z,t) be the three-dimensional vectors. We define

: _

g, (2,t) = ;‘-(u(:r + heg, t) — u(x,t)), uz (z,t) = us (2 — hep,t), p=1,2,
(z, 1) 1( ’( (2,1)) \ —ug, (2, 1), for z€ T,

uz (z,t) = ~{ug, (2,t) + uz,(2,1]), unl(Z,0) = *
g\ Ep ) z ) ( ug, (Z,t), for z € T) ,

Au(z,t) = vz, 2, (2,1) + tz,2,(2,2) + —gf;-g{(:r,t), ue(z,t) = %(u{m,t + 1) — uf=z,t)).

We define the following scalar products and norms:

a2
(ulz1, 72, 8), o(z1, 72, )1 = = [] s, ) ote, des,

"“(mh T2, t)”? = (“[mhmﬂlt]: “(Ilrz?n t));,

(u(z-?n.t)l v(zs,t))Q, = h* Z u(z, t)v(z, t),
{z1,22)EQ
lu(zs, )5, = (u(z3,t), u(zs,t))qu.

(u(t),v(t)) = h* D (u(z1,23,t),v(z1, 22, )1,

{Ihm?}EQh

fu()l? = (u(t) w(®), [lu@Ik = Hu) PP,
WO = 2 3 (lus, (17 + ue, (1) + | 5= 0]

p-—l 2

lu(e)lT = Ilm(t)ll2 + [u()I1,
lu(t))? = Z (luz, (8)l1.00 /07 + Jutg, (8) 1,00/07) ::3(*”?

p—l 2

lu(e}IZ = Hlu(e)E + |u()]2,
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where the definition of |u(t)|; q,/n; 18 similar to |u[t]| but the summation is only for all
z € 1y /11;. We shall use also the fnlluwmg norms:

M-1
lu(®)liE, =& D (lule, 78, )7 + llwl1, 7R, )7 + [|u(sh, 0,8)1F + [fu(sk, 1,8}117),

y=1

lu(e)lIG; = A Z_: (leth, 53, )17 + [[u(1 = by 7R, )7 + Nulsh, b )17 + llu(sh, 1 = R, 8)]7).

=1
Let N be any positive integer and
| Vn = span {e"'**/)l| < N}.
Py 18 the orthogonal projection, i.e.,

2m
f (PNH—H)ﬁdE;; =0, V veVy.
« 0

One of the key problems is to construct a scheme which has the property similar to that
- of (1.1). Indeed,she solution of (1.1) satisfies

t 4 ;
IIE(t)IIi:cmﬁfﬂ L(y)dy=llfn||i=[m+2'/; (f1{y), €(¥))L3(n)dy (2.1)
where

L(y) = 210 oy — 2 | €z 9) 5o (mv)de

% sz(z,y)( e 3 (z,y) 3;?.&‘2}(:5;5'))65
+-/1:1" £*(z, y) (5?5:; (=, y) - amaiﬁm(fﬂ y))dﬂ
* £z, y) (ailtﬁ[a’ (2,y) - 3¢“’(I= y))ds
+ ], €9 (G900 - 9w )ds

—2((¢(y) - VIV x ${y)), £(¥)) 2 (0)-

In order to simulate (2.1}, we define the following operators:

(1)
Riw) =Wz, — 3.

(1) p(2) p(3) o (p) ; Moy ——
R(w) = (R, Biy) Riyy)™s  Si(v,0) = 2 B (w)us, + R (w)c?za’
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Ta(uyw) = 3 (B (w)u)s, + £;(R(3) Ty 0) = 501 () + 2 Ja(u,w),

(w,u)’
p=1
- 3
H(u,w) = E u(P) [R[F}[w))i, + uf3) ERM(W}

p=1

[t can be shown that
(u(0), 7 (w(t), w(t))) + (o18), T ule), w(t))) = 5 Alu(e), (), w())+ 3 A(o(e), u(e), w(®) (2:2)

where

M 1
A(u (£), v(8), wlt)), = }: ((6(1, 7, 8), RO (w(1 ~ b, 5, 6))o(1 = h, jh, 8));

+(u(1 — h, 7h,t), R“)(tﬂ(l,jh, t)v(1,7h,8))r + (u(sh, 1,t),
R (w(sh, 1 - h,t))v(sh, 1 = ht))r + (u(jh, 1 — h,t), R (w(5h, 1,8} u(jk, 1,8));
—(u(h, 7h,t), R (w(0, 5h,1))v(0, 7h, t)}1 — (u(0, 7h,t), R (w(h, 7h,t))u(h, 5k, t));

~(u(ih, b, )R (w(5h,0,6))v(h,0, )); — (u(7h,0,8), B (w(sh, hy ))v(sh, h, 1))s]

In particular,

(u(t), I (u(t), w(e)) = 5 Alu(e), u(t), w(t)). (2.3)

We can also prove that

2
(u(t), A0(8) + 5 D (e, (6 v, (6) + (ny (6 v, ()] + (5 (8], 5 (t)) = Bu(0),0(8)

(2.4)
where

Blu(s), v(t)) = 2

Z [(u[l Jhit) +u(l—h jh t), un(1, 7k, t))r + (u(7h, 1,¢)

+u(sh,1 = h,t),u,(7h,1,)); + (u(0, 5h,t) + u(h, 7k, ¢),
U, (0, 7h,8))1 + (u(sh,0,¢) + u(sh, h,t), u,(7h, l,t));].
In particular,
(u(t), Au(t)) + |u(t)]T = B(u(t), u(t)). (2.5)
If in addition u(z,t) = 0 on Ty, then

(u(t), Au(t)) + |u(e)fi + S(u(t)) = 0 (2.6)
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where
1 M1
S{u(t)) = 5 D Hluh, sh )17 + llu(1 — &, 5k, t)[|7 + [[u(sh, k)] + lu(7h, 1 — R, £)]|2].
3=l

Now let n{V)(z,t} and %(¥)(z,t) be the approximations to £(z,t) and ¥(z,t) where
q(”}[z,t],tﬂ{ﬂi(z,t) € (Vn)® for all (zy,23) € Q, and t € S,. The spectral-difference
scheme for (1.1) is the following

ne ) (7,t) + P J(n'N) (z,2) + 6rnfN) (z,2), oM (2,1)) — Py H(n™)(z,t), o¥) (2, 1))
—vA(n'N(z,t) + afnim(z,t]) = Py f1(z1,1), (z,t) € 1) x S,,
—Ap Nz, t) = 9 V) (z,t) + Py fa(z,1), (z,t) € O, x S,,

n¥)(z,0) = n{"(z) = Py&(2), z € 0,
(2.7)

where § and o are parameters, 0 < §,0 < 1.

We next check the conservation. Let § = ¢ % We obtain from (2.3) and (2.5)

% v 2 vy
o™ @12 +7 3 {2 () + 0™y + )| — 5 B0 () + ™)y + 1),

WESr
yLt~r

nMNy) + 0™ (y+ 1)) + %A(n‘”’(y) + W)y + 7},7 V) (y)
+1M) (y + 1), 0 (1)) = (H (™ (4), o) (), 7 (9) + 1) (y + 7))

=g 1P +7 ) (Al n™ () + 0™ (y+ 1)),

YE Sy
yst—r

which is a reasonable analogy of {2.1).

§3. Theoritical Results

We consider the following boundary condition:

{ ¥(z,t) = ¢¥o(z,t), (z,t) e'x [0,T],

3.1
ﬂgé(:r, t) + bé(=z,t) = gl=,t), (z,t) €T x [0, T}, (3.1)

where a and b are nonnegative constants, and ¢ and g are given functions. The corresponding
approximation is

W{N}(I: t) = PN'pD(E:t)I (.T, t) €y X Sf:
ant (z,t) + 63NV (z,8) = Pyglz,t), (z,t)€TxxS,, a>0, (3.2)
W(N}(m!t) = PNQ(I: t): (E: t) €l'pn xSr,a=0, b=1. |
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where

%[n(m(z + hey, t) + 7V (z,8)), forzely,, p=12,
ﬂ(N)(I,t) — "
E(n{ﬂ}(m ~ hep, t) +n¥)(z,t)), forzel},, p=12

Let ﬁ},ﬂ)[t), fi(z,t) and §(z,t) be the errors of no(z}, fi(z,t) and g(z, t}, which induce
the errors of n{V){x,t) and ©¥)(z,t) denoted by 7(N)(z,t) and pN)(z,t). For simplicity,
assume ¢V (z,t) =0 on I’y X S,;. The errors aatisfy the following equation:

n ) (2,8) + Py (7 M) (z,8) + 5737 (2,8), o) (2,8) + 8V} (2,8)) + Py I (0™ (2,0)
+67qM) (z,8), V) (2, 1) — Pw H(HW (z,1), 0¥ (3,8) + 61V (z,1))
P H(n™)(z,2), 6% (,) — vAFM (z,8) + o1 (2, 1))
= Pyfilz,t), (=z,t) € Qn x Sy,
— AW (z,8) = #¥)(z,t) + Py fi(z,t),  (2,t) €Qn X Sy,
uﬁ,(-;m(z,t) + bilm[z, t}) = Py iz, t), (z,t) €Th X S;, a >0,
ﬁ{m(z,t):—:Pyﬁ(m,t], (z,t}€Th xS,, a=0, b=1,
i (z,0) =7y (z), =€

Define

i arnu
““(t)"mﬂﬂ = MAes+ry+ratrs+ra sy MmaXzeQ, ( ) 75 B | £y - Z1%Z9 23 Tg-- 22 \:

dzy°
[H¥][lg.c0 = maxces: [|u(t)(lq,co-

t<T

Let P, be a suitably small positive constant and

Ey (u;t) = [u(®)|? + vr(u(@)E + S(u@)) +7 Y (Porllue(®)l® +vIu(y)} + vS{ul))),

et
Ea(u;t) = Ju()? + vrlu@) +7 Y (Porllue(9)* + viu(¥)12),
Es(u;t) = lu()[|? + vr(lu(®)B + S*(u(e) + 7 Y (Porllue(v)l|® + viu(w)i + 5" (u(v)),
o0, v1,v2,u38) = [lwoll2 +7 3 (ea (@)? + lwa(@)I? + llws()IE, + llvs(y + 7)IIE,)

where

| S*(z(t)) = S{u(t) + u(t + 7)).

Theorem 1. If the following conditions are fulfilled:



A Spectral-Difference Scheme for Three-Dimensional Vorticity Equationsa with... 63

(i) a=0,b=1,7r = O(h?), r—O( )

B8} o 5w B 4h°
W= O TS - 20)(17 + 2h2N3)’
boh
[111) fﬂf all t { T "fﬂ(t)"2 < blh "g(t)"['h — ; :P(’?O:fls f?:h_*gj t) < bﬂhz

where b, are sustably small possisve constants dcpcndmg only on ||[n{*~}|||1 ooy [l©™) |l |2.00
and v, then for allt < T, we have

Ey (7N 4) < bse®tp(fi0, f1, F2, R §; t).

Theorem 2. If the following conditions are fulfilled:
()a=1,b6=0,5=0, r=0(), r=0(z5),

[ii]ur}l or 1< i

we=3 (1= 20)(8 + h2N?)’

(1]1) fﬂf all ¢ < T ||f2(t)||2 < bTh p('?ﬂ'l fll le g, t) < bﬂhg
then for allt < T, we have -

p Eﬁ(ﬁ[ﬁllt] < bﬂﬂbmtp(ﬁﬂl fllfﬂrﬁ;t)'

Theorem 3. If the following conditions are fulfilled:
()a=1, >0, §=0, r=O(h?), 7 = 0(%),

2
(ii)az.—l— or T< - 4 2
2 v(1=20)(8 + b + h2N?)

(iii) for allt < T, [ fa(t)|? < b1k, plfo, F1s f2, G;t) < bygh?,
then for allt < T', we have

Ea (ﬁ(H} 3 t] < blaﬂb”tp(ﬁm fll fﬂl ﬁ; t)*

We next deal with the convergence. By putting

€M) (2,8) = Pué(z,t), §M)(z,8) = g™ (z,£) — €M) (2, 0),
¥V (z,8) = Pyy(z,t), 9 V) (2,8) = ¥ (z,t) — p¥)(z, ),

we have

"{'” Nz, t) + Py J(EW Nz, t) + 67N (2, 8), ™) (2, 8) + §¥ Nz,t)) + Py J (&%) (z, )
+678," ) (2,8), $1%) (2, 8)) — Py H(EW (=,2), V) (2,8) + $ M) (2, 1))
~ Py H(EW)(z,8), %) (,8)) — vA (W) (2,8) + 07N (2, 1))

8
= —ZM}N)(z,t], (z,t) € ) x S,

q=1

— M (z,8) = EMV(z,8) - MM (z,8),  (z,8) €y x S,,
a€M)(2,8) + €W (z,8) = M) (2,1), (z,t) €Th x S,, a>0,
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M) (£,4)=0, (z,t)€TRxS,, a=0,b=1,
&M (z,8)=0, (z,t) €Th xSy, |
EN)(z,00=0, (z,t) € s, (3.4)
where
) _ Ny BEW) (N) (N) (W)
Ml = ot — T gz ! MZ =PNJ(€ (zst):'»{’ (I:t)]—PN((VXﬂ'v)G.
MM = 6rPed (6, M), MM = Py((€- V)V x ¥)) - PrH(EW), ¢')),
2 a24(N)
N a3“¢
MY =v D (5 &), MM = —vorag™,
=1
2
32y gEN)
M'.;N) = VZ( sz, - 'rb:(:f:}p]! Mém = aflV) - a CT—
p=1

Let B1(I), B2(Q) be Banach spa.cesl and Bz (B,) = B2(Q, B, (1)).
Theorem 4. If condstion (i), (ii) of Theo. 1 holdand 8 > 1,r > 0, ¢eC(0,T; H¥ ()

ACA(LA)NH (HIFP)nH2+ (HA)NHA*7(L?), %f- — C(0,T; C(HA)NCE(LANH " (H2)N

2 _
H*7(L?), %5 e C(0, T; C(L*)); ¥ € (O, T; H¥+r (Q)NC3 (L) nH T (H2HA)nHE* (H)N

H5+'(L2)), then for allt < T, we have
1€(t) — nM (2|2 < b3 (r* + B* + N2,

where b% 5 a posilive constant depending only on the norms of £ and ¢ in the menttoned

spaces.
Theorem 5. If condition (i), (ii) of Theorem 2 hold and £, ¢ satisfy the conditions in

Theorem 4, then for allt < T, we have
1€(8) — n? (B)]|? < b5(r% + K2 + N72F).

Theorem 6. If condition (i), (ii) of Theorem 3 hold and &, ¢ satisfy the condilions in
Theorem 4, then for allt < T, we have
1&(t) — o'V @) < b3(«* + A* + N7T7F).

§4. Numerical Results

We take the test functions

¢iP) = A, exp(Bp sin(Cpzy + Dpza + 2733} + wpt),

¢,{F} — Apﬁill CP:E]_ s1n .Dpicg 81N ZH'Iaﬂwpt:
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where
Ay =wp, =01 (p = 1,2,3), By =0 =
Dy=01, D; =02, D:=0.3.

0.2, Bg - Ba — 01 = 03 = 0.1,

To measure the computational errors, we introduce the following norms:

z{p} (.?1 h:.?ih 2.7; ’ )

Ry (z;t) = maxicj, j, < M—1 MaXy<j,<an MaX; <p<s

%
> 5 5 koinan w.w) |

P"'l =1 =1

Ry(z;¢) = (

We first use scheme (2.7), (3.2) to solve (1.1), (3.1} with v =1, a =0, b=1, § = 0 =
0, h=0.125, N =2, r =0.002. The errors are shown in Table I.
On the other hand, we define the difference operator

B (w) = i) —wil, R (w) = wf) - ), Ly

By (w) = “’L) — Wi
Jp(u, w) = -;— Z (RE?] (w)uz, + (RLP}(w]u)g,) , Hp(u,w)= Z u{"]R[p](w]

» p=1 p=1

where u;_, 4z ,u; (p = 1,2) are the same as before and

%z, (z,t) = f-;[u(z + h¥e3,t) — u(z,t)), ug,(z,t) = us, [z — h*es,t),

uz, (z,t) = %[uﬂ(z, t) + us, (z,¢)), Apu(z,t) = Z ty, 2, (2, ).

p=1

Table 1. The Error of Scheme (2.7), {3.2)

{e _ L (N). e (N). RQ(E_'T[N];t)
¢ FRm('E n'™ht) | Ra(é~n ,t)ﬁ AGD
0.1 0.2419E-03 | 0.1117E-03 0.7228E-03
0.2 0.2534E-03 0.1192E-03 |  0.7634E-03
0.3 0.2562E-03 0.1209E-03 |  0.7666E-03
04 | 0.2582E-03 0.1220E-03 0.7659E-03
0.5 0.2601E-03 0.1231E-03 0.7650E-03
0.6 | 0.2620E-03 0.1242E-03 0.7638E-03
0.7 | 0.2638E-03 0.1252E-03 0.7628E-03
0.8 0.2657E-03 0.1263E-03 0.7618E-03
0.9 0.2675E-03 0.1274E-03 0.7607E-03
1.0 0.2694E-03 0.1285E-03 | 0.7597E-03

The explicite difference scheme in [2] is the following

ﬂi(h]{zl t} + Jy ('T(h} (I: t), 'P_{h](zl t)) - H,, (’?(h](::: t)! ’p{hl(ﬂ:: t)) - Vﬁh’?{hi(z: t)

= fl. (I: t):

“ﬁh@(h)(zl t) = ﬂ{h} (II tl * fi"(zl t]'
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We use (4.1), (3.2) to solve (1.1}, (3.1) with v =1, a =0, b= 1, h = 0.125, h* =025, =
0.002. _

The errors are shown in Table L |

The computational time for the above two schemes are nearly the same. But Tables 1
and II show that the spectral-difference scheme gives much better results than the difference
scheme.

Table II. The Error of Scheme (4.1), (3.2)

 Wlh). _ A (A). Rz (€ — nM;t)
L Rm(‘f n rt) R?[E ] lt) Rg({,t)
0.1 0.5238E-02 0.2314E-02 0.1497E-01
0.2 0.5314E-02 0.2345E-02 0.1502E-01
0.3 0.5367E-02 0.2369E-02 0.1502E-01
0.4 0.5420E-02 0.2392E-02 0.1501E-01
0.5 0.5473E-02 0.2416E-02 0.1501E-01
0.6 0.5527E-02 0.2440E-02 0.1501E-01
0.7 0.5581E-02 0.2464E-02 0.1501E-01
0.8 0.5636 E-02 0.2489E-02 0.1501E-01
0.9 0.5691E-02 0.2531E-02 0.1501E-01
1.07|  0.57T47E-02 0.2538E-02 0.1501E-01

§5. Some Lemmas.

Let C denote a positive constant independen.t of any function. Let H!#}(I) be the usual
Sobolev space and HE(I) = H{ﬁ}_[I) U {v(za), v(zs + 2x) = v(za)}.
Lemma 17, If v(zs) € (HE(I))® and 0 < a < B, then

IPyvv—vllgain SCN*Plollgey,  IIPvvllman < Cllvla«mn-
Lemma 2. If v(z) € (V~)® for all (z1,22) € Qp, then

8 : 2
it < (¥ 4 ) Bol? + (il 2,

Lemma 3. If v(z) € (Vn)® for all (z1,22) € Qn and v(z) = 0 on Ty, then
lefi* € C (jvfi + S(v)) -
Lemma 4. If v(z) € (Vv)® for all (z1,32) € @Qn and v(z) =0 on I, then
v[3 < [lav]®.

Proof. Suppose that u(z) has the same property as v(z). By using (2.4) and Laplace’s
formula twice and the boundary conditions, we have

2

4(Au, Av) = E [2(u,,,,, vz,2,) + (Yz,2,: V2,2, )a /0y + (“xﬁrr”h%)mfﬂi;t]
p=1

3%u 3%y
+4 am_fi 3;5 + 2(“#1:2! UIII-:) + Z(HIIiij 01111) + 2(“11:,:! 1.111;:]
3
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2
Au,. Ovu, 3 J
+2(uili:1”£153) + 4 z [( 31‘;: ) 3:1:;) £ ( 31;:2? y at:; ):l + 482(”'21!”31)

p=1

+4Sg(uzl,u11) + 451(1‘1:,”1!) -+ 431(“11, Uj.]) + 45 (_?_u_’ i}"'*)

M-1
+h2 E [(u:ﬂuh (h: J-h]: U::::E;L{hl jh))f s (ufﬂl:ﬁl (1 o hr jh)l Vz,2, (1 =5 hi jh))f

=1

+ (ui‘:ﬂ: (J'h! h)! Vzaz, (jh‘r*h))f 1 (uﬂii: (J'hi k= h): Vzqa2,y (jh: L h])f]

+£§ [(u[h, k), v(h, k) + (u(h,1 — k), v(h,1 - h)}; + (u(1— R, h),v(1 - h,h));

+(u(1— A, 1= h), (1 = h,1— A))y], (5.1)
where .
S{u, v) = S1{u, v) + Sz(u,v)
and
g ML |
| Syfu,v) = 2 Z [(w(h, 7h), v(k, 7)) + (u(1 — h, jB), v(1 = R, jh))/],
g M1
Sa(u, v) = 5 Z [(u(7%, B), v(7h, k)1 + (w(7h, 1 — h),v{5h, 1 — h))4].
1=1

Clearly, S(u, u) = S{u). By putting u = v in (5.1}, we complete the proof.
Lemma 5. If u(z),v(z) € (Vn)® for all (z1,23) € Qu, then

u(z1, z2)v(z1, 22) |7 < (2N + 1)||u(z1, 22)| 3 [fv(z1, 22) |3,

1 | 2N + 1
u(za)u(za)llg, < Zllulza)lf, lle(za)ll3,,  Nuvl® < =l lvl,
2N + 1 2N + 1
luellg, € ——lullf, o[, lueld, < T lluliag flvlig; -

Lemma 8. If v(z) € (Vy)° for all (21, 22) € Qy, then
C
lollie < ZlolPllel)s

Proof. Let

e o)

(Pl (z) = Z U}p}(Il,Iz)EﬂI:.

“I:ﬂ

From [8], we have

- 3
I s
E/D lU{P}(J:)PdIa _"‘E (z IU}FJ(II;IZH*) = Dﬂ(zlrEZ)-

=



68

GUO BEN-YU
From Holder's inequality,
=% 4 i i
Y 6P (21, 22)|* < DF (21, 22) D3 (21, 72),
j{|=0
where |
Di(zy,z2) = i |U(p](:r1 Iz)lz 1+ F"uw}(Ihmz)”?
| lt]=0 ‘ | |0} (21, 22)l3a(ry )
0o : -2
2fjot?) (z1, z2)||7
D;(z1,z2) = (1 + ' d
|,|Z=:{, lv(P) (21, z2) e ()
Moreover,
Dy (z1,z2) = 2|v!? (z1, 22)|I7
and
2o (zy, z2) |y [ dr o) (21, z2) |l 51 ()
BQ(EIIIZ’E) < 14 (p) 2 [ 1 219 5 C (p) l E
[v® (21,2212 Jo (L+7%)* 0P} (21, z2)lir
Therefore, ‘ -
Dolzy, z2) < Clv' (21, z2) |} 10" (21, 22) a2 1)
and so

hZ M—1 in C
2x Z f |v!?) (51 h, j2h, z3)|*dzs < vt} [ ELgP
0 .

h2
J1.73=1

from that the conclusion follows.
Lemma 7. If u(z), v(z) € (VN)? for all (x1,72) € Qn, then
| CN
I8 (v} < S5 IulPloB:

Lemma 8. If k < 2¢, and v(z) € (Vw)? for all (z1,22) € Qh, then
lwllF, » lhul

Lemma 9. For any function u(x,t) we have

2. < efufl +Cle)lull®

2(u(t), e (&))r = ()P — 2llu®F,  2(u(t), ult)) = (lu(&)?)e — 2llu{e)I.
Lemma 10. If u(z,t) € (VN)® for all (z1,22) € @n, then
2(ue (2), Au(t)) + (Ju(t)D)e — rlue(t)]] = 2B(u:(t), u(t),
2(u(t), Due(t)) + (|ut)3)e — riue(t)l] = 2B(uft), we(t))-

Lemma 11. If the follousng conditions are fulfilled:

(i) Z2,(t) and Z2(t) are nonnegative functions; a, b, p and M; are nonnegative constants,
(ii) F(Z) is such a function that Z < M, implies F(Z) <0,
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(iii) Z,(0) < p and for allt € §,,

Zi(t) S p+ D [MiZi(y) + MoN“RT°ZE{y) + F(Za(y))] ,

y<Sr
pEt—7

b
(iv) pel MitMa)T <« iy (Ma. :m)

then for allt € S, and t < T, we have Z,(t) < pe/M1tMa)t

§6. The proofs of Theorems

We consider Theorem 1. By taking the scalar product of the first formula of (3.3) with
27V} (z, t), we have from (2.2) - (2.5) and Lemmas 9 - 10 -

15 (@12 — 71157 (1 + 205 (82 + vor(|FN(#)|2)e — vor?|5 V) ()2
+2(7 NV e), TN (2) + 7,7 (2), BN ())) — 287 (AL (2), TR (), ') (2)
+@¥)(8))) — 2(7N) (2), H(A) (2), o' M) (2) + o (2)) + H(7M) (2), 8V (1))

+ Y Do () + Byi(t) + Ba(t) = 2(5'%)(2), £1(¢))

(6.1)
where

D (£) = AN (), 7N (£), 8N (2)),  Dalt) = AR (e), 7N (2), N (2)),
Da(t) = 67 A(F M (2), 7, (£), 8NV (8)),  Dalt) = 67 AN (e), 7™ (1), V) (2)),
Ds(t) = 67 A (2), i) (1), 8V (1),  Do(t) = 67A(R™N (1), 5™ (1), 0! ) (1)),
By (t) = —2vB(#M)(t), i'M)(t), Balt) = —2worB(5," (t), 7" (t)).

Let m be an undetermined positive constant. By taking the scalar product of the first
formula of (3.3} with mrﬁi”l(m,t), we obtain

T

i e ~| N
mr|F) () I + == (17 (1) [7): i O] + mverld ™ ()P

-I-mf(ﬁiﬁl(t)‘J(n[ﬂitt),@{ﬁ)(” +th}(t))+J(ﬂ{N)(t) +5rq£”](t),<5‘”}(t))) (6.2)

+Dr(t) + Ds(t) + Bs(t) + Ba(t) = mr (" (t), f1(t))

where

Di(t) = Smbr2AGHM (), 5 (0), 8V (1)), Dalt) = smbrAG™M (1), 5™ (1), M (1),

Bs(t) = —murB(ii," (), 77 (¢)), Balt) = —mwor?B(H 0 (8), 7 (2)).
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Letting £ > 0 and putting (6.1), (6.2) together, we obtain

- o - o
15 (@I + 7(m -1 - ) Ilni”’(t)llz + 20N (] +vrle + ) 1AV A]):

+wri(mo — o — --]|:;;,E*"”(~c)|2 + z Gal(t) + Z D, (t) + E B, (t) (6.3)

< I @R + (1 + T AR
where
G1(t) = (26 (8) + mri{™ (8), J(n™) (£) + 570 (8), 8 1))
Ga(t) = rim — 26) (™ (), T (), 0™ (1))
Ga(t) = r(m — 26) (3™ (1), TG (2), 6 (1)) '
Ga(t) = - (27 (&) + mri(™ (e), Py H(7M (), 87 (1))
Gs(t) = - (20 (t)er mriil™) (8), Py H(H™ (), 89 (¢) + Px H(GM) (2), ) (2)) )

On the other hand, by taking the scalar product of the second formula of (3.3) with
&N} (z,t) we have from (2.6)

> - L i . o
B ()T + (B () < EE”@{N}WHZ + C(IIFN )12 + 1 £2(0)11%).
Thus, Lemma 3 leads to

B ) + S (e)) < (™ ()11 + | F206) 1) (6.4)

We are going to estimate |G, (t)|. We have from (6.4)

G1(8)| < erlil™ I + ™ @I o 177 A1 + 17201, (6.5
(Ga(t)] < erlli ™ ()2 + G(”“”’ o™ @R o (F I + FIGOIR,), (60
@o(t)] < erlll™ ()] + C””‘;’; B @RI O + 1017, (67)

By Lemma 4,
BM (3 < [a6™ @7 < 2l @1 + 1RO (69

from that and Lemma 7,
mr (7 (¢), Pv H(F) (), 87 (2))]
CTN
< erl|FM))1Z + Z= 1A NP1 112 + 1 f200113).
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On the other hand, Lemma 6 gives

(N (@), P BN (), 8™ ()] < € (15 ()17 + 16V () B)
| - % = -
<0 (IO + T OPED O + TGP + 1A01R).
Thus, the combination of the above two estimates gives
Ga()] < erllit™ ()12 + (1 - —-]Ilﬂ‘”’( 3] [ = © 1AM @I @)1
TN ;= 2 (N) (2112 ; 2 (6.9)
+C { 1AM + 1) 5™ @) +C||fz(t)|| -

Similarly, we have

Gs (1)) < erlif™ @17 +C(1+2) (0™ 113 00 + o™ (D)1 o0 ) U™ @17+ 720

(6.10)
We next estimate |D, (t}|. From Lemma 5 and (6.4), we have
Dy( )] < suswf”’(tn + TR, I ()1
) # (6.11)
< ewS(7M)(t)) - Eh 312, (5™ 1 + 1 212).
Similarly,
~{ N) 2aia(N) CN orvi2
Ds(8)] + [Ds(8)] < evSEN(E)) +evr?SEN () + (3012,
F20E IR T @12 + 172 (17), - (6.12)
D1(1)] < e SENE) + 18O, IF @I + 1501 (619
On the other hand,
Ds(8)] < evS () () + oo™ I o I5EIE,, (6.14)
|Da(t)] + (Do (t)] < evS(HM () + evr?S (i (t))
+ 2 o™ I o (NFEDIE, + 73 (DI, (6.15)
D8}l < evr?S(EM () + ET 0™ 1 w12, (6.16)
We now estimate |B,(t)|. We have
B:(0)] > 20865 (1) — S [3(012,, (6.17)

|[B2(t}] + | Bs ()| 2 vr(o + -]5‘:('””&)) —vr¥(o + )Siﬁim(t))

~ev (M (1) - evr?SEM () - (IFIZ, + rAGIE,),  (6.18)

Ba(6)] 2 mwors (5™ (1) - £ ||at(r)||%h. (6.19)
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By substituting {6.5) — (6.9) into (6.3}, we obtain
[ +rlm = 1= 6e) ™ (@1 + 417 (€}
+v(2 - 6e)SEM (1) + vr(o + ) (AN @ + SEY (9)e
rori(mo —o - T — el (O + S (1) |
< Fo()IA™ O + R @IFM @N* + E0F ()13 + R(2), (6.20)

where

Rolt) = (1 + DM o + e ()13.0) + €+ "IN

“X a2, + 313,
Fl(t) - %[1 + Ig):

Falt) = —v + 5+ T ED e ) + i),

T 1 1 N
R(t) = C(1+ J)IA @I +C(1+ -|||f?”” 13,00 + Ml ™ M12,00 + + g (eE,
Nr

||9t(t)||2)||f2(t]||2 + —-(1 + 7l )13 () 117,

Chr N
+ (1+|||wff~'>|||m)ngi ()2, .

Let € be aultably stnall and choose the value of m as follows:

Case 1. rr.‘::-— We take

20 + 12¢
m > m; = max( e | 14 6¢ + po).

Then (6.20) becomes
FPOIE + porlli™ (O + vF™ (@) + vSEN (1) + vr(o + Z) AN ()
+8(HM (£)))e < Fo(t)|l7) ()2 + Fu ()15 () I1* + Fa(t)w”}(tn* + R(t). (6.21)

Case Il. 0 = % By Lemma 2 and the definition of S{u(t)), we get

A OF < (V2 + IAY OF + 21301, SEY 0 < 57 nni”’(mF
Thus,
r(m — 1 - 6) N (B)][2 - wr2( + '6sma£*’”(t) 2+ 5@ (1))

UM @),

-1
ar(m-—l-—-ﬂs—ur(-z- +6g){N? + ==
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So (6.21) holds provided

17
rilr"a::a-'ﬂrig:1~!—f3u-:-{-;:m.;.+:"-‘:—E(l+12.-?.)(21'\:’2—}-h—2 :

1 4h*
Case IIl o < 3 and 7 < - 25][17+2h'3N2)'

We take
'.i- g

34 17
m > my = (4 + 24¢ * dpo + vr(o + 6€)[4N? + h—i](«i + v7(20 — 1)(2N.2 + h_ﬂ])_l'
Then (6.21) holds too.

By summing {6.21) for t € S, we obtain

E\(fN);t) < p(iig" ), fi, Fa b= 3G8) + 1 > (Fo()Ei(7); y)

WES,
YELt=-7r

+EY)EF (YY) 4) + B (9) |5 (9)[2).

Finally, we apply Lemma 11 to finish the proof of Theorem 1.
We can poove other theorems similarly.
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