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AN ANSWER TO THE CONJECTURE
OF 1. BABUSKA AND T. JANIK*Y

Cheng Xiao-Liang
(Hangzhou University, Hangzhou, China)

Abstract

In this paper, we verify the conjecture in the recent paper of I. Babudka and T.
Janik!!,

§1. Introduction

The p-versim: of the finite element method is a new method in which one fixes the
mesh, possibly consisting of just one element, and increases the degree p of the plecewise
polynomials in order to obtain the convergence of the approximate solution to the exact
solution. There has been great progress and development on this subject since the first
theoretical results were published in 1981i2l; gee |3, 4] for some recent results. Recently, 1.
Babugka and T. Janikl! discussed the p-version of the finite element method for the initial
value problem of an ordinary differential equation containing a parameter, which is the first
step to study the parabolic equation. The error estimates are uniform with respect to the
parameter but they are not optimal. In this paper, the error estimates are obtained for the
various parameters, which can verify the conjecture in [1].

Let I = (—~1,1),1 =[-1,1], X = Lz(I) be the usual space furnished with the norm
1/2
lullz = /ugdm
lulle = ( ] wdz)

C = {ve c=(I); v(1) =0}

where C°°(I) is the usual space of functions with all continuous derivatives on I. For any

Let

A>0QvE CDJ’, we define
| ol =1l —9/2 + A,

where we denote v = duv/dt. Let Y, be the completion of E’ with respect to the norm || - ||y, .
On X X ¥,,u€ X,veY,, we define the bilinear form

B )= '/;u(—if/,\ + Av)dt. (1.1)
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Further, let f € ¥/ be a linear function on Y,. Consider the following problem (P,):
Find uy € X such that

BA(UD, U] — f(’U), VuveE YA. (12)

It has a umque solution.
Let g > 1 be an integer,

S,-1 = {u € X;u is a polynomial of degree ¢ — 1},
g'q = {v € Yy;v is a polynomial of degree g}

Define the p-version of the finite element method for the problem (Py): Given f € Y
and g > 1 an integer, find u, € S,_, such that

Bl o o P, Vool (1.3)

Theorem 1.1l1), There is a unique u, satisfying (1.3). If up € X 1s the exact solution
of the problem (Py), then

luo — uglle < (1+2¢*%) inf |luo — wlle.
tﬂESq 1

»

Define

Roa(w) = llu = uglle/ _ inf Jlu—wliz. (1.4)
u; g—1

Let p(z) < 00,1 < z < o0, be a nondecreasing function. The set v(p) will be called the set
of p-perfect solutions if the set v(p) C X such that

sup sup R,.x(u)p™ ' {g) < +oo. (1.5)
uEr(v) 7.4

An especially important case is v(p) for ¢ = 1. In this case, the error estimates of the

approximate problem (1.3) to (1.2) are optimal.
In [1], I. Babugka and T. Janik proposed a conjecture based on numerical experiments.

Conjecture A. Let uy = e—27{t+1}  Then ug € v(p) with o(z) = 1 or p(z) = log(z).
In this paper, we will prove theoretically that B, x(uo) € 2.0 for any A and any integer
g > 1. That is, ug(t) € v{p) with p(z) = 1.

2. The Answer to the Conjecture

If ug is the exact solution of equation (1.2) and

g—1

uo(t) = > BePelt), w1 () = D BuBilt) (2.1)
k=0 k=0

where Pi(t) (k =0, 1,2, ) are the normalized Legendre polynomials of degree k, then from
(1.2), (1.3), we get

Biug — ué,q—l],u) = Bj(up — u,{f_”,u), YVve g'q. [2:2)
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Let

g—1

2o (8) = uy(8) — ug? V(1) za,,ﬁ,,(t) (2.3)

It is not difficult to see that equation (2.2} reduces to the solution of a system of linear
«31::111&1:1«::»113[1l

Aa=F (2.4)
where a = (aﬂ!ﬂll % '1aq—1)Tr F = (0:01 s -,U,Aﬁq/\/(2q G 1)(2q + 1))T:
a1 61 0
cz az b
A=
bg—1
0 Cqy Gy
with
oy = (B HIEN, &= —1fk, 4= 28
by = —A/v6, bi=—-X//(21—-1)(2+1), i=2,3, --,¢q—1,
i =—-AV(2t-1)(2%-3), +=2,8,---,¢
Suppose ag > 0; otherwise we write z, = u,{:,q_ ) — %4 in equation {2.2) and —F in
equation (2.4).
. 1 |
Lemma 2.1. If o = o v lak (k= 0,12, ,.,q — 1), where ay are defined in (2.3),

then
Uﬂaaﬂaiﬂaaﬂ---ﬂa;_l.

Proof. From the linear equation (2.4), we have

aj = (1+1/3)aj 2 a5,
1 2 3

as = ag + 3/A%a; = (af + Aﬁaﬂ) + zap + A‘aﬂ > o
and _ _
ar = —ag/byog.1 — cx/brar_n, k=2,3,---,g—1,
that 1s

G o B=08 00—~ 1,

a & s x 2k+ 1 - 2&:" 1 *
apyq — @ = (@p_; —ag_z) ( 12 Crp ~ 32 ﬂk—-1) > 0.

Lemma 2.2. Let z,(t) be the funciion defined in (2.3). Then

29(1) — (=1)24(~1) 2 2,(1).
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Proaf. Since

then

Z Zk\/; lu;(l —(—1)¥), g= even,
zq(1) — (—1)72,(~-1) = 1 :-_;?

2k+1 ,
¥ al(1+ (-1)%), g¢= odd,

and Lemma 2.1 implies

2k + 1 2k — 1
T - > k=12 -+.09— 1.
V2

\/E Xl

We can get the resulg.
Lemma 2.8. If z, 18 the function defined in (2.3), then

l2gll2 + 535 120(D) = (=) 2 (~1)]* = ~2,(1)v/2/ (2 + D,

Proof. Let v(t) = 2,(t) —2,{1) P (t) € §q, where P,(t) is a Legendre polynomial of degree
g. Then from (2.2), |

Ba(sv) = 53(2a(=1)% = 2(12) + 2 (1z(1) — (~19z(-1) + 2 [ 22as

22 ~1
= Mgl + o5 (24(1) = (~1)72,(~1)?

and

By (up — ul™Y,v) = fl (iﬁkf’k(t)) (- E+Au)dt= —2,(1)V/2/(2q + 1) AB,.
gV

A

Equation (2.2) implies the result immediately.
Theorem 2.1. Let ug, u, be the solution of equations (1.2), (1.3), respectively. Then

Roaluo) < 14+ 3/V22 7 18,1/ (z:ﬁﬁ) v (2.5

Proof. By the triangle inequality,

12

. 1 e 5
|3q(1)\/2f(2'? ¥ I)ﬁrﬂ < 2:]'.2{{1 i 2q + lﬂq'
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By Lemmas 2.2 and 2.3,

|20{le < A/v/2q + 1B,].

Then we can obtain the resﬁult easlly.
Especially, ug(t) = e~* 1*71) is a set of funcitons as the numerical examples in [1]. It

shows that for any A and any integer ¢ in a practical range (numerical results),
thl(ﬂg} ﬂ 1.5.

Next, we will prove theoretically that R, ,(uo) < 2.0 for any A and any integer ¢ > 1,

Lemma 2.4. For ug(t) = e * (H1) gf 4q(8) = Zﬁkﬁk(t); then
k=0

S B = —2%Ba-iBu/\/(Zn - 1)(2n+1), n=1,2

k=1

Proof. Since

f 1 3
- —lﬂ[t+1]ﬁ i dt _ \/2k+ 1-/' "'J'u:“--i-ll' 1 PJ _ Pr dt
B -[-16, k(t) 9 _lﬂ 2k+1( k+1 besii)

= 32(Bis1/+/ (25 + 1) (2K + 3) — Br—1/+/(2k — 1) (2K + 1),

then

Bz = A (BeBr+1/V (2k + 1)(2k + 3) — Be—1Br/+/(2k — 1)(2k + 1)).

For & — o0, 8 — 0,

Y BE=—ABa_1Bn/V(Zn - 1)(2n + 1).
k=n j

Lemma 2.5. For ug(t) = =2 (t+1) = B.(t)., let B = (—1)* il . The
o(t) S BuPl)  let 5 = (1) e Then

k=0
sy e il L s

Proof. The result 8¢ > 0 (k=0,1,2,---) can be proved easily from Lemma 2.4 (5 > 0),

and
1

. . 1 - 332
ﬁnﬂ-l wﬁn = 75(“1) +l/ € ? [t+l](Pﬂ+1 +Pn-)dt
=
1 I 4"
Yt R Y —A‘(t+1) & 1+ £V (e — 1V de
St | wn WIS 04 i 1

o . A2
— — {t+1)(1 n+liy _ 4\n
= € + )" (1 -t)"dt <0
ﬁﬂ!-:n ./:.1

This completes the proof.
From Lemma 2.4 and Lemma 2.5, we can get the inequality

1/2
& 5 ) . (2.6)
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and (2.5)—(2.6) implies
Rq,l (Un) E 2.0

for any A, g = 1.
Now we verify the conjecture which plays an important role in [1}.

Theorem 2.2. For up(t) = e"‘:“"'”, ug € v(pl,p = 1.
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