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A SPECTRAL METHOD FOR A CLASS OF
SYSTEM OF MULTI-DIMENSIONAL
NONLINEAR WAVE EQUATIONS *

XIANG XIN-MIN
(Heslongjiang University, Harbin, China)

In [1,2], the problem of three-dimensional soliton of a class of system for
three—dimensional nonlinear wave equations was investigated, and the existence and
stability of three—dimensional soliton was proved. In [3] the system discussed in {1,2]
was generalized and a more general class of system of multi-dimensional nonlinear
wave equations were studied. It was proved that the solution of its initial-boundary
value problem was well posed under some conditions. This system has been studied
by the finite difference method and the finite element method [4,5]. In this paper,
we take the trigonometric functions as a basis to derive a spectral method for the
system and give a strict error analysis in theory.

1. Notations and Statement of the Problem

We consider the periodic initial value problem of a system of nonlinear wave
equations

e+ ple + i+ flleP)e =0, (z,t) €2 x(0,7T), (1.1)

Ox + 82x + v xlel? + h(x) =0, (z,t) €2 x (0,T], (1.2)

with initial conditions

o
fpl::o = qoo(:::), —th:ﬂ = {01(3), X‘t=0 == xﬂ(a:), %%h:n = xl(z), z € {31, (1.3)

L

2 n. a°
where {1 = [-x, x|, 0 = gtg E = and @(z,t), x(z,t) are unknown complex
i=1 Y%

and real periodic functions respectively. ©,(z), ¥1(z), xo(2), x1(z) are known com-
plex and real valued periodic functions respectively. All of them have the period 2x
for z,,1 < 8 < n,n < 3. f(s) and h(s) are known real functions. u,v,é are real

constants.
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Let I denote the integers. { = (Iy,.-- L) e I*,| 1 | = [max ;] and
<i<n

Sy =Span{th = ¢l e I",| 1] < N}.

Put u(z,t) = E ui(t)e’® and u¥)(z,¢) = >, u(t)e'*!, R (u(z,t)) = u(z,t) —
lcin <N

u¥)(z,1). Define (u,v) = f uvdz. Let H)(01) denote the Sth-order Sobolev spaces
of real or complex valued periodic functions with the norm | - lls- For r > 1, we
denote [Jullzr = (| |ul"dz)"/* and [juflz> = [lu].

Let r be the mesh spacing in time and

u(z,t) = ;(u(a:,t +7) ~ u(z,t)), uyx,t) = ;(u(z,t) - u(z,t — 7)).

In this paper, we assume
(1) £,h € CF, and |1(s)]| < Aos, [1'(s)] < As,e > 0; h(s)| < Bojs[®, |K'(s)
< Bs*, where A;, B;, i=0,1, are positive constants;

(2) F(s) = fu “f(2)dz, H(s)= f "h(z)dz, F(s)>0,6>0, H(s)> 0,6

0
€1—b0; +00);
(3) system (1.1)-(1.3) has solutions, which and the initial data are properly
smooth. For (1.1)-(1.3) we construct the following conservative fully discrete spec-

tral scheme

(@1, %7) + J(V@M (e + 1) + 8Nt - 1)), Vy,) + L (@MW) (2 4 1)
M (E = 1), 45) + S (EMOP@M (@ 4+ 1)+ 8ME - 1)) g;)  (14)
+(FM (e + 1), [8M(e ~ )1)@M(e + 1) + 3z - 1)), 95) = 0,

(@™)(0), %;) = (vo(z), ¥;), (1.5)

(S (8),95) + F(VE® e + 1) + BW(e - 1)), Vy) + S (EW (e 4 1)
+EM( - 1), ;) + S (BWQPFEM(t+ 1) + SW(E - 1)), 9;)  (16)
HHEM( + 1), 2W) (2 - 1)), ;) = 0,

(4‘3(”](0),%') = (xo(z), ¥;), 17| < N, (1.7)

where

T -
F(EI,ZE) s Z3 — 23 ./;1 f(ﬂ)d-ﬁ, if 29 # <2,
f(z1), if 2; = 2z,
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T -
f Kadie, T #

-2 f,

H(zl:rz?) —
h(zl), if Z1 — 27.

Besides, we take ®V)(r), ©(¥}(7) properly in the following .

2. The Priori Estimations for the Solution of the Spectral Method

We estimate the solution of the spectral method. Put ®¥)(z,t) = )
tj<N

&, (t)a(z), ZWN)(z,t) = ) ar(t)n(z) Multiplying 21?[¢I’;(t +7) — Byt - 7)]
1SN
on both sides of equality (1.4) and summing for /, we have

1@00), 8 (1) + oV (t - 7)) + L (V@M (t + 1) + 8M(t - 1)), V(@M (¢ + 1)
—aM) (e - 1)) + B2 @M (¢ 4 1) + W)t — ), 8Pt 4 1) - BNz — 1))

+§;((E(”)(t))2(¢fm(t + )+ WMt - 7)), et + ) — ®V)(2 — 1))
+31;(F(|¢Ii(”}(t +7)|%, 18 (¢t - )2} (@M (t + 1) + @N)(¢ - 7)), ®W(t + 1)
~-dWN)(t — 7)) = 0. _ (2.1)

[
f_

Since
Red (@ (1), 8" () + (" (t — ) = (18" @)II* - 18 (¢ - 7)II?],
Reg-(V(2W(t +7) + @M (¢ — 1)), V(@M (t + 1) - 8 (¢ - 7))
= £[(IVE™(t + 1)[? + VM ()|[2) - (|[TSM(2)1? + [[VRM(2 — r)1?)),
Re%(tﬁ(m(t + 1)+ Nt - 1), @Mt + r) — WN)(t - 1))
= B0 + )] + [[R(B)]2) - (IRWIE] + [BW(e = 7)),
Ref-((EM ()Mt + 1) + @M (¢t - 1)), 8W) (¢ + 1) - #M(¢ - 1))
= 22 [ B[R + )7 - [0 (¢ - r) las, |
1
Ref-(F(12M) (¢ + )2, |8 (¢ — 7)) (@) (¢ + r) + M)t — 1)),
o2+ 1)~ W)t - 7)) = £ fn (F(2™)(e+ 1)) + F(13M(@)*)
~(F(I2"™)()[) + F(|8™)t - r)[))}d=.

Multiplying 21}- [o1(t+7)~01(t—7)] on both sides of equality (1.6) and summing
for I, we have '
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10,2 + =Y =)+ = (VEWM(t+ 1)+ 5W) (2 - 1)), V(E®(¢ 4 1)
~EWN(t - 1)) + E(E(N](t +1)+ 2t — ), 2N + 1) - M)z - 1))
HEISMEOPEM (e + 1) + BM(¢ - 1)), 502 + 7) - SN (e - 1)
+5=(H(E®Nt + ), 2™t — ), 2 (¢ + 1) - E®)(2'— 7)) = 0. (2.2)

Similarly,

: (z‘”’(t) 20 + 20 - 1) = IV @)1 =M (e - e,
(V(Z(N) (t+ 1)+ =M - 7)), V(W™ (it +5) - D)2 7)))

= 3 [(IVEM (e + 7)|2 + [VED@)]?) - (IVEM@)12 + [VED (£ - 1)||2)),
EEM(t+ 1)+ W) - 1), 5Nt + ) — B¢ 1))

= S+ I + [E™ @) - (IED @) + [N - )2,
(@M 2(S™) (e + 1) + BW(e ~ 1)), St 4 1) — St 7))

=4 [ 8@ PE® (4 0) - (50t - r)as,
o= (H(ZM) (¢ + 1)), 5Nt — 1), M)t 4 1) — W)t — 1))

= 3 [IEE™ (@ +1) + BEN0) - (HE® ) + HEM(E - 7))ds.

Taking the real part in (2.1), substituting (2.1) and (2.2) with the above results and
summing up , we get

=12V @112 + 1M @112 + L (v (e + r))?
+uw‘”’u= +[|[VEM(E + )| + | VED) (2)]2)
FE (1M (e + I+ M) + E(I=™e + 7|2
HIEMOIP) + ¥ [ (ED @) 8™ + )
HEME)HE®(e+))dz + F; [ [FISN(t + 1))
FR(BN(2)[?)]dz + oL / HEM (¢ + 1)) + HEW(2))dz

= g (197 = I + 12 = DIP) + £(Ive™y)|?
+H[VeM)(t — )2 + |VEM@)|? + IWSMe - 7)|12)
FE (1M 2)]2 + |#M(e - )| + =M @)
HIZM(E - IR+ 4 [ (e - r))’l*l"”’(t)lz
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+HaM (e - )AEMW)lds+ & [ (FI2™O)

+F(| @M (¢ - r)B)]de + = [ (HEM(2) + HEM(t - r))]dz
= = L (|2 @)2 + 1=V (0)I1%) + (v ()2
+uv@m(.o)u= + IVEM()? + [VE®(0)|?)
@M )| + [ 0)]7) + 2 (IBM ()|
+HIEMO)IP) + ¥ [ (EW(©)1e™ () + |8 (0)

e it f (P12 ()*) + P12 (0)]"))dz
Tor f (H(EWM) (1)) + H(EW)(0)))dz.

Lemma 1 (Sobolev’s imbedding theorem). Lel the domain Q0 3uttsfy the cone
property; then we have W™P((1) — LI(Q1),p< ¢ < & P . Especially W23(QQ) —
co(@), Wh2(0) < L8(0)(n < 8);WA() = LA(@)(n < 4).

Since F(8) > 0, and H(s) > 0 and by Lemma 1, if we take ®V)(r) and
5V (7), such that [|M(7)|l3, IZM(7)|1 < ¢, then we have

[ (=™ @) @™ + 8™ 0) (™) ()] da
< [E™E)|Z N8 ()2« + 12O [EW ()12,
< (=™ (@M (I + 2™ @)™ ()IE)
<C.

Here and hereafter we use C to denote constants independent of N, s, which take
different values in diftferent places. In addition ,

[ [FU2®6)7) + F( @) a2

|@{NHr)|? @) (0)?
= | f f f f(s)ds)dz|
BRI (o)
< AO/ [[ +f sds)dz

< (8™ ()14 + [M(O)]I3.) < C.

Similarly, | _/; [H(5™)(r)) + H(S™)(0))]dz < C. Hence obtain
Lemma 2. For the solution of (1.4)-(1.7), if we take ®N)(r) and TW)(r)

properly, then we have the estimate

IeM @l + 1=V @l + 1™ @l + IEM @)l < ¢, 0<t<T



,

B

N\
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3. Error Estimation

Now we turn to an error estimate for the solution of the spectral method. The
system (1.1)—(1.2) can be written as

(so‘”’(t) )+ F(V(eM(t+ 1) + oMz - ), V¥)
+“T(sa("’(t +1)+ oMt - 1), 5) + % (M )2 (0™t + 1)
+eM(t — 1)), ¢5) + F(F(le® (e + 1), [o™(t - )Y eM (it +5) (3D
4

+o™(e= 1)) = B, ¥5) + (TE(), T45),

Ocir(:93) + (VO -+ 1)+ Xt = 1), V) + G (¢ + 1)
(e = 1), 93) + F ™R+ 1)+ XMt - 1)), 8y)
HEG(E+ 1), X0 - 1), ) (3:2)

= E(E.-(t)um +(VEw(t), Vi), 7] < N,

1=86
where

Ey(t) = ‘Pﬂ' ](t) p |

By(t) = %-[fﬂ(” (¢ + f) + Mt — ) - 20(2)],
Es(t) = [(Jc(""‘r ()P (WMt + 1)+ oMt - 1)) — 2(x{t))?(t)),
Ei(t) = 3[F(le™ (e + )%, o™ (e ~ 1)) (™) (e + 1)

+oM)(t - 1)) — 2£(|le(t)*)e(t)],

Es(t) = $lp™(t + 1) + o™)(t — 1) — 20(2)],
Eo(t) = x‘”’ 6 - 26,
Er(8) = S xX™(t + 1) + xM(t - 1) — 2x(2)],
Es(1) = % [le™()2(x ™t + 1) + x™(t - 7)) - 2x(t)]e(t)]?),
Bo(t) = H(xM(t + 1), xM)(t - 1)) - h(x(t)),
Ero(t) = g[x™(t + r) + xM(z - 5) — 2x(2)]

Note gM)(2) = ™(t) ~ 8M(1) = 3~ a(t)tr(z), ¥M(2) = x™(t) — =™ ()
RN

= Z Bi(t)¥r. From (3.1), (3.2) and (1.4), (1.6) we can obtain that &(N](z,t) and
li<N

ke
\

Y
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—_——_ . —_—_— e
e, (z,t) should satisfy respectively -

(23 (8), 93)+ (VB e+ ) +6M(t - 1)), V) + B (Bt + 1) +5M)(e - 1), 4,
+ 5 (OGN e+ 1) + 60t~ 1)) + MM + ZM 1)) (@W(e 417
+@N(E — 1)), 45)+ F(P(IeM (e + )2, oM (e~ )Y (BM) (e + 1) 46N (2 - 1)), )
+3([F(e®™(e+ )2, |oM (¢ ~ 1)[2) - P8P (¢ + 1)]2, [@M)(2 — r)[2))(@M(2 + r)
+ "I'(N)(t — 7)), ¥%5) = Ei=_1(Ei(t): ¥;) + (VEs(t), Vi), (3.3)

(% (), 95) + HOGEM (e + 1) + #0(€ - 1)), Vo) + L (7 (e + 7)
FZM(E = 1), 95) + S (™ PERM(E + 1) + T (¢ - 1)), ;)
+!"§((E‘”’(t +7) + EW (2 — ) (™ ()@ (1) + @F) () M) (1)), ;)
HHEGM (¢ + 1), M) (2 - 7)) — HEM)(t + 1), 5M(E - 1)), ;)

*)
= D _(Ei(t),¥5) + (VExw(t), Vy;), |l < N. (3.4)

=6

Multiplying (2.3) by 21?(nj(t + 1) — a;(t — r)) and summing for 5, we have

3@ (1), 68 (8) + (e - 1)) + E(VED(t + 1) + gM)(2 — 7)),
V(eW(t + 1) - g™(t - 1)) + 5;«5‘”’(: +71)+ @t — ), g™t + 1)
~gM(t ~ 1)) + L (x™(E)EM(e + 1) + 3N (2 7)), 5V (t+1)
-gW)(t - 1)) + %;(56‘” (O™t + EM () (@Mt + 1) + 3¢ - 1)),
FM(t + 1) — 30z - 1)) + 2 (F(o™M (e +1)2, lo®)(t — r)2)(EM(t + 1)
+@WM(t — 1)), gt + ) = gW(t + 4)) + = (Fe™M (e +1)2, o™t - 7))?)
~F(|2M)(t + )2, |82 — 7)) (2™ (2 + r)+ &Nt — 1)), 3Nt + 1)

~BM e~ 1) = 32 (B, 6 +1) - 50t - 1)
A (VES (), V(@M (e + 1) — g2 - 1)),  ay

Similarly , we have

Rege (34f(8), M) (t + 1) - 68t ~ 1)) = LIV @I - 157t - )],
Re - (V(@M(t + 1) + 6N (¢ - 7)), V(@M (e + 1) - g (e - 1))
= 2 [(1V8™)( + )2+ [[VEM @) - (IV6M@)]2 + V&™)t - £)|2)],
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Reﬁ‘;(é(”’(t +7)+ &Mt - 1), 6N+ 1) - gt - 1))
= B (1M + I + 8™ @) - (IBM@IE + 18™ (- 1)),
N ((x‘”’(t))"’( Wit + 1)+ gW(t — 1)), g™t + 1) — gVt —.1))
< L™ @216 + )llzs + 16ME - Dllza) 18Ol + 1686 - 7))
< Clx™ @B IS™ (¢ + nIE + 8™t — D)2 + 1680 @112 + 16572 - 7)),

A“1

I:r(x(”’(t)(x(”’(t) + M) (@Mt + 1) + @Mt - 1)), g (2 + 1) — (2 — 1))

< LM Ls (™ @) llzs + 15D (@)1 z) '

(1@ (& + 7)|lze + [|BM(2 — ) |e) (I35 @ + B (2 — )]I)
<C(Ix™ @) + I=EM @) (18N + )l + 18 - 7))

x (IR @) + 18 @12 + 118 & - 7)1P).

Using the property of difference quotient, we get

F(lp™(t+ 1), let)(t = r)[?) — P8t + 7)[2, |0t — r)[2)
= F(le™(t + 1), o™t - 7)) = F(lp™ (2 + 1) 2, |2 (e - 7)]?)
+F(1p!M(t + 1), |0 (e - r)?) - F(I@M(2+ 1), |8 (2 - 1))
= gF"(PI) (o™t - ) - |8 (e - 7)[%)
+3F Q@M (™ (e + 1) — | M) (e + 1))
=L (PM)eM(t - )M — 1)+ 8™ (t - )™ (¢t — 7))
-+ (@)™t + r)g™ (e + 1) + @M (e + r)pM (¢ + 1)),

where

PW) € (min(|p™ (e +7)]%, [ M) (e ~ )2, [Nt - 1)|7),
max (|t + )%, [N (2 ~ )%, [2M) (2 - 1) %)),

Q™) € (min(je™(t + )7, [8M)(t — )2, [@M)(t + 7)|?),
max([p™M(t + 7)|%, |@M)(t - 7)[7, |8t + 7))
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Hence
g [FUe™(E + )2, [e™(E - 5)?) - F(@M)(e+ 1), |82 - 1)[2)
(@Mt + 7))+ @t - 1), M (2 + 1) - W)t — 1))
< (A (PM) M (e - 1)@t — 1) + @@t — 1) W)t — r)]|(8W)(t + 1)
+&M(2 - 1)), 3V (1) + V(2 — 1))
+3171(QM) ™t + )™t + r) + 8N (£ + r)gM) (¢ 4 1))
(@Mt + 1) + @Mt — 1), 5V (2) + B (2 - 1)
< B 12™)(t + 1)]| go + 8™t — 2)[ILe) 1B (O + 1887t - 7))
(18Nt = )lLe (llo™(t = 1) e + |@M(E = 7)][zs)
HIBM(E + 7)o (1ot + 7)]lzs + |8 (E + 7)|[6)
< C(|@™)(e + r)lla + |8™) (et - 7)1 (le™)(t - )l + ™ (¢ + )|l
@M@ — )l + 1™ (e + D) (18N - I + 6™ (¢ + r))3
Hig™ @12 + 116" ¢ - 7)lf2).

Multiplying (2.4) by 21?(}95(‘: + 1) ~ B;(t — 7)) and then summing for j, we have

oy (G (0, XM (e + 1) = ¥ (2 = 1) + L (VERM(e + 1) + Z(2 - 1)), VE™(t + 7)
-t - )+ g;(f(”)(t + 1)+ %Nt~ 1), gt + 1) - N2~ 1))

+HE (M @PEME + 1)+ ZD(E = 1)), ZM (e +5) — Z (e = 1)) + L (ED(e+ 1)
+ZM(t - 1) (M H)FM(E) + 3O RN (1)), ¥t + r) ~ K¢ - 1))

3 (HOM(@ + 1), xM (e - 1)) = HE®(e +1), 2™ (¢ - 1), 22 +7) - 50t - 7))

9
= 3 LE XM+ 1) - X - 1)) + (VB (1), V(e +7) - ¥t - 7))

(3.5)

Since
o= (7 @, &Nt +7) = #M(e - ) = 2RO - 157 - 211,
E(VEM (e + 1)+ (2 - 1)), VE (¢ +5) - 7Vt - 7))
= UV + D2 + IV @) - (IVFO@IR + 1z - 1)),
E G e+ 1) + XMt - 1), M)t +7) - ¥ - 1)
= ELUE™ @+ I + 1K@ - U + 159 - 2)]
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|22 (o™ PEM(E + 1) + (e — 1), #@0(2 + 1) - V(e - 7))
< 2™ @R (7™ ¢ + )llzs + 18D - Do) IZP @O + 153 - )
< Clle™ @M+ DI1E + 1K™ (¢ - IR + 1= @1 + 1% (¢ - I,

S (Bt + 1) + 5™ (e - 1) (™ (1)E™()
+3@(5)aM™(1)), &Mt + r) — ¥t - 1))
< (B + n)llge + [ED(E - 1)llze) (e @)z
+1e™M @)1 B™ @l (1™ @)1 + 1757 2 - 1)
< (=™t + )l + IE™) (e - )ll1) (1™ (@)1
+1@™ 1) USM@IE + IV @17 + 1% ¢ - n)II?)

and similarly to the above estirnaﬁe, we have

H(x™ (e + 1), XNt - 1)) - HE")e +7), 202 - 1))
= g (RNt + 1) + FA' (W)WM (2 + 1),

where
RW) € (min(x™M(t — 1), xM(t + 1), 2M)(¢t — 7)),
max(xM)(t ~ 1), xM)(t + r), ™t — 1)),
SN} e (min(x™)(t + 7), B2 - 1), 2Vt + 7)),
max(xM(t + ), ZMV)(t - ), 2Nt + 7))).
Hence

o= (H (XM (2 + 7), xM (e - 7)) = HEM(t + 1), 20t - 1)), ™M (e + 1) - kM)t - 1)

= | & (F (RPN — 1) + KM FM) (e + 1), XM (¢t + T XMt - 7))
< 2H([xM™ (& - )% + (™2 + )2 + (M (e — 1)) FM(e - )| + [V + 7))
+HE®(t - 7))? + (EM(t + 1)) + )], ¥ e+ ) - KV e - 7))

< B - iz + ™ (e + 1)l12e + IE® - ENZN (e - 7)lls
(™ (e + 1)[Ee + 15t = I2e + IEM(E + DIZIZME + Nl el (155 @1
+H1%" (¢ = 0l < CUx™E = DI + XM+ I + 158 - I
HIE™(E + D UFD € - DIE+ 1R+ D3+ 1™ O + 15 ¢ - I
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Finally we estimate the terms with E;(t). In the first place,

Bt = o) - L8 = My - L), e _ P
= 0(r?) - R(N)(—al;il)
Ba(t) = B oMt + 1) + o™t — 1) — 20(t)] = %lﬂ(f’) 2R (o(2))],
Es(t) = % (XM (@)1 (2™ (t + 1) + o™t — 1)) — 2(x(t))*e(#)]
= 5 {O™ ()M (t + 1) + oMt — 1) — 2(2)]
~2p() (™ (0) + X() BN (x(®)
= L {(xM(£))2(0(r?) — 2RM (1)) - 20() (™ (2) + x(8)) RM (x(1))},
Es(t)—x,;)(t)— Tl — o(s) - R(”J(—}gﬁl),
Eftt)—wz[x(”)( +f)+x(")(t r) — 2x(t)] = & [0(r?) - 2R (x(1))),
Ba(t) = % (o™ @)™ (& + ) + xM(t - 1) - 2x (Ol (@)
- "T’{no(m ()2(0(r2) — 2R (x(1))) + 2x(t) (" R (io(2))
+o(t) RN ((t)))}.

up:

b

Hence

L(E(), 8V + (- )| < SUERGIP + 167 O + 1887 - )11?)
< o(r* + [RMEL) 1 1+ 6™ @) + (68 - )IP)

(&), 6 + 3¢ - 1)
< C(r* + [[R™ (@) + 188N @)l + 185 - )],

|%(E3(*)=99£N)(t) + @M (t - 1)
< V(XM (@) [Re o™t + 1) + o™ (e = 1) — 20(t) 16 + 2ll(t) 12

xR Gz (™ (@)1 e + I NzeDUIB @1 + 187 ¢ = 7))

< CIxX™M@IRIe™ (e + 1) + 0™t — 1) — 20(0)lls + 2@ N R™ (Dl
(U™ (eIl + x@llz)) - QB + 188 (¢ — 1)l
< C(r* + | R™ (p@)IE + |IRM (x ()11 + 185 )12 + 138 (e - n)I|2),

4 (Es(t), %™ (2) + 2™t - 7))
< o(rt + RO EX By 4+ 1M @) + 157 - )IP),
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L (B (), M () + =™ - )]

< O + [[R™M G + 1™ @117 + 1% @ - 1IP),

1L (Es(0), %™ () + %"t - )

< C(r* + |R™(@)IE + |B™ @) + I @1 + 12 ¢ - DIIR).

For E5(t) and Eyo(t), we have
3V Es(), VB (1) + 5 (- ) = [F(AB(0), &7 (1) + 8. (¢ - 7))
< 1AM (t+ 1) + Mt - 1) - 20M(0), 5V (@) + & (- )
+L(ARM (o), 5V @)+ 81" (t - 7))

< ot + 8™ @2 + 18 - DID).

Since RWY )(tp(t)) is orthogonal with Sy, the second term is zero. Similarly,

1 . 3 » %
5(VEw(@), V&N () + (e - )i <t + I @I + 1™ ¢ - 0I)-
In the last place, we estimate E4(t) and Eg(t).

Ei(t) = S[F(lp™(t + )%, [e™)(t — 1B (™Mt + 1) + 0M(e - 7))
—2f(le@®De(®)] = [F(le™(t + )2, o™t - 1)) - F(lp!M(t + 1)},
ot — 7)I%) + FleW(t + 7)%, le(t — 7)) — Flle(t + )%, et - 7)%)
+F(lp(t + )12, et — 1)[?) — £Fle@) )™t + 1) + Mt - 1))
+1(|e@®))e™(t +7) + oMt — 7) - 20(2)],

1XAF (o™ (¢ + )2, [eW)(t - )*) - Fle™ (e + 1)% |o(t - 7)I)]
x (Mt +7) + oWt — 7)), & (1) + &5 (¢ - 7))
<& [ o™ =) ol —n)lle® (e + 1)
+oM(t - 7)) + 5™ (¢ - 7)ldz
< C(|RM (ot - rNIE+ 16 @17 + &7 (¢ - DI1%).
In the same manner,
LR (e + 1), lo(t - 1)I2) - F(le(t + ) lp(t - 7))
x (M2 + 1) + oMt — 1)), 3 (2) + B (¢t — 7))
< CUIRM (e + I + 18V )2 + 187t - D)IF)
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e R e AT, . -
x| 3([F (et + 1), ot - 1)) - f(le®)?)]
(P e+ 1) + oM - 1), 5N (@) + 3V (e - 1))

1 lo(t+1)]2 1de
i rer=re r)F Jeee V)= 110

where
le(t+7)? .
P = =P /""“""'”T 169 - Gt
w(t+r)|
" Jelt + )7 - : (¢ — f)|f_/w( gy 08 f( (Je(t + )2 + |p(t — 7)1?))]ds

(Gl + N2+ ot — 7)I2) - flle(t)?)) = L + L,

I

Bl (Mool (t + 7)|2 = |t = 7)[2)?,
AR

gA1(le(t + 7)1 + lp(t — 7)* - 2{p(2)})
= gA1lp[(p(t + 1) + o(t - 7) - 20(2))
tolt+7) et +7) + p(t — 1) - 20(t))
Helt — 1) = p(t+ 7)) (et - 7) — o))

I/\ A

Hence

I(FF et + )2, lelt - )2) - £e@ D™t + 7)
et =), 67 (1) + 2™ (¢ - 1)
<C(rt+| *“‘”(rw + 18 - )17,
Summing them up , we get
|5 (Ba(), &) + Mt - 7))
< C(r* + |IRM(p(t — 1))|2 + |R™ (p(2))]]2
HIBM™ (ot + I + 137 @1 + 16570t - 7))j2).

Similarly,
15 (B (), % () + &Mt - )| < Clr* + |R™) (x(t — )2
HIBMONT + IR™M (et + DI+ 1=V @1 + 158 - ).

Taking the real part on both sides of equality (3.4)’ , substituting the above estimate
- 1into (3.4)’, (3.5) and then summing them up, we obtaln
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B el
DM@ + 1£YV @12 + FUVEM(E + 1)l + VS @I + IVt + 7)]|?

IV @)+ *g(IIﬁ(N )i+ )P+ I8N ()1 + %E(Ili(” e+ D)IF+ XM @)
< 16™ e - +HIFP - )+ FUVEW @2 +VE™ (e - DIP +IVEV @I

HIVE™ (& = 1))+ A ([N @ 12+H1E™ (¢ - ANE+E (D OIF+HIEN @ - 7))
+Cr(1™ (1P +] fs”’(t)p=+||¢m(t + )M @12+ ® (¢ + DIIFHIRP @I

er(lg™ie - IR+ IEM - P+ I8N + g - i + IRV @I
FIRM (e - ID+Cr(rt +HIEW (L) -+ | RO @D P+ R (ol + I

+ IR™(o@)2 + |R™ (e — NIE + IR™ (x(t + IE + IR (I
+ [| R (x(t — T)IR)- ' (3.6)

Here we have used Lemma 2 and
oM )l < lle@l + ™M () - o)1 £C, 0st<T,
x™M @)1 < Ix@®lh +1Ix™ME) - x@®lh <€, 0<t<T

. According to the Gronwall inequality, from (3.6) we can obtain

1M @1+ 1O + 1™ + Al + 1B™ @Ol + 1X(+ il + 1))l
< 180 ) + 1V O + 1™ )l + (8™ Ol + 1™ ()l + 1™ (0)lx

3*p(t) 3*x(t)
+C(f’+nrgtﬂgr(llﬁ’m( 5 )+ IRMH (5]

HIRM ()]s + |BM (x(ED]h)), 0St<T -,

Noting
o(t) — ®M(t) = RN (p(t)) + 8™ (1), x(8) - M (1) = R (x(#)) + M),

finally we have

lke(2) - @M @)l + l1x(t) = SV (Bl
< 18V )+ 1% Ol + 1™ (7)ll: + & ()l

M+ [EOlh + Clr? + max (1B (28
X 1 X 1 , 0<t<T atg

| +I\R‘”’(a—zé§{ﬂ)n+_llR‘”’(so(t))lh+IIR‘”’(x(t))lh], 0<t<T.(3.7)

According to the choice of ®™)(0) and ¥ (0), we have M)y =
% )J(0)|| = O. Besides, if we take &N}(r) and E(‘N ] (r) properly, not only the
condition of Lemma 2 can be satisfied, but

1M + 122 O + 18 ) + 1M (O < €7
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can also be obtained. For example , ®¥)(r) can be obtained as follows. First we

expand ¢(7) at r = 0 and neglect higher order terms; then we project it on Sy.
Similarly, T(*)(r) can be obtained.
Lemma 3. [6] For any 0 < u < o, there 18 a constant C independent of N,

such that
lu = u™|l, < CN-Pjuf,,  vue BI(O).

According to Lemma 3, we can obtain immediately
Theorem. Suppose that the conditions (1)-(3) are satisfied and the solu-
tion of (1.1)~(1.8), (x,t), x(z,t) have fourth continuous derivatives with respect to

4 4
t,22,9X e 1(0,T; HY(0)), #,% L®(0,T; H:~* (), 0,x € L*(0,T;
H7(Q)),r > 2;90,91,X0, X1 € H"(ﬂ) Then for the aolutton of the spectral method
, we have

le(t) - 2M @) + Ix(t) - =M@ < (N + 12,

where C 38 a constant independent of N and .
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