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Abstract

We canstruct a spectral-difference scheme for solving two-dimensional vorticity equation with
& single periodical boundary condition. The conservation, the generalized stability and the convergence
are proved. Both steady and unsteady problems ars considered.

§ 1. Introduction

Lot £(zy, wa, t) and $ (24, xs, 1) be the vorticity function and the stream function
respectively. » is a positive constant. f;(%1, #s, ) and §o(w,, @) are given, Let

I={¢3/0{:mﬂ*¢:2ﬂr}: Q"'—_‘{(ﬂ.’}h mg) /0{:{171‘(1_, IEEEI}.
We consider the following two—dimensional vorticity equation

o5 , o ©Of N o &e | FEN. . :
J—B_ﬁ- T 3&'}2 3&51 3$1 33}3 ¥ &ui : _E?_m_g-) '—fi’ = Qx (0, T:Ij
A T2 n@xp, 73, &
. g(ml; La, 0) sgﬂ‘ (mb mﬂ): n Q—'

There is a 1ot of literature concerning the finite element methods and difference
methods for solving (1.1); see, e.g., Raviart™ and Guo Ben-yu™®, But for any
fixed scheme, the accuracy of the approximate solution is limited even if the solution
of (1.1) is infinitely smooth.

In the past ten years, the spectral method for P, D. E. has developed rapidly,
seo Gottlieb, Orszag™, Pasciak™, Kreiss, Oliger™ and Guo Ben-yu‘”. In particular,
Guo Ben-yu™ and Ma He-ping, Guo Ben-yu™ proposed some spectral and
pseudospectral schemes to solve (1.1). Bub all their works are for periodical
problems. .

In this paper, we assume that all functions are periodical only for the variable
@y and thus we cannot nse the full Fourier—speciral method. Such problems take
place in the study of fluid flow in a tub. Following [10], we construct a class of
gpectral-difference scheme by using the Fourier-spectral method for the variable z,
and the difference method for the variable x4. If we choose the parameters in the
scheme sunitably, then the semi-discrete energy is kept unchanged. We strictly prove
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, and QGriffiths"®)}, from which the

the generalized stability (see Guo Ben-yu™1
convergence follows with some assumption.

§ 2. The Scheme and the Conservations of the
Approxlmate Solution

Suppose that a,ll functions in (1.1) have the period 2z for the variable =,,
" Let & be the mesh spacing of z;, Mh=1 and Iy={m=jR/1<j<M—1}, Q;=
Iy X I. Let v be the mesh spacing of ¢, 8, ={t=Fkv/k=0, 1, 2, ---}, We define

1
Uay (mi.! L, t) 2:3' (@ﬂ(ﬁ?]_'!"h, &g, t) _‘M(mj_, La, t))l
Uz, (mlr Lz, i;) = Uz, (mi_h: g, i):
Uz (ﬂ?]_, Ta, t’) ='é_(u’8\ (‘-'1"1, Ta, t) +H‘:El (mi; Lz, t))!

Fu
Ox3

Lo, t) »

‘du(mlr g, t) = Uy + 71 (mi: Lo,

'uf(wj_; Lig, t) :é(u’(mlj L3, t_l_T) """"’u(mj_, Ta, t))'

The key problem for constructing a reasonable scheme is to simulate as many as
possible the properties of the solution of (1.1). Indeed we have the following
conservations

LJ"E (@1, @3, t)dws @ms

+j: [L{ gi (1, @3, y) &1, @2, ¥) 3‘1’ (0, 23, DE(0, 3, ¥) }d-'va ]dy
; _pﬁ [L{ ﬂafl (w1, T2, ¥) - OF (21, 22, ¥) ’h_n}dmg ]dy

EI—I 3&51

- ” Eolmy, Ta)daidag+ J: [ J JF Fi(@s, 22, ) dwidmﬂ]dy (2.1)
¢

g
and

jjfﬂ (1, @0, T)da1029

¢

+H [ A2E @ a0 D8, 02, 9) ~-2200, 2, DEO, 22,9) bims |y

Ly

o [ )+ (e ) ot J
<

-—2::_[; [L {E (@1, T2, ¥) gi (#1, @2, %) i

| #v=1

gi (1, X2, ¥) fn=o}dm2]dy

~ || e2(@s, ea)dmsdm+2| [ [[¢@r, @0, 1) fu(on, o0, )dardes iy 2.2)
¢ .

-"g(ml.r Ly, y)
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T L=

‘We shall construct a scheme, the solution of which satisfies the conservations
similar t0 (2.1) and (2.2). Noticing thas .
ow Ju  Jw au=8(3wu)_a Emu)
Oxg Owz Ov1 Oy oz \ O3 Oy \ Oxy

3 (w0 22 )--2 (w2
Oy o4 B4 O

we define
' J1(u, w) =—3ﬂﬂ Uy — Wiy 33;,
o, 0)=(52 ), — L (s, w),
Ta(u, 0) mp (wus) — (w0 2L
and

T, w) = S adi(u, w),

where a= (ay, as, &3), 6,0 and o+ as+ay=1.
Let ¥V x=span{e"a/|n| <N} and Py be the orthogonal projection operator, i.e.,

JI .P_NH'E dﬂ?g‘-‘“}ﬁ'i dﬂ?ﬂ, VﬂGVﬂ’.

Let %) and ¢’ be the approximations to ¢ and s respectively, where

2% (@1, 24, 1) . 2 7 (@, )", z=uor p.

5o i

- The spectral-difference scheme for (1.1) is the following

r WEN}-{‘PNJ(E).(?}{N}'i_BWEN); ¢W}) — A (?}‘(N)"I‘H"F’T}EN}) ﬂPﬂfh  in Qﬁ pod S-r;
1 _A@£N}=7?{N}+Ph7f2, in QLXST: (2-3)
. ??{L‘}<m1’ La, 0) :ﬂ%hr)(mir 232) =P.N§ﬂ (51, :'152)_, in Qh:

where & and ¢ are parameters, 0<<8, o<1, If 8 =0 =0, then (2.3) is an explicit
scheme. Otherwise we need the iteration to solve ¥ (z,, @9, t) for each :CcS,. But
only the one-dimensional iteration is needed, because we apply the spectral method
to the variable z,. This is one of the advantages of (2.3).

We are going t0 check the conservations, We firss introduce some notations as
follows:

(w12, (@)= ues, )7 (o1, 2,

(u(zy), » (@2) )z, =R 2 u(zy, 29)0 (21, @9),

&rye Iy

(u, v) =h 3 (u(2), v(zy))s,

T8,

I”(fﬂi) 17= (u(zy), (@)1, |ulay) |7~ (u(zs), u(@) } 1,, lui?= (u, u),
ulf =g+ fumf+ |22,
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SRRt

DIFEE NN TR S DL R Sy DAY
méle-ﬁh ::t::;#,
o 2.1 @2 ““ | 2% Ir 2
+U3$n u“u '“c‘mu"_"‘ | ors !

8 ) === (Juh) |3+ fu(l—h) 3.
From the Abel formula, we have

(W, ©) + (93, 0) =5 L(D), ¥(L—B))r+ (w(1=B), o (D)

— (u(h), v(0))r— (u(0), v(h))il, 2.4
(‘%" w) : (5;’;, u)=b, (2.5)
which leads to __ _ |
(J1, (u, w), 1) =( ;;z 1 u;l)+(( g;z .);;_,, u)=A1(u, w), (2.6)
where

st =3[0, 1-0) 0. S5),

~(u®), 22@), - (u®), S ®), |- (2.7)
Similarly,
(T, w), 1) =((o-w), , 1) = As(u, )
ana .
(Ja(u, w), 1) = —((w ;‘;‘ﬂ )& 1) = — As(w, ) = 43 (u, w), (2.8)
where

Ayler. o =-%[(u(1), g‘;: (1))f +(u(1—h),%(1—-h)); .

(e, 2ew), — (w0, 2= O), |
We have from (2.4) and (2.5) that =

l (z:; Han, m) ((5?; )E;’ ”)""Aa(ﬂ,l 2, W),
o

(*ws, g; 5 ) (31 (wa,, .*v),u)“.ﬂ.
ow

A3y, v, w) = [( (), vA—H) j;:'(1-—h))f+(u(1-—z;),'w(1) W),

(4, v@©-22 @), —(v®), vW o= ®),]-

where

Thus
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(1(u, w), 9) +(Ja(v, w), u) = As(u, v, w)., (2.9)
Similarly, we have

(2w, (22, )0

- ou ou -)=
((w o )3,’ 'v) (39:3 , Wz, Y =A(u, v, w),
where

A (4, v, 1) =— % (2= w), w(l—h))f | (i‘i (A—Bywd—h), v(1) );

3ﬁ5

(G Wu®), v(©®), —(2L©@u(0), o), ]

I

(2.10)

and thus
ov \_ [ ou )= .
( Jﬂ(u': *'HJ)_, lt:">-+_( 39:3 A mﬁl) (ama ; Wog, A*(u'.l w.l w)l
from which and (2.6)—(2.10), we obtain

(SO, w), 1) =14, (u, w) + (@a+ og) As (u, w) (2.11)
and for oy =a,, h
(J®(u, w), v) + (W, w), w) = As(u, v, w) +axds(v, u, w)
+ogdy(tt, v, w) +agd (v, v, w). (2.12)
In particular, if a; =ag, then
(JD, w), w) —ardg(u, u, w) +azd.(u, u, w).
It is easy to show that

1 1 . { ou v \ _
(U, 40) + 5 oy 00) 5 (o, v0) H( L, 22) =B, 0),  (2.13)

where |
B(u, v) ==-%—('u (D +u(l—h), v, (1)):—-2:-[-(u(h) +u(0), v,(0));.
In particular,
(du, w) + |u|i=B(u, u). (2.14)

We next check the conservations of the solution of (2.3). Firsily, we sum up
the first formula of (2.2) for all (24, 2,) €Q; and get from (2.11) and (2.13) that

(@), 1Ditan A1 (5 (@) + 8P (8), 0¥ (8))
+ (oa+a) As (¥ (8) +3vn(V (8), ¥ (B)
—vB, n(@) +awni® () = (f1(2), 1).
Hence |
(@), Detr Z (a1 d1(n @) +8eni™ (1), @)

YyCi~F

+ (ar-t o) As (™ (9) +802i(0), 90 @)) —vB (L, 1) +owr” @)1
-0, D+r 3 (f1@), D

yi—F
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which ig a reasonable analogy to (2.1).

Secondly, we put 3=cr=-%-, oy =dagy, and (2.156)

79 (@, B9, 8) =25 (1 (@5, 22, 8) +7 (a1, @9, $+7)).

By multiplying the first formula of (2.8) by 274’ (#,, 24, {) and summing it up for
all (24, ©a) € @3, we have from (2.12) —(2.14) that

[ @) |2 +20 [ §9(8) |1+ 20245 (7 (F), 70, 97 (0))
+20544(§(8), F(@), () —2vBHPQ), ()
=2(f1(5), 7))

and thus
|7 @) |2+ 27 yg [2] (@) |2+ a1 da (G (), 7)), o9 (¥))

Tt

+ad (W), 57, 9P @) —vBEP @), 1)1
-1 [ +20 3 (@), F) (2.16)

yi—7

which i a Teasonable analogy to (2.2), Therefore the scheme (2.3) can give hetter
numerical results if oy = as.

§ 3. Some Lemmas

In order 10 estimate the error, we need some lemmas.
Lemma 1, For oll u(ay, x5, 1), we have

2@, w:(®)) = ([u@® | Di—7lu(® |3,
2@, w(@®) ={u® [}—viuw@) {*

Lémma. 2.

2(u (), du@)) + ([u@) |[De—7[w(d) |1

2(u(), du () + (|u(®) | Di—7|w() ]
Lemma 3. Ifu(x, ws) EVa for all z, € I, then H
Lemma &, For all u(ay, x3), we have

e [P Ll + Al (O) 17, it [P < L+ B (D) 13

i

2B (u, (£), u(?)),
2B (), w(d)).

ou |2
sor| <H°lui’.

I

umlP<rr bl + 2 (@) I, funlP<rlui® +2lu(D I,

Lemma 5. If uw(wy, 22) €V x for all z.€ I, and v (0, z3) =u(l, 23) =0, then

Ju|®<es[|w|3+8 ()],

where ¢4 i3 a positive constant depending only on the domain Q.
Proof. Qonsider the eigenvalue problem
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_-—___—____.,.___

wlZy, Ta) =ul@y, Ba+2®), i Q.
w0, %) =u(l, s, () 2,€ I,
By falring tha sealax product of the above equality with u (z,
| u{i—B(u, u) =Ajul.
we get the conclusion,
Lemma 8. Ifu(sy, 2) €Vy for all 2:€ I, and u(0, ©) =u(1, ;) =0, thon

"~ [uli+ 3 (frmm O 1+ Timn D1 +3(| 2o [} + | 2 - ).
Proof. We have |

K— du (ﬁ;h ﬂ)‘g) --—?uu(aa, ﬂlﬂ) ="0; in Ql-:

%3), We have

Because B(u, u) = -8 (),

{learly

o= G lton P+ 5 C 33 Tt (@) |54+ 3] im0

&1 wl—23% liﬁ*ﬂﬁ

+ uﬂna (0) "¥+ ”%ﬁ (l)ﬁ) .
On the other hand,

Ao 52)= |2 e

e e
‘where

Q) =~ (G W+ =), L 1))

3

3mg ox 1 3:1?5
ou

+( e () + 2 (0), 5o tn (),

1/ ou - ou 4
"k (ﬂ 7o P, ""ﬂ Py ﬂ:)
LBmIIIﬂ- 7. If h“f:gﬁ', then fﬂ-r all T, Iﬁ,,
| (@) |2 <8 (Joten |2+ 225, [ ) +0(e) fuc]2,
whers eo(8) is a positive constant depending only on s and the domain Qs.
Lemma 8. If u(zy, x,), V(w1, @9) EV i Jor all o €I, then

(@) v (@) 1< 2N +1) Jua:) |3 (o) [
{24(22) 9 (02) < [uuCas) [, 0 ) 3,

luvj< 2VEL o3y,

. Lemma 9, I S the following conditions are Sulfilled:
(1) uley, 23), v(2, 22) EVy for all oy €1,
(ii) u(0, 23) =0 or u(d, ) =0,

- (iif) for all a:€ Ty, [ v(as; an)dmy =0,
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then

lwvﬂ”<:—~/ ehGN D) |ufto]? [uls]o

Ih

where

[ ==J'“— @E e
1 )o (1+2H2°

Proof. Assume u{0, z,) =0. Then
max u" (21, @) =max (h 2 [%a(.’l: @3) 1) <2[u(ws) [ ] %z (s) |7

&Hnely -
i‘"l

from which and Lemma 8, we obtain

<2 (™ JouCas) 13, (o) L

<2 ([ eeatian) ([ e tion)
<4(2N +1) 0] | 3.
Next, suppose ‘

v(zy, 3g) = i} v, (1) 6%,

nt=—0oo

From the Yong-Hausedoff inequality (see Hardy, Littlewood and Polya®¥ we
have

| % (z1) "§=§15;ﬁ# | v (21, %a) l*dmgﬁ(uim | va(@1) '%)ﬂ-
On the other hand,

3 ln@) = 3 {in@) 1+M]1§{ 1 }%

[ ey
{;_.‘r_ | 2a (1) | [ " EE%E]}F{" ;‘l m 1,1(,, 3 ..;;]T}f
ﬂ OZg (1) iz

Moreover,

of 4, Ploa)|? 2

o 3 |'U-(m1)| 1 ' 3 2””("}1)":

Tl

and ”

Therefore,
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o o) Bt () 3] 22 @) |,»

from which and Lemma 8§,

19°]* = 4eh 35 o () [

F1EL,

<do, (bS] o (@)l (] ;’;’ﬂ(mgﬂ) <Zlofe| 221,

@ ELy 311"2

The conclusion follows from the above staternents and [uov|?<[u?) |+2].
Lemma 10. If the following conditions are fulfilled:
(1) 2(2) is non—negative function defined on S,
(ii) p, @, b, M; are non—negative constants,
(iii) H(z) is such a function that ¢ f zes Mg, them H{(2) <0,
(iv) for all t€ 8,,

2(f) <p-+ E [ Mz (y) + M N2 (y) +H ()1,

:u-::t--"r

(v) o <min (305, 4

then for all tES,; and t<T, we have

| | Z(#) .‘;;pﬂﬂfrl'lf:)f. |
In partioular, if My=0 and H (z) <0 for all 2, then for all p and &, we have z(t) <
Nult-

2o .

hﬁ

) énd z(0) <p,

§ 4. The Error Estimation for the Problem with

the First Boundary Condition

‘; J) and
nw}(or Ta, t) =PN§ (0: La, t) =Pﬂgﬂ (mﬂ; ﬁ):
ﬂiﬂ] (1: Lo, i) =PN§ (1: L, f’) =P1¥Tgi(mﬂ,1 t)'

Let f1, fg,fu, go and g; be the errors of fi, fa, £, go and g; respectively which
induce the errors of %™ and ™, denoted by "’ and ™. For simplicity, we assume-
P (0, 2q, 1) =@ (1, 25, t) =0. The errors satisfy the following equation

‘. nEN} +_P . J (%) (,E{NJ L5 H{V}: @-‘,(NJ + {p(-NJ) 4 PNJ{EJ' (7?(17} 4 3.3-???7}’ ‘PEN})
— A+ oen{™?) = P},T_?i, in Qy X8,

—ﬂt}‘-"w} ‘“‘-‘?(H}'l‘P.h_?:a, in @y X8,

7 (24, g, 0) =P Nf o(z1, ®a), in Q.

By takmg the scalar product of the first formula of (4.1) with 2%, we nb’ﬁaln:
from (2.12), (2.13) and Lemmas 1 end 2 tha}

179 -7 @) |2~ 280 (7R @), TG, §903))
+2(HM (), TP (E) +3wniM (8), pN () + T (™ (8
+8577 (1), ¢ ())) +20 |79 |3 +vor (|70 |D:

In this section, we suppose oy =as, fr:=0(h”), T = O(

(4.1).




No. 3 A SPECTRAL-DIFFERENCE METHOD FOR S8OLVING... 24'3_'_

—vo | HO@) [T+ 2 D) +Ba() +Ba) =2GO @, o), 4D

where

D1 (#) =243 (™ (8), 7 (B), (@),
Dy(8) =205 4,( (), 77 (), (@),
- Ds(t) = —2a:3v As (V' (B), 70 (D), ¢(D),
Dy (3) = — 231 A3 (" (8), 7™ (8) D)),
' Ds(8) = — 2630 4GP D), 7D, FV @),
- Ds(f) = —2a0v A (™2), BV (), 7)),
B,(#) = —2BHM®) @),
By(8) =—2v0eB(H™ @), 7V ()).
Let m be an undetermined positive constant. By taking the scalar product of the first
formula of (4.1) with man® (t), we get
me )7 () [P+ mz (G G), TGO, FP))) +mr @GP @), J““’(ﬁ‘”(f«)
+3V (@), () +J W (5 (¥) +80S (1), FOW))) |

4 IEE (500 (5) [3),— T (560 (8) |3 mwos? 507 8 [1+-D ()

+Da<t> +B3(®) +Ba(?) -—m(&‘im @, F1 (), o (4.3)

where oy F B
D7 (%) —mﬁaﬁ"ﬂs (ﬁ"’ @), TR, FPD),

Y L De() = mdogB Ay (i (B, 9V (@), F®)),
By(3) = —mweB (5" (8), 7)),
By(2) = -—mW'F"'B CRAOM L ).
Lot 8>>0 and ¢ denofe a positive constant which may be dlﬁ'erent in dlﬁ'erent
formulas. Putting (4.2) and (4.3) together, we obtain -

179 @) 12 +7 (m—1— &) |7 () 10+ 20 | 50 @) |3-+v7 -:r+—"§)(-lﬁ"}(t) bE
+95°( mg—a =2 |50 |1+ G +2 D) + 2 B

<IFPO I+ (1+ZONHO 1 . (4.4)

whene

G1(3) = (2 () +meni™ @), T (™ () +8wni™ (1), “‘”(i)))

Ga(8) = 2P @) +men®™ @), TGV @) +8vn” (8), (D)),

Gs(t) =v(m—28) (F @), TOGD®), $P®)).

By taking the scalar product of the second fﬂrmula. of (4.1) with ¢®(3#), we have
from (2.13)

2@ [3+8 @ @) = (tsﬂ‘”’(t) TIOERROY

<5 1FPO P+ UG P17 1)
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from which and Lemma 5,

1F) |1+8 GO <es (1T P+ 1Fa® 1D, (4.5)

Now we are going to estimate the terms in (4.4). For simplicity, we ghall use
the following notations

GOR=1G0 1+ 1701, | 2L 0| -[2ew [+ ]2 [,
[9: 1= 1Gu® B+ 15212 Bullar =max fut) [ner- Q).

tes
o

Woe first have from (4.5)

|61 () | <ex] 7 @) I+ U™ 1T @ 2+ [0 13)

<eel 7@ '+l (@ P+ 1 Fa () 19). (4.6)
The computation gives __ - | |
(Ga(®) | <se|7™ (@) |2 +av |5 |1

- O] N ‘”’(#)ll’+ ll (t)uf+rhllg¢(t)ﬂ) (4.7)
Lemmma 8 Jeads {o

G3) | <ol () 2 - S22 5oy 12 gy

a2
<O + D=2 oy 11 7,00 19 [Fm 2. (0.
Next, we estimate | D,(t) |. From Lemma 8, we have

| D1(8) | =204 [ As (™ (), 72, §9 (1)) l
<ewS (7D (@) + "”’N FIOIE (” 22, & ” +ﬂ Ll s)ﬂ )

{spﬂ(n“‘”(t)) -+ -—-l]g Ozl @) |}

<sylS ('fi‘” () + —-llg O IzA7 @O P+ F.0) 19, (4.9)
1% is clear that

%(ﬁ),ﬁ(o)w(h))f="(%(h)? u(h)w(ﬂ))f—(‘%(ﬂ), %(h)tt'(h))::

from which and Lemma 8,

1P| <o3 G ®) + LE( 15013+ | Lo ')

x(18@, 1+ 1571, 1) 3+ | 287

| Jza‘?" il ) t}” )
<eSE0®) + (17 01+ |2 || )(uww [+ 50 |9

<er8G®) + 2 (150 11+ ﬂ—f-(t)ﬂ JAF2OE+HFG1. (4.10)
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Similarly, |
| Ds (@) [+ | Da(@) | <ev8 (nT(2)) + 8078 (77 (2))

249

T il s BENSER -

— T

+2L (GO 1+=17: O 1D (FP@ 12+ 1720 19, (4.10)

| Ds(3) | + | De(®) | <evS (7™ (#)) + eveS (77 (2))

+ (15 13+ -2 [+ iz e [ )

ox )

% (FDG I+ 1@ 19,
D@+ Do) | <eres 0 ) +2L (150 13+ | 22 |

X (@ 12+ Fa(@) 1%).
Finally, we estimate B;(#). From the boundary condifion, we have

Bi()) =28 GV (®) +—-1g @ 1%,

By Lemma 1, s _
By (?) +Bs(3) Pw( o +-%n) [8 (0 () 1e—w? ( o +%)S @ @)

—er S G (1)) — evS G ()

N ~ LG OGO .

Bimilarly, |

o B8 >mrawS G )~ |7, 11

Substituting (4.6)—(4.16) into (4.4), we obtain

B ROV ER O BYERL PEIOY M OV R LA Ot

+12( o+ 3) (1T Do (mo—o =) 7O I

+ @o=Ba)8 G0 (8)) +vv (0 +Z) IS GO @),

+m'”(m0' o ?’- 43)8(5?"7’(#))
<H @) 7@ |*+H:(@) |70 @) |1+ R (@),

2 g (D) T+ J gf; () Hf))’

Hy@) = v+ o+ ZEEERL (0O P IHOI,

R® =o(1+D)IF:@ I+ LI Fa@) 12

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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[|l|5uﬂ|u1m+(N|[g () +u (t) “ +73“gt(#)u ﬂ aq: (& Hg)]

+—(1+1p™l.) (17 @) 13+ (&) D).

Lot ¢ be suitably small. We choose the value of m in the following way.

Case 1. o > l In {this case we take

2

20 +8s
20—1"

m>>my ==ma.x( 1+po+4s), Po==0.

Then (4.17) leads to
|79 @) |13+ p07 170 () [24+ |50 @) [1+08 GD(@)

+v1( o+ PV IF0@ 1S GPE)1.

< Ho(®) i #) |2+ H, () |[790) |1+ R(®). (4.18)
Oase 2. o = % We take
T Bt 1 Opr | 2
m}mﬂ=1{po+-§ vy N+ —— 4;: + = Z’:r +4a8,
We have from Lemmas 3 and 4 that
7@ 1<( N=+-§T)uﬁéﬂ> @I+ 27O 1, (4.19)
. 8GO ®) <l @1 (4.20)
Thus
T(m-1-40) 1> I*+v*( mo—o— 2)]5E”’(t)li"
+m=( Mo —0— 5 —45)8(5%”7’ (t))
>pov 7 (8) |* — TII g:(®) ™. (4.21)
Hence (4.18) holds still. B -
1 442
Oase 3. o <3 and 7<C > (1—20) (9T 2N~y We take

m?ma=(1+po+1ra"rN” i gggﬂi : 2?;T .45)

9 g 1\, v L ek
'K(1+:u-rN (a’ -2-)+—§—}-L§-(a' 2)) :
From (4.19). and (4.20), we get (4.21) also and then (4.18) follows.
Now pui

B @) = a7 @) |*+ve (|7 @ [1+8 @ (0))
+7 2% (porlnd® @) P +2 (7 (W) li+?3(5‘”’('y)));;

yeky
ysi—%
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pfP () =1a(0) [*+7 3 [R@) [

YE N
pt—1

By summing up (4.18), we get
E®@) <pf(6) +7 2 (Ho(p) BV () +Ha () |77 @) |1). (4.22)
In particular, if

yat—7

mq, for a'??-%-,

25>>4 ma, for o=— | (4.23)

msg, for o< —

then we can take m =25 and thus H,(¢) = —»+8<0. Applying Lemma 10 to (4.22)
we get the following resuli.

Theorem 1. If ithe folmng conditions are mmﬁed
(i) e=ay, 7=0(*), v=0 1)

. 1 4B
(L) o e g oo B (D AR

(iii) for all t<T,
Pt - -t 3 |
Fa@ <ty 1FO1E]ZL [ <min(Z, ), @ <b
where b; are positive uamtmts depending only on Hap‘” ?I s Hn“’" Ny, and v, then for all

i<, ‘T
B () <bgo™ o (8). - (4.29)

In particular, if (4.23) holds, then for all o (&) and &, (4 24) holds -
For the convergence, we put ¥ =Py{, ¥ =Py, Ehﬂ'}= (¥)__ f{m and l;,w):.
@ ¥ — M), Then

g(’\'} _!_PNJ{G}(&'(NJ_I_BTg{H} lp(H]) — PA (9?{5)_1_‘}-1&37}) “PNfl"i'E M{N}, in Ql w S-ﬂ

A= £y fyr MY, in QxS

fw"’(ﬂ&; La, 0) =P Nfu (ﬂ&, mg), | in Q-’u
where -

_. .
M —go— 2,

MY =PoJ® (Y, (9) _PN( gi % gmll; gﬂi )’
M@ =83rPrJ @M, 499,

ey ZE _pey,
1
M® =pord™),
"y
&N) aﬂi"]i_" By

Fuarthermore,
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P V- i et

e E(NJ_i_ P JEG}(E[HJ_I_ 31.3(3:) ¢crj+$c1’}) + Py J(a}(gw} e &ﬁm’ &tm)

— v A(EF) L orEF) =-—2M(m in @y X85,
. A,J,{N}_.. Fah— M@, | | in QX8 (4.25)
f{N}(mh Ta, ﬁ) 'b{ﬂ (mi} Ty, t) =OI on th KST:
| EF (a4, s, 0) =0, in Q.

Let B:(I), B2(0, 1) and B(Q) be Bana.ch spaces and By(B;) =B.(0, 1; B,(1)).
Let Ilt:}mﬂ'-—-ma,x lu(8) [ B(Q) and B8>0, >0, Then

o l<or [ 28]

Em gy

[MY () | <e(R?+N"2) [ N aser (1€ | adorzzony + L€ D a2 e+ UE Badorctny)
+ € N zss- Neplizrber oy + lﬁ'mﬂf“{gﬁ)) 5
(V) | Il &€ & [I
| M ()] "':W""\bmﬂm( ot H{“(HIJ)"
F M () | <eh?[| €| ovzn,
m L
| M7 (8) | <ev ( PT ON LYY \—B?W{RHI))
| M6 (3} | <er?rlloxan- |
Thus, by an argument as in Theorem 1, we ha-.va the following result.

Theorem 2. If conditions (i), (11) of Theorem 1 hold, B>>0, >0 and £€
0(0, T H*NO4(L) N H* (H#) n B (H) N B (1), £ €00, T; 0(H)
noran nEFT (EYNEF (1), €00, T; 0W), $EOW, Ti BN
o3I N HEY (H#*Y N H®" (H?)), then for all i<T,

1€ (&) — % () |*<eb™ (z° +ht-N—28),
where b® 18 a positive consiani dependmg on v and the norms Wmng in tho
estimations of | MV (&) . |

§ 5. The Error Estimation for Problems with
Other Boundary Conditions |

In this sectiomwe Supposé b=0 and
] --.?,,lﬁ(o T, 1) +—(n‘m(o 24 :) + 0 (h, za, 1))

= Po( 250, 22, ) +DEP(O; w3, 1)) =Pugo(ea, D),
s - (5.1)

‘I?éf} (1: mﬂ: t) +'%“(7?(N}(1: 932, f’) +?}'{Nj (1—'h: mﬂ: t))

=PN( a‘?‘i (1, @, £) +5E P (1, @, t))==PNgi(:ug, ).
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p——— — ST sy,

For simplicity we assume 3=0 and ¢ (0, o, ) =9 (1, @5, ¢) =0. By an argument
as in Section 4, we have | |

[70@) |2+ (m—1—8) [5° ) 12+ 20 |57 @) | 1497 ( 0+ ) 156 | Ds

+w"’(mﬂ' 5 m)]ﬁt“”}(t)\§+G‘4(t)+f¥5(t)+§B;(t)

<iEo@*+ (1+ 22 F:0 15 S (5.2)
where B;(t) are the same as those in the previous seciion and

G (2) = (27 V() +ma7P (B), TP (@), FVB) T @ HPD, o7 (6))),
Gy (t) = (27 @) +manP @), TG (@), ())).

» 1. Op3
Theorem 3. Ifb=0, o> or *<oH—5 S rr T Ny’ ond for all 1<T,
| F2(®) [2<bs, whllg () [7<Ds, P8 (8) < b}frh
then for all i<T, .
EP ) <b 16 PEN} (1),
where . |

EQ@) = a0 @ P +rein @ it X (Po'rlln{”’(y) |2+2 |7 (1) | D

o870 ~ IO+ 3 (i IR
Proof. We have . e
16, | <erii® (1) [P+ ev |70 12

+—(Iﬁﬂ“"'*‘lil"i’.m+lllw‘”}lllim) (17 () 12 +| 75 O +=hlg @ 1D,

IG‘u(t) | <ez|7" (D P +ev|n V(@) |1+ “N — I @) IJ""(IM“‘”(#)) )

+1Fa@ [P +hlF B 13). . (56.8)
We bhave from (b.1) -

B@®(t), 79@) = ((0, 1), go(H)) 1+ (17‘”1(1 t): yi(ﬁ)):
"‘-E("gn(f’) 3+ 1g:@) D

and thus Lemma 7 leads to
| B:(t) | <er ¥ () [1+— (Iln‘”’(t) ||’+f|9(#) i3 .

Similarly,
| Ba(2) | + | Be(8) | <72 |5 @) |2+ 89 [ 77 (@) [{+ er7® [ 9V (D) [

+ L (TP @12+ 15 B 13+ 715.0) 12,

| B.(3) | <ey?| 5P () 11+ (5 @) ll-‘“+ | g¢(8) IJ“)

We can complete the proof as in Theorem 1
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Theorem 4. If >0, 0> 5 0r7< S A—0%0) (4+ %) and for all ¢<T,

L Fa(6) [*<ba, Th15 () 13<bre P () <22,

then fﬂ‘i"‘ all t ";T:r :
B (1) <bsee™ i (),

where |
- EM @) = [70@ |2 +re (|70 @) 18 GT D)

+7 S (Pl 7 W 1 +2 | FVW) |18 G @),

ﬁEH-r
gyt —7F

o @ =n"OF+ 2 GAOIEITIOIDE

y-i'.t—

Proof. We also have (5.2). Lel
S'(ﬂ"”’(t))==-(ll??m(0 £ +70(hy, HPHTV LB, 8) +7 (A, DD

From (6.1), we gotl
72 (0, &) 3+ [ (A, HII<eS* GV @) +lg DI

and so ' : 3
|Ga(2) |+ IGu(t) | <s'rl1n5”’(t) 24+ sv |7 () |1

+2 (R o+ B + SO 1)
x (|7® @) 2+ 2 (@) l|"+frhS* FO®)) +vhlg (t) 5.
On the other hand, | |
B, () > by (1—8)S*(HFO®) ——1g () 14

b (m + 20’) 27 S* (N) (t) ) b (m +42ﬂ-) pe (1 + 8) S* (?]t(m (t) )

. By(2) +Bs(t) > 7 (n

—Z(F @ li+7lg: O 1D,

and

B, (5> DI (1-8)S* @ (1) — 5 P15 O 12

The rest of the proof is obvious.
We can prove the convergence for b=0 and >0 ag in Theor

om 2.

§ 6. The Steady Problem

We conmder the steady problem
{alb 5 op O (0% % E«;f=f .

3‘-175 3:51 3:151 3:133
3241 g " .
aml a §+f’1' | e Q'

(6.1)
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F e B T N Y R e ]

Let
H = {u/u(0, @) =u(l, ©a) =0, u(®1, 23) =@y, 22+2x), Pru€Vu}
be a Hilbert space equipped with the scalar product and the norm ag follows:

<ty 0=t Vo) + s 2) (2, 2L N W), v(B)):

o (1=h), 9(L—R)),
eel = ||+ ().

For simplicity we suppose £(0, zs) =€(1, ®a) = (0, @a) =y(1, xa) =0 The
ﬂpectral—dlﬁ'erenca scheme for (6.1) is

._ P J® (B, g8 — Ay — Py £, (6.2)

QOlearly for any fixed w € H, (w, f1) is linear functional in H and so there exisis
FE H such that {F, w>=(w, f1) and | (w, f1) | <|Fl=l|wle.

Theorem §. If |F|g is bounded uniformly for N and h, and g =as, then (6 2)
has at least one solution which is bounded uniformly for N and h.

Proof. From (6.2), we have

w{n'¥, w4+ (w, ST, 7)) =(f1, w).

For any fixed %»* and ™, (w, J* (¥, p¥)) i3 linear functional in H ‘and thus
there exists An™ € H such that {An™, w)=(w, J* (%", ¢’)). Hence (6.2) is
equivalent to the following operator equation

,,fm-l(Anwa) = - (6.8)

Assume that the ﬂequencﬂ {nf"’} satisfies —A¢(”’=n‘”} and | S — “"Jﬂﬂ—»{) as n—»
oo, If n is large enough, then |%{" |z and ||¢,v‘-”’ |z are uniformly bounded. Let zm,,=
(Avy”” AnY, w). Then A

| men] < | (0 =, TD(aw, @) |+ (0, T, P — &) |
<c*|n’ =l wlwla. -

Put ww A5t ~ A9, Then || AnS’ — An|a -'G:u'l]nm-v}f )| g and 50 4 is a continuous
operator. ' =

On the other hand, (6.3) leads %o that for AE [0, %], the possible solution
satisfies | | e

I L <M el Fla< 1 Lal Fii

and thus |75" |z is bounded.

The conclusion follows from the above statements and the Browder theorem.

Theorem 8. If *>>c¢in/ ¢*™os(1+cy1) | f1ll and ay=ay, then (6.2) has only one
solution where c** i3 a positive constant depending only on the domain.

Proof. Let n®, ¥ and 5™, ¢ be the solutions of (6.2) and %' L P ) .
o) G, = (M) (M) Then ,
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{ PyJo (R, g4 ™) —p =0, inQ,

| — A5 =70, | an 80, (6.4)
By taking the scalar product of the first formula of (6.4) and noticing
FD, T (9™, ) =~ @, T (7, ¢)),
we have |
S E R AU A P | (6.5)

From the second formula of (6.4) and Lemma b,
- ' 18P 1< 7] 1§ <ed| 7™ 2l ] 5,
from which and (6.5) |
o =l i) 15 PIR<O. (6.6)
On the other hand, (6.2) leads to |
' v | E< @ fuk <~ ) al Sl
and so  FomE |

I 3-<e™ (|9 |3+ 0™} <5 er(L+e) L fal?,

from which and (6.6) the conclusion follows.
By the fechnique in [3], we have the following results.
Theorem 7. Let }’;_ be the error of fi. If the conditions of Theorem 6 hold, then

|7® A< (| Fol?+ | F21®).
Theorem 8. If the conditions of Theorem 6 kold, then the iteration

n =nsY +v [vdnii+ Pad @ (3, o) +f1, >0, n=0,

{ 4‘;)5‘.&3) =y 2 fa, ~ | >0
i3 convergent and Foa B - '
IS —nPlE<e | —#lE  0<<L.
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