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Abstract

Mauy types of nonlinear systems can be solved by using ordered iterative methods. These systems
are discussed in [2] in & unified form for five different initial conditions. This paper is a continuation
of [9]. Under arbitrary initial conditions, some iterative methods are given, and zeveral theorems for

the existence and uniqueness of the solution and convergence of the methods are proved.

§ 1. Introduction

In this paper we congider nonlinear sysiems

p(z)=w, zE€ER" (1.1)
Suppose there are fi: B™ X B*—>R, such that
i (ﬂ}) '=f.; (.A. i1, Bim) y "ir 1, 2, see, T (1 . 2)

where A, & R B,C B 0<r, sy<n, fi(dx, Byy) are isotone in o and antitone in
y when the latter are comparable, that is, as a<a’, y=>y, s<y or z=>y, o' <y or
o=y, we have

: fi(Aim? Big)gfi(ﬁim!: Bi'yf)! q’ﬁlr 2! “rty N
Most of the functions discussed in [1] (183.2—13.5) can be written in form of
(1.2). For simplicity, we suppose A=4;, B=B, i¢=1, 2, -»-, n, and consider
p(w) =f(Aw, Bs)—a. (1.3)

Clearly, (1.3) and (1.2) are equivalent.

‘We define some notation ag follows:

(@, x] = {-ui] :r%’w;;fi} is an n—dimensional interval vector, z, s ER",

N={1 2, .-, n}.

Fla, o] = [f(.flm Bx), f(Az, Bx)].

Lylo, 2] =[a+w( f(4z, Bz)—2), z+w(f(Ax, Bx)—x)] where wC R, w>1.

Rz, ] =[2z+Q(f (Azx, Bz) —x), z+6(f(4x, Bm)—-—m)] where @ is a nonnegative
and nonsingular n X n matrix,

We will use the following lemmas.

Lemma 1. (1) F is an inclusion monotonic interval evtension of ¢(z)= f(As,
Bx).

(2) If there exists 1>8>0 such thai
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f(Az, By)—f(4s, By )=B(s—2"), y>=y, 2=
for all comparable =, y and &', o, let 1/(1—-B)=w>1, Then L, is an inclusion
monotonic inierval extension of 1(z) =w+w(f(4s, By)—=).
(3) If there ewisis P& R"™", such thal -
f( Az, By)—f(Aa', BY)<P(y ~y)+ (z—a'), o>y, o=
for all comparable », y and o, y', let Q be @ nonnegative, nonsingular, left subinverse
of P. Then R is an inclusion monotonic inierval evtension of r(z) =z+Q(f(dx, Bwx)

—z). |

Lemma 1 is a conclugion of several theorems in [2].

Lemma 2, Leét f: R"—>R" be continucusly differentiable on R". Assume that
(@) — I is nonsingular and | (f' (o) —I)7| <B< oo for all xC B". Then for any fized
2 C R, there exists a unique continuously differentiable mapping o: [0, 11—>R" such
that . | .

g(m(ﬁ)rt) ﬁw(ﬁ)i : '
¥ (3) = (f (@) —I)"*(a®—2), tE€ [0, 1], 2(0) =2°
where 9(z, 1) =tf (@) + (L—1)d(@), d(@) =F (@) =5+, f(a") =4,

§ 2. Algorithms and Convergence

Algorithm 1. Define initial interval [2° 2°].

1. If F[* 2] N R[Z" «°] N [&", %] = (7, then the algorithm is stopped.

2. [o"1, &) =FL% 3*] N R[* 2*1N " 2"].

Theorem 1. Suppose that f (A, By) is continuous in «, y€ [2° %) and there
are 1>>r>>0, P=diag(p4, pa, ***, Pa) >0, such that

f(A4w, By)—f (42, BY)<P(y —y)+(a—7), (2.1)
|f(Aw, Ba") —w|+ |f(Aa’, Bo) —a'|=r(s—a") (2.2)
for all comparable o, y end &, ¥, y<y/, v=4, 2, ¥, &', of € [2° 2. Then there exists
o unique solution of (1.3) in [«°, z°] if and only if Algorithm 1 can be eonitnued
indefinitely. In this case it yields a sequence {[z" 1} for which

(1) [+, 7] C [o¥, 2¥], (2.8)
7o (T — ) (2.4)

where 0<t—=max {1l—qgu/(g:+1)}, Q=diag(gs, ¢s =, €) >0, QP<I,

lian
lim % = lim % =a';

o Jempo T

(2) there ewists @ unique solution o* =2 of (1.3).
Proof. If there exists a solution &” of (1.3) in [2°, z%], then by Lemma 1 we
have -

#EF[, 7], 2" € R[S, 5.
From Algorithm 1, we have 4" ¢ [, z']. We can easily show by induction that

o* € [z*, 2].



320 JOURNAL OF COMPUTATIONAL MATHEMATICS ' Vol. 6

e

Henoce, Algorithm 1 is continued indefinitely and not stopped.

Assume that the algorithm can be continued indefinitely.

(1) From the algorithm, (2.8) holds clearly. Now we prove that (2.4) holds.
For any ¢ €N, F,[2" ] and [¢* z*] there exisi only the fellowing four cages

(o}, 21 F,[", 27], (2.5)
F[a% o1C [af, zF]. (2.6)

7y <Ei[a*, 21, i <F\[+* 27, (2.7)
Fi[o", o] <af, F[o* o°] <z¥ - (2.8)

which will be discussed respectively.
If (2.5) holds, then

B,[s", 2*] S [a}, 2] SF.[2" 77,
EF+1_E1=+1_W R,[a" 7]
=E?"—E:ﬁ+§;(fi(-flfk: Bz*) *ﬁ) —g:( fi(A=¥, Bfk> _E)
-=-a:'f—ffm-g‘( 'f;(ﬁ_ﬁk, Bz*) '"'-_"Jﬂ ~- Ifi(AEkr Bfk) _Eﬂ)
<(1—gur) (@ — 5) <t(@ —%).
If (2.6) holds, then
File*, "1 C [#f, 2f] S R,[2*, 7*],
2+ — gt mwFy[2¥, 3] =f,(AZ*, Ba*) —f(Ad" B
=i — 2 — (|5 —fi(4%*, Ba*) |+ |f.(4As*, Bz*)—g¥|)
<A—r)(of—a}) <t(a}—af).
If (2.7) holds, then
[2¢%, 2] = [fi(Ae*, Bz*), o¥1 N R, [#*, 2"].
From f,(A%*, Bz*)—z}'>0, we have
éf*“—max{fi(ﬁg", BP),_ EF“FQi(.fi(AE-‘E B-'_"-"k) —2{)},

—gy L =
mi 1‘_ { «

If
Ji(Az", Bx*) =5l +q.(f.(Az¥, Bs*)—7ab),
from (2.2) and (2.7) we have
Ji(A2", Ba¥) —zi>q.(f,(Az*, Bz*)—=})
=g (2] — z¢) —qu(f i(-Aﬁk, Bz®) —-;z_ri‘)

that is .
Jfi(Az¥, Bx*) —aiz=qur/(g+1) (aF —¥).
Hence
2t — gt =zf—fi(Az¥, BZ*) =Tt —af—(f.(Az*, Bz¥) — 5 )
<A—gir/(g+1)) (2} —2F) <t(zt — o).
If

Fi(Az*, Be*)<gf+q.(f (45", Bz*)—z})
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=t il O = T 2 ¢ ST Ty

then we have

q.( fi(A=x¥, Bz*) — ¥ ) ?f,(Am“‘ Bz*) — — Ty

' o (# - o) — (fi(A7, Ba¥)—32),
that is =
fi( Bm")—m;%r/(l—i—gi) (mc—‘ﬂh)
Hence
2+ g+ = gf - ) - qu(f1(A2¥, Bz*) —a)
<z —zf — g/ (1+q0) (o7 — of) <t (af — ).

Following the proof of (2.7), we can prove (2.8).
Therefore, we have

ghtl__ ""'“%i(m"—m ), 1>i20,
Iim z¥ =1im z*=g5’,

K=b 0 K=—poo =

(2) Because
F[f_t_?h, Ek] N [Ek? Eh] =g? k=0, 1, »
therefore |
Lim |f (Az", Bz*) —z¥| Q}ﬁiﬁ (wF[z* «*]-t+wl[a® 2¥])

=lim | f(Az¥, Ba*) —f(Ax* Bz*)+4zk—a*| =0,
K—r o0 o = :

that is
lim | f(As® Bz*)—a*| = |f(42', Ba')—a'| =0.

Henoce, 2" =2" ig the unique solution of (1.3) in [2° z°].

Algorithm 2. Define initial interval [2°, 2°].

1. If L,[a"* #¥] N R[%* z*]N [2¥ #*]=¢J, then the algorithm is stopped.

2. [2*", ] =L, [:1; | ﬂR[:z:" z“] N [z*, #*] where w=1/(1-—28).

Theorem 2. Suppose that the conditions of Theorem 1 hold and there exists
0L 81, such that

f(4», By)—f(4d, By )=B(z—a), y=>y, o=
Sor all comparable o, y and &', y'. Then there exists ¢ unique solution of (1.1) in

[4° 2°] if and only if Algomthm 2 can be cuﬂﬁmnued inde ﬁmtely In this case il
yiolds o sequence {{&*, 2¥]} for which

(1) [ 7941 C [2%, 7],
% EJH mk+1§t(gﬁ e g?ﬁ)’
where 0<t=max{l—wqsr/(w+q)}<1,

1si<n

lm z* —-]Jmm"=m,

Jo—» 00 Kpr

(2) there exists ¢ unique solution 2* =2 of (1.8) in [o° 2°] and

e ’Du (2%, 7¥],
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|&* —a*| <1/2+5(7* — 2%),
where z¥=m[a*, T¥].
Followmg the proof of Theorem 1, we can prove this thenrem And from
Lolz, z2]1>F[w, z], as2<F[s, 7], (2.9)
Lolz, z]<F[x, z], asa=>F[z, «] (2.10)
we find, as we did for the four cases (2.5)—(2.8) in Theorem 1,
(o, 21T [, 9], as [ 2] =[¢°, 9°]
where the interval sequences [«*, #*] and [¢¥ 3*] are given by Algorithms 2 and 1
regpeotively.
From
1—gr/(1+qg)>1l—wer/(w+¢q), w>1

and (2.9), (2.10), Algorithm 2 converges more guickly than Algorithm 1.
Now we discuss the continuation-interval method.

For (1.3) let us first assume that the homot{)py defining the continuation
process is given in the form

| g(w, t) =tf(Ax, Bz)+ (1 —i)d(x)
where d(a) =f(Ax, Bz)—z42° f(Az® Ba®) —

Let
hiz, 1) =0+Q(g(w, t) —o)

where @ € B** ig 4 nonnegative, nonsingular, left subinverse of P in Lemma 1,
Clearly, the gystems

9(=, 3) =,
h(z, t)=o
are equivalent. Obviously,
G([=, ], t) =Fz, 5] —(1—1)(z—2°),
H([a, 2], $) =Rz, 5]1-Q1—1)(z—2°)

are inclusion inonotonic interval extensions of g(w, §) and A(z, %) respectively,
where

h(z, 1) =r(z) —Q(1—2) (5 —a").

Algorithm 8. 1. Define initial point 2° compute f(z°).
2. [a%™, g%™] =z°,

[24°, & Z407 = [7#=2emes g, Ei-i,mi-l_l_ﬂ; L i=1, 2 «. M,
[z +2 Zh k] — (4% 79 %) NG (-.[Eg,x‘_; z4%, ) N H([a*, z9%], 1),
Pl A, w5, i3, e, G, wid, M1, '
9 [EH,xd-'i? ZH ] [, 7% NG([z*F, ¥+, 1) N H ([a¥*, z4¥] 1)
= [a®%, el N Fp¥k, z4¥] N R[z**, ZHb]
k 0 1 WhBl‘B waﬂ.{fj_{ {ﬁg—l, 6;—#;—&_1,
;=8 H 20 |8;+1,/2(z 2™t — i M
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Theorem 8. Suppose that the conditions of Theorem 1 hold on R", and f(As,
Bz) is continuously differentiable on B*. f'(A», Bw) is nonsingulor and || f'( Az, Bz)
—I|<B<oo. Then for any fized 2°€ R", the sequence defined by Algorithm 38
converges to the unique solution of (1.3), and

o(4) € [2%, z44],
[z, @G ghm?, g1 g v Sz 40, 747,
=0, 1, «-o, my, 4==1, 2, oo, M—1
z(1) € [EH,H-I-i EH,E+1]E:[EH,R'-? 24 k=0, 1, i,
].1]]1[9; i H’k] ~x(1),

oy o3

Im(l)_mﬂ' “]Qﬁ(m‘“"" H,Irr) O<f1,

In order to prove Theorem 3, suppose that Q([#, z], ) =G([#, z], )N H( [z,
z], ) is an inclugion operator of ¢. Since g(@ (z?), {) =a(t) and A(a(?), ) =2(t) are
equivalent, from Lemma 1, if

2*(1) =g(2*(8), 8), 2"(3) €z, 7]
then
z" (1) €G([z, «1, ) N H([z, =], 1) =Q([z, =], t).
From Theorem 1, we have
W(Q([w, =], 1) N [z, x])<tW [z, 2], O<i<1,

From Theorem 8 in [3], we can prove Theorem 3.
Ezample 1. Let

—0.001wf + o+ 0.008
Fedn, Bp) =( 0.10,—0.01o8+1.88 )
We compute this example uging Algorithm 3.
Let a°=(5, B)*, #,=0, #;,=1/2 %3=1. We can test that the conditions of
Theorem 8 hold, where 8=2.08, f(a°)=(4.888, 1.18)T~2 A=B=1,
Fla & =[(—O 0012} + 5 0.008) (—0._001@ 29 0.0{}8):!
s 0.1z, ~0.012z3+1.88 0.1z;—0.01z§+1.88 /J’
o0 E]=[(g1+4.1753(—0.001g§+53+0.008—_§1)\
= 23+0.4175(0.12,—0.0123+1.88—z,) /'’
21+4.1768( —0.0012} + 55+ 0.008 — ) 1
( 23+0.4176(0. 101 —0.0123+1.88 —z,) )-’

[0, 5.0] = '(1.07875) (8.2244)"

\1.07195 /" \2.7268
T/1.18725 8.2829 \"

s i B, 7 L
(2%, &> _(1.07195)’ (4.6618)_’

"/1.13725\ [ 4.7268
1,2 . e
2™ &7 L(2.9156 ) (4.6309)]'
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) 2.8765\ [ 4.6959
1,8 —1,B7 _
Ly & [(2.9356)’ (4.0393)]’

2 0.0 0.69569
[fa'nr 53’01-4--[(0 0): (8.7495 )]:

T/0.0 6.0819
2,1 22,17 o
Las Lin ‘-(0.0)’ (2.8495)]’
T/ 0.0 \ /2.8578
g2 225 | |
% =43 _(1.6487)’ (2.4331)]’
. [/1.6884 2.4961
+ 3 2;213 ==
=..[1"2 & _(1.726 ) (2.:_209)]’
kit 53-4]; 1.7185 2.1246
= ©1\1.9479 )7 \ 2.0782
_ "/1.9468 2.0888
8,5 9,57
Lz & (1 9621) (2.0185)]

o= (2 2)7T,
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