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Abstract

Wa congider in this note how the principal angles between column spaces &(4) and % (B) change
when the elements in 4 and B are subject to perturbations. The basic idea in the proof of our results
:s that the non-zero cosine values of the principal angles between #(A) and &(B) coincide with the
non-zero singular values of P,Pp, the product of two orthegonal projections, and ecnsequently we can

apply & perturbation theorem of orthogonal projections proved by the authorldl,

. § 1. Introduction

Let & and % be given subspaces of the oomplex n~dimensional vector space c,

and assume that
p=dim(Z2") =>dim(% ) =g=>1.

The prinﬁipﬂ angles 6, € [0, w/2] between % and ¥ are recursively defined for

k=1, -, q by

ﬁmﬂk=m3§ mEaquw='wE®;; Julg=o]a=1,

subject to the congtraints “ _
: u}?u=0, QJ;I‘!J=0, j=1j‘2, .-1;’. k_l. |

In statistics the numbers cosf,, ---, cost are called canonical correlation

coefficients. Bjdrek and Golub™ pointed out thab ‘the prinocipal angles are uniguely
defined and have many important applications in gtatisties and numerioal analysis.
Let Z#(A) be the column space of a complex nXp matrix A, and Z(B) be the
column space of a complex nXg matrix B. First order perturbation resulis for
principal angles between A(A) and Z(B) are given in [1], under the hypotheses
of having a small change of A and B. The aim in this note is t0 remove the
hypotheses and to derive perturbation bounds for prinocipal angles. The main

results are Theorem 3.1 and Theorem 8.2.
Notation. The symbol C**™ denotes the set of complex X m malrices, and
Crm = { A CC™: rank(4) = v},
o(A) denotes the set of sin gular values of a mairix A, and ¢,(A) the set of
non—zero singular values of A. A ig for conjugate transpose of A, and I® is the
nxn identity matrix. A' stands for the Moore—Penrose generalized inverse of a
" matrix 4. Pa—=AAT is the orthogonal projection onto the column space Z(4).

* Reoeived October 14, 1985,
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Begides, let ] |: U C* R, (the set of nﬁnnega.twe real numbers) be a family

Ty =]
of unitarily invariant norms (u. i, n.), | |2 be the speotral norm and | |, the
Frobeniug norm., |

3 2. Preliminaries

In this paragraph we will cite some results a3 the basis of our perturbation

theorems for prineipal angles.
- Theorem 2.1%. Let ACC}*® and BECI*, pz>q. Assume that the columns of

matrices Uy and Up form umitary bases for two subspaces H(A) and R(B). Let the
singular value decomposition (SVD) of the px g matric UZU, be
UiUp=UCVHE, C=diag(ecy, + -, ¢y),
where URU=V "V =VV" =19, If we assume that c;3>ca>>---3>0,, then the principal
angles 84, -+, 0, associated with Z(A) and Z(B) are given by
costy=cy, k=1, -, g,
In the following we use the symbol o (4, B) for the set {¢;}%...

Theoremr 2.3, Lot 01=>0.2> 20, and 013022222 G, be the singular values
of & and G e, respectively, p>=q. Tka-n foq' every unitarily tnveriont norm,

|diag(g1— 0y, *=-, 0q—0)| <|F-@].
Theorem 2.8, Let Z, WE C""’“. I f rank (W) =rank(Z), then
| | Pw— Pz <p min{{|Z% |4, | W*|a}|W - Z],
where p 38 given in the following table:

Fyrobenius spectral

v 2 1

~ § 3. Perturbation Theorems
Tiak Aeﬁn}{’; Beq “ g_g‘;:-g As&ﬁmﬂ that the columns of Us and Uz form

P

umtary bases for Z(A4) a,nd H (B), respeotwely First we prove two lemmas.
Lemmasa 3.1. Suppose that (U4 UB) ={ck}§_1, cy="008 by, k=1, -, g, Z}-} 02

2=+-- 20,20, If (Ua, Wa) 38 an n X0 unétary matrie end o (WEUs) = {8,191, 8,5+
=8, then |
£ =E]Il &h_ - k“l’? g (3'1)
Proof. From s | |
(U4Us)E(U5Us) + (WU ) E(WEU ) = 1@
it follows that |
. 0k+31a=1 k=1, »», g-

Thus we got the relations 38.1). B |
. Lemma 3.2. For the above mentioned A, B, Ua, Ug and W 4, we nave .
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} vp(ViUp)=0+(Felp) _ (3.2)
an _
| U+(WHUB)=J+((I—P4)PB). - (3..3)
Proof. Assume that the SVD of U4l 5 is . -
oyr. _ (Oi 0) -
UAUB Ul\ 0 0 1.3 (3'4)

where UIU =VIV,=V VE=I®, O =diag(e;, <=, ¢, a=e=6>0, r<g¢
Obviously, '

o (U§Uz) ={cp}i=1» | (3.5)
On the Other hand, from (3.4),
oM C
PAPB=UAUHUBUH=UAU1( 01 O)VHUH=U9( 01 O)ng (3.6)

whers U,=U,U0,€C*™? and Va=UgV, € C*" sa.tlsf}f Ug Uy =VE&Vg = I"‘“’ The
decomposition (8.6) means that

' ﬂ'+(PAPB) {crfr=1- (3-7)

Comparison of (8.5 and (3.7) gives (3.2).
Obgerve that |

W WE=I-U05=1—"Py,

hence utilizing a similar argument as above we get (3.3). §
Theorem 8.1. Let A, A€cC™* B, BCC™, p=>g. Suppose that o(A4, B)=

{G;;}Li, C-;‘-,=_G059;;, k=1, s, ‘2-}31..--" ,«}5,1?0 {T{A g) {ck}?,__;, c;,-—ccrﬂﬁ;,,
k=1, », g, -‘i;-;éi}f---,:—;’sﬂq,ﬂ.}-ﬂ Let

O —ding(en, sy o), B —ding(@s, 8y (3.8)
and .
S =diag(si, ***, 8q)» 8 =diag(s,, -, S¢), (3.9)
swhere 8 =in &y, 8§ =sin Op, k=1, <, q. Then for every unitarily invariant norm,
I — 0|, HS SU-@B(A AY+3(B, B); (8.10)
for the Frobenius norm, -
\&F — Ol 18 —8]r<dr(4, X)+38r(B, B); (3.11)
and for the spectral norm, '
|0 —O|a, [|8—81a<82(4, A)+38.(B, B). (3.12)
Whers |
5(X, Xy =2 X | X s f“ o ! (3.13)
(X, %)=V X1 X1 L (3.14)
(X, B) =1 X a1 X o 2K, (3.15)

Proof. First assume that the columns of Ui, Uz, Up and Us form unitary
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bases for 2(4), R(4), #(B) and Z(B), respectively. By the hypotheses, we havs
o(U4Us) = {ex}ies, o(U3Uz)={Ccs}i1.

Let W4 and Wz be such that (U,, W) and (Uz, W3) are nxn unitary matrioces.
Then from Lemmsa 3.1 -

c(Wils) ={stis, o(WEUE) ={iuHen.
By Lemma 8.2 and Theorem 2.2 we get

|0 —O|<|P3iP5—~P.Ps}<|Pi~P,| +|Ps- Py (3.16)
and
IS -8|<|(I-Pz)Ps— (I-P)Ps|<|Pi—Pi|+|P5—Psl. (3.17)

Utilizing Theorem 2.8, from (8.16) and (8.17) we obtain inequalities (3.10)—
(3.12) at once. JJ

Ohserve that if

|cos @ —cos | <8, |sinf—sinf| <3, 6, 6¢ [0, w/2],
then

It
|§—-9]~£-2—a.

Hence froam ?3 .11) and (8.12) we can deduce the following theorem.
Theorem 8.2. _Assuming the hypothesss of Theorem 3.1, then we have

4/ é . On)* <5 (3r(4, A) +8,(B, B)) (3.18)

and -
|§,,—9,,]-g-’§‘-(aﬂ(,4, A)+-8,(B, BY), k=1, -, g, (3.19)
where 8p( , ) and 82(, ) are defined by (8.14) and (38.1B), respectively.
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