Vol. § No. 4 JOURNAL OF COMPUTATIONAL MATHEMATICS October 1987

THE SPECTRAL METHOD FOR SYMMETRIC
REGULARIZED WAVE EQUATIONS'

Guo Bo-vriNe (344 )
(Institute of Applied Dhysics and Computational Mathemarws, Beijing, China)

§ 1. Introduction:

A symmetrie version of the regularized long wave equations (SRLWE)

&P  Nou__ 0 u?
(3:1:3 1) ot Ox (P+ 2 )’ (1.1)
op  ou —0

ot  Ox
has been investigated in [1]. The system (1.1) of equations is shown to describe

weakly nnn]jinaa.r ion acoustic and space—change Wwaves. The hyperbolic secant
squared solitary waves, four invariants and the numerical resulis have been

obfained in [1]. Obviously, eliminating p in (1.1), we get a class of RLWE

U — Uz & (—%‘ Hﬂ)ﬂ — Upatt = D- (1 » 2)

Replacing the derivative for ¢ with the Jerivative for  in the third and the fourth
terms of (1.2), we geb the Boussinesq equation. In this note we consider the periodic
initial value problem for generalized nonlinear wave equations (including (1.1))

'ut“‘ﬂmmt'f'.ﬂm'i'f(ﬂ)ﬂ:g(u: s Ue)s (13)
) Pr‘|‘fu'¢"—-'fb(p), (1.4)

u]ﬁﬂ“"-&)(m): P|¢=D=F’0(m)r — 00 L H< 00, (1.5)
\u(z—m, t)=ulz+m, 1), olw—m, t) =p(a+m, 1), — o<y, t>0, (1.6)

where u(2, 1), p(z, ) are unknown real functions, and f{u), h(p) are known real
functions. We propose the spectral method (continued and discrete) for the problem
(1.8)—(1.6), establish the error cctimates and convergence for the approximate
solution, and prove the existence and nnigueness of the classical smooth solution for

the system (1.8)—(1.6).

§ 2. Continued Spectral Method and Priori Estimates

First we introduce some spaces and notations. Let o) =0([—m, w]) denote
the space of functions, ! times continuously differentiable over the interval [ —o, ).
L, () denotes the Lebesgue space of measurable funciions w(z) with p-th power
absolute value |u| integrable over the interval [—o, m] with the norm

jule, = (| lulsda)
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If we define the inner product

(t, v) =" u(@)o(@)dn, Jult,=(u, v,

then L.[—a, #] is a Hilbert space.
Let L.(Q) denote the Lebesque space of measurable functions u(m) over the
interval [—=, o], which are essentially bounded, with the norm

Julz =esssup |u(2)|.

Let H*Q) denote the space of the funciions with generalized derivatives
D*u(|s| <I) with the norm |ujf— 2 | D*w|2,. L(0, T; H*) denotes the space of the

functions u#(«, ) which belong to H i as a function c:rf 2 for every ﬁxed t0<i<T)
and sup ju(-, #)};<oo. Especially,
|z roo= 50D Jufz, or [u]rxz.
O<i<T
Let V= {uC Q) |v(x—x)=u/(e+x), 0<j<I—1} be a periodic functional

3
space, where /= j;f ;

" Juls-luli+| S VER, H=L,

For the backward difference quotient of w(w, ¢) for ¢, we employ the following
notation

w(z, t) =—d-1T[u(m, t) —ulx, t—46)].

Lot Fy denote the projection from H o Hy=span{v_g, *°, v),
%
Fkg = Ek (Q’: JI"'-:'.f) Vis

where v;= \/12—35 6% g=a/ —1.
Set Ryg=g— Fig, when k—oo, B,g—0. From the Bessal inequality, we have

1 Fugle<lglr., gE€H=L,, | (2.1)
and Bernstein’s estimate’. |

Suppose that the periodic function g(z) is k¥ (£>1) times d.lﬁ"erentmble and the
k-th derivative is bounded, i.e.,

| 9%(@) | <M. | (2.2)
Then there exists a positive constant A, such that
| R, g| <AM; log n/n*, n>2. (2.8)

In this section, we congider the continued spectral method. We construct the
approximate solutions of the problem (1.3)—(1.6) as follows

wle O =w(®) = 2 ant)o(e),

o a .
pp(*, &) =pu(t) = :;-:i: B (@) vs(e).
The coefficient functions ay(?), Ba(f) should satisfy the equations

(2.4)
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{(Z&m — Ugaas T Pre -_l"f(ulﬂ)ﬁr. @JCR‘)) = (Q'(HJ.:, Prs u‘kﬂ): 'TJ;(:IF)) {2 D)
(PE’_"uh: v!(m))=(h(m): 'IJ;(:'E)), j“'__k:'"': k (2'6)
with the initial conditions ‘

{un|f=u=um<m>=m<m>, i

| | - Pk_|f=u=Po:ﬁ<w)=ann(m).
The problem (2.5)—(2.7) can be considered as an initial value problem of a

gystem of nonlinear ordinary differential equations of firgt order with unknown
functions ax($), Bu(t). Because {v,(z)} is linearly independent and vj(z)= —Ajv;

(ﬁ B8 il
~ 2w

global solution in the interval [0, T'] for the initial value problem (2.5)—(2.7).
Lemma 1. Supposs that the following conditions are satisfied:

(i) the functions g(u, p, ), W' (p) are semi—bounded, i.e.,
(u, g(u, p, Us))<O[(u, u)+(p; p)+ (Yo, Us)]
K(p)<0,

where C is a positive constant, h(0) =0.

(i) uo(@) € H*(Q), po(®) € L2(£2). | |
Then for the solution of the problem (2.5)—(2.7) we have the estimate

G Dl el Dl SBy (2.9)

where the constant E4 i2 independent of k.

Proof. Multiplying (2.5) by ax(#), and (2.6) by Bn($), and summing fer j
from —% %0 4, we have

) , and due to the following prior estimates, we know that there exists a

(2.8)

(%“‘uk&::mt"i'f:’m"f(uk)m uh) e (Q('uln Pry uﬁ:): ﬂn), (2*10}
(Pkf T Ukes PH) o (h(pk): PE) 4, (2-11)
Since
(o ) =T Il oty ) =5 5 Dl
1 d

o= (ulmnh u’k) F= 2‘ dt Iukall%u

(Flm)e ) == (F(w)s o) = (— Fe(t); 1) =0,
(Pres Uy) = — (P’ﬂ: Ura )

where F(u) —J:-- f(s)ds, adding (2.10) to (2.11), and from the hypotheses in the

lemma, we get
1 d

TN IR
2 Iolit 5 flh 5 g lel

(g(w; puy Una)s ) + (B (E)por, Pn)
<O[fus) i, + Lol 3.+ Jems ] 2] - (2.12)
Avpplying Gronwall’s inequality to (2.12), and by inequality (2.1) of ‘nitial values,
we obfain (2.9). ,
Lemma 2 (Sobolev’s estimates). Suppose that vC L(Q2), Druc L,(Q), where
1<g, r<oo, RQCR". Then there exists a contant U, such that

1
2
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§ D] 1o <O D™ul b on Ul 2005 (2.13)
where 0 j<m, j/m<a<l, 1< p<oo, and

yrele-tho-ad |

Proof. See [4] or [B].
Lemma 8. Suppose that the conditions of Lemma 1 agre satisfied, and assums

that .
(i) for the bounded u,

| l9(2, p ue) | <O(|ua)®+ 1 0]*%), | (2.14)
where O i8 g positive constant.

(i) fw) €0,
(i) w(z) €H?(Q), po(w) € H "'(ﬂ)
Then for the solution of the problem (2.6)—(2.7), we have
Jou(E) HEH;xL.“!‘ | o (%) ufle.QE:: | (2.15)
|ttne () 2ozt | 06 (8) [ 2oz < H,
where the constant E, is independent of k.
Proof. In view of v(z)=—Ajv,(z), mulhplymg (2.5) by a(t) and (2 6) by
Ba(t), and summing for 4 from —% 10 k, we obtain

(s — Uper+ Pra+ F(n)wy — Uica) = (§(%ier 0% Yz), — Usiser)s (2.16)
(Pt +tnos — proe) = (h(ps), —Pras)e =~ (2.17)
Since ' | -
1 d »
(um: _uh:) = (ﬂkﬂ; ﬂh) a 3 “di ” umﬂn.;
1 4

('_'”Mmh ulmt) = 2 il Hukmllﬂu

l(f(ua - —um)l‘@ﬂf’(ua)ﬂn.' o (el 2+ | se] 2

<O( ﬂ " ’lu’lm:m H L:) ’
where Sobolev’s inequality has been used,

fou] . <O (ot 5+ Jet) ) Z B,
| (gCuny o Ura)y —Uee) | SO |t |2+ | o2l ®, | 2nge])

<5 (lusel S+ LoelS, + 2l tnee )

<Oy [ |tze| 2.+ | ore| 2, +11;
here we have used Sobolev’s esliimate (Lemma 2)

jul o <Olua|,JulE.
Since

(oney F'Icu)'_ % ; ﬂph[]%.:

(0~ noa) = (tews p1s) < (ltaealtu+ Tonel ),
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R Ay T — - — L —" e S0 nili

(h(Pﬁ): “"PM) = (H(g)ﬁ'kn PH)‘QG" Pkm[lin
from (2.16), (2.17) we get |

21 <Oall prel %, + lthe |3, + |ttnee 2.+ 11

S R T U

By Gronwall’s inequality, the first inequality of (2.15) has been obtained. From
Sobolev’s inequality, we get the second inequality of (2.15) immediately. -
Lomma 4. If the conditions of Lemma 3 are satisfied, then we have
| owt] paxze + %] 2o+ it | 2axcr. < Eos, | (2.18)

where the constani By is independent of k. |
Lemma 6. If the conditions of Lemma 3 are satisfied, then we have

“ Upret H %lxﬁ_QE.‘, (2 .19)‘

where the constant H, is e}ﬁd-epewdemt of k.
Lomma 6. Suppose that the conditions of Lemma 8 are satisfied, and assume

that f(u) €0C? g(u, p, n) €C*. Then we have

| ot | Zax 2. - “”m“'%ﬂ-:ﬁ.‘l' “umn” faxz. < Hs, (2 .20)
where the constant Hsy 48 independent of k.
Theorem 1. Suppose that the following conditions are satis fieds
(1) functfons g(u, p, 1), h(p) are semi—bounded, &.e.,
(u, g(u, p, %)) <O[(x, w) + (p, p) + (e, %)l
' K (p) <0,

where O is a positive constant and k(0) =0;

(i1) f(w) €O h(p) €LY, g(u, p, 1) €C%
(iii) for every bounded u,

lg(x, p, ) | <O[|us|®+ |p]|*], O=const. >0;

(iv) uo(z) € H(Q), po(z) € H* ().
Then there exists the global generalized solution u(z, ), p(z, t) of the problem (1.8)—

(1.6),
w(w, ) €L=(0, T; HD, wls, t)eL™(0, T} H?), u(s, t)€EL=(0, T; HY),
o(z, ) EL=(0, T; HY), plz, t)EL™(0, T; HY, pule, t)€L™(0, T; Ls).

Proof. By Lemmas 1—6, for the solutions {uy(2, 1), px(w, t)} of the problem
(2.5)—(2.7), the estimate holds

H%n(f) "H*:«:L.‘l" "%Hﬂ'xﬂ.'{‘ llum quxL..'I" th(t} “H‘}:L.
+ "Pifct(t) H S i an "L.xL.EQEB;

where the constant Hs ig independent of 4. From the compaciness principle, we can
prove that the limiting functions u(w, ¢), p(=, ) of a subsequence {w,}, {p,} of the
approximate solution sequence {uy}, {en} are a clobal generalized solution of the
problem (1.8)—(1.6), and p(e, $) € L=(0, T; HY), Thus the theorem has been
proved. .

In order to get thé classical solution of problem (1.3)—(1.6), we need to
estimatbe [Upseet]zs |Unsett] . 304 | Oxeeliz,, Which are uniformly bounded for £.
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Lemma 7. Suppose that the conditions of Theorem 1 are salisfied, and asswme
that h{p) € 0%, up(w) € H3(Q), po(w) € HA(Q}. Then for the solution of problem(2.5)
—{(2.7) we have

ukmmm ”%. ~+ "%ﬂ:ﬂ“%.'l' ]lukmﬁ "%.+ " WEH%.QEB: (2 -21)
where the constant Eg i3 independent of %.

Theorem 2. Suppose that the conditions of Lemma T are satisfied. Then there
exisis o unique global classical solution for the problem (1.8)—(1.6).

In order to increase the smoothness of the global solufion when the smoothness
of the functions f(u), 2(p), ¢(u, p, n) and the initial values have been raised, we
have the following more generalized estimates and theorem.

Lemma 8. If the conditions of Lemma 7 are satisfied, and

( i) fuw) eo™(Q), g(u, p, m) €0™(Q), ~(p) c0”(Q), m=>2,

(i) w(z) € H™(2), po(2) € H™(Q), m>=2.

T'hen for the solution of problem (2.5)—(2.7), there are estimates

| D] 2 oxn+ [ DI pul| 2oxe < B, ' (2.22)
“ D, D7 Huk" faxr,t HD#D? Or H T.x0. < K, (2 .23)
where the constanis B, FHg are independent of k. i

Theorem 3., Sfhppose that the conditions of Theorem 1 and Lemma 8 are
satisfied. Then there exists a unique smooth solution u(w, t), p(z, t) of problem (1.8)—

(1.6)

u(w, t) €L=(0, T; H™1(Q)), w(w, t)€L™(0, T; H™*1(Q)),

un(@, £) € L=(0, T; H"™(RQ)), | - (2.29)
p(z, ) EL™(0, T; H™(Q)), o=, $) €L=(0, T; H™(Q)).
Furthermore, ¢f h(p) € O™, then we have

pu(@, HYEL=(0, T: H™(2)). (2.25)

¥ 3. The Convergence of the Continued Spectral Method

In this section, we shall make the error estimation, and prove the convergence
of the approximate solution {wu(=, ¢)}, {ex(=, )} of problem (1.8)—(1..6).

Suppose that the global smooth solation of problem (1.8)—(1.6) exists. Let
u—u=U, p—py=V, where u(=, t), p(a, {) is a smooth solution of problem (1.8)—
(1.6), and w(w, t), px(z, ¢) is the solution of problem (2.53)—(2.7), i.e. the
approximate solution of problem (1.3)—(1.6). From (1.8)—(1.6) and (2.5)—
(2.7), it follows that

Ui —Uzat+ Vot f(u)e—flm)e— (9%, o, %) — g% oo %)), v1(2)) =0, (8.1)
(Vi+U,— (h(P) “h(Pk)): v;(w)) =0, J=—5, oy &y . | (3'2)
U t=n=uo(ﬂ?) = Fkuo(m) =Rk%(ﬂ’): (3 ‘3)
V ltmo=po(2) — Frpo(x) = Ripo(x).

; K
Set v=Fu—wy=u—Ru—u,=U—RBu— > aw(z). Then from (3.1) we have

§ Kk

 (Us—Ues+ Vot f (u);—f@.).-— (9w, p, Ue) — g(Ua, Py Unz) ), U — Bys) =0.
(3.4)
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Since
1 d
(T 0) =L 21U, — Ve, U) =5 5101

| (7o =17, U | <5V ik + UL,

| (F)e— F@)er U | = (F(0) — £ (), T
<IF @)l 5 UTIE+1Telt
<o(JU|*+1T.I),

19t 0, %e) — 9 (%, Pr, Una) |
<|g(u, p, ) — (e 0, Us) | +|9(, 0, Ue) — 9> Py ) |

&3 ].gf(uiﬁ: P u’m) -g(uk: Pk u}‘w)l.!
| (g(u, o, “m)_'g(“h Pres Ue )y U) |

<1t La+ 1l U+ VIR + 9l (1T 1R+ 1012
<O[IT2.+ [V]2,+ U151,
(Uh _R?i“)*—_'t%“(ul —RRH)FLUI _-Rkuf):

—— ——

('_ Um:_:t: s -Rk'u') o (Uni: -Rkum) R "% (Uw Rk'u'c) e (Un:: Rﬂ"-&t) y
| (F ) e—fCun)er —Bo) | =1 (f @) — f (), Baste) |
<7l 2 15+ 1 Rite|2) <O+ | Ruse ),

I(g(ur P H‘ﬂ:) *"g(ﬂm P15 ukﬂ-‘) "'R;‘-,u)]
<OT|T 1+ 1V I3+ 1T 3+ [ Rusl 3,

from (3.4) we get
& U1+ TR <2 3 (U, Rw)—2(U, Rut)

+2-9(Ue, Buie) —2(Ue, Rita)
| +OT|U)%+ 1715+ Ul + | Rl 2+ [ Barie | 2.1
Integrating the above inequality with respect to #, we have

T2+ [T [5.<IU(0) 7.+ 1U(0)] 2 +2(U (L), Beu(t))
- 2(UT0), Ru(0)) +2(Uc(8), Rwa($)) —2(U(0), Rut,(0))

2 [! [(Ue, B+ (U, R+ 20 U@L+ VI
+ T @) 3.+ | Bau(z) |2, + [ R () | 2,1 I - (3.B)
Bince -

2T (8), Reu(®))<ZIT(®) 12+ 3] Bu(®) 13,

2(TL(#), Bute(£)) < 1Ua(8) 15+ 31 Bitta () |1
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T

from (3. 5} it follows that

T2+ 10D IL<OR® +0s || (UG 3+ 1V @)+ T.(2) |2,
+ | Rui(0) | 3.+ | Bt () 3, + [ Rt () [,

-+ ’I Biyg (’F) H%.] d‘l‘, (3 6)
where B(t) = | Buto(@) |2, + | Ristoc (=) |13, + | B (8) |2, + | Rots (£) | 2..
Let Ju=ka——p;¢=p—Rkp—p;,=V-R;ﬁp=$ﬁ,'v,. From (3.2) it follows that
(V4 Ue— (2(p) —(pr)), V — Ryp) =0. (8.7

Since
(Vh V) _‘E 'R?HV"

4T V)i@ituwl%.a—nvui.),
| (Ble) =hipw), V)| <|W(E)|L|V]E,
(Vh _-Rkp) ="§?‘(V: "'REP) 2 (V: Rhﬂt).;

" Ue —Bap) [ <205+ [ Buol2,),

| (R(p) —h(pn), *Rnp)lféllh’(f)ﬂ L. 2'(HVHE.+HR:¢PH§.),
from (8.7) we have | |

—d-t-uvu <2 "’* a7 Vs Bap) —2(V, Rup) +OLV [3,+ |ULl3,+ | Rol2].  (8.8)

Integrating (3.8) mth regpect to ¢, it follows that
WO L<IV(0)|5,+2(V (#), Rip) —2(¥V (0), Rip(0))

~2|, 7, B+ O [\VIL+ T+ [Bftdat. (3.9)
Noticing |
| (2V (%), Rup)! <—1~—{|V(t) 2,42 Reo| 2,

j (V, Rupr) dt<<= r( [V |3, + | Bup: |2,) &2,
from (3.9) we get
7 (D 15<08@) + 0, || [V I3+ 1012+ [ Ruoltu+ [Bensl2]dt. (8.10)

Hore B(8) =21 Rupo (@) |3, + | Bup (1) |2
From (3.6) and (8, 10) we have

T +IT.OR+I7 O,
<05 (R®)+8@))+0s | U@+ [0 +V ([,

+ | Bis() 3, + | Rt () [+ | Bt () [+ | Reo () 3
+ | Bupr(v) 3,1 . - P bt 3 (3.11)
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Now suppose that the initial function u#,(z) has 141 order bounded derivatives,

po(z) has I order bounded derivatives, and the smooth solution u(z, t), p(z, .t) of
problem (1.3)—(1.6) and all their derivatives w, ., p; have 1 erder bounded

derivatives. According 1o Bernstein’s estimate (2.8), woehave .. il
sup |B(H)+8(5) <0, UBE 1o
-::t::T
Sap [ Bz, + | Ratter |2, + | Barie| 2, + | ot [ 2, + | Bup |2, [ Bupe] 2] 8 g B o
~ { log &2 |
"QO;( {E ) :

Hence from (3.11) and Gronwall’s inequality, we get

10 ) | 2uxza+ [T () 2is+ 17 (&) [2,x2.=0 (( log "’) )

Theorem 4. Suppose that the periodic.initial function we(x) has I-+1 order
bounded derivatives (1>>2), and po(x) has l order bounded derivaiives. Assume that the
smooth solution u(z, t), p(w, t) and their derivatives u. (3, t), un(2, 1), pi(a, t) have 3-_
order bounded derivatives with respeet to x. Then we have the error estimate

U@ ot 100 s+ 17 D=0 (1F2)'),

where U (z, tjmu(m, 1) —wl(z, 1), V(, £)=p(a, )~ m(m t) {u(w, 8), Pn(ms t)}mha
solution of problem (2.5)—(2.7). ' | +

§ 4 The Convergence of Apprexlmate Solutmn |
of the Dlscrete Spectral Method

Now we consider the case where the difference quetlent fer t replaces the
derivative for ¢ in the above continued speciral method, and divide the domain

Qr=02 X [0, T] by lines {=mdt, where mE( [—2—])

Viy;
We consider the following system of equations with periodic initial conditions
(Ut — Uneor+ Pz + f (W), 05(@)) = (g (s Py m), w(m)), (4.1)
(Pk?'['%: 'Uf(m)> =T (k(PI#): wi(m’)): p= i ffy wons (4'2)"
U | t=0= oy (@) = Fotn (@), 1] t=0 = pox (@) = kao(m), (4.3)
u(o—m, ) =w(o+m, 1), plo—w, H=plo+m, ), (4.4)
where

_— u;,,(m £) — e;;;(m f— .dt) pk_pk(m ) — S;;(st: $— .dzf)

(e, 1) =, (1) = 2 %(#)*ﬂ;(m), px( s t)=Pk(t)= E 33:&(“')‘3»‘1(‘“)-

It is eagy to see thet the nonlinear algebraic equations (4.1)—(4.4) are
solvable by using Schauder’s fixed point argument. Now we make wuniform
estimations for the solution of problem (4.1)—(4,4).

- Lemma 9. If the conditions of Lemma 1 are saiisfied, then for the solution of
problem (4.1)—(4.8), ws kavs



306 JOURNAL OF COMPUATION MATHEMATICS... Vol. .5

= ™ Y ik’

Jetn(e5 8) [zt [ou(es 3] maxn S B, (4.5)

where the constant Hy s independent of k.
Lemma 10. If ihe conditions of Lemma T are satisfied, then for the soluiton of

problem (4.1)—(4.8), there is the esiemate
%.HL. "'u'mﬂ %.KL.']“ " Ukaets [l %.xn."f" [I%}ﬁ,xn.‘f‘ " P?Fi“%ﬂxl‘-.
+ ||pkH|] EIu'?':L._i_ || ukﬂ %ixﬂ-_lﬂ HPHHEH'}‘E.QEIU'!

where the constant E., 18 dndependent of k.
Theorem 5. If the conditions of Theorem 4 are satisfied, then there is the error

estamate

u Ukzaz

“ {t) H %.:u:n.""' " Uﬂ(ﬁ) ” 12}.:-:1}.“[" ﬂV(t) " %.:-:L.
2
=0 ((At)ﬂ lofik) ) | o (4.6)
where U(w, 1) =u(a, 1) —w(z, 1), V (e, ) =p(e, 1) —p(2, 1), {u(w, ?), p(z, 1)} is a
smooth solution of problem (1.8)—(1.6), and {w(z, £), pu(2, 1)} 43 the solution of
problem (4.1)—(4.8), which i3 the approvimate solubion by using the disorete spectral
method.
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