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Abstract

This paper discnsses the direct boundary elemént method for parabolic equations in a time-
dependent interval. An optimal estimate of the error in maxzimum norm for the boundary element
collocation scheme is given.

4

§ L . Introduction

Compared with the domain methods such as the finite difference method or the
{inite element method, the boundary element method reduces the dimensions of the
problem by one, so that the amount of computational work can be greatly decreased.
In recent years, therefore, some authors studied its applications to numerical solution
of parabolic equations and moving boundary problems (e.g. [1]—[8]). However,
little work on mathematical analysis of the convergence of the method has been
done. The only published work, to the author’s knowledge, is by K. Onishi ([4]).
Bul, as pointed out by the anthor in [5], his proof is based on a wrong estimate of
matrix norm and thus is incorreci. In [B], the author proved the unniform
convergence of the boundary element method and gave an optimal error estimate in
maximum norm for the one—dimensional heat equation, using the method of matrix
analysis which ig not, however, applicable #0 problems in a two-dimensional or
lime—dependent domain. o

In this paper we give an optimal estimate of the error for the boundary element
collocation scheme for heat eguation in a time-dependeni inferval, using the
theory of operator analysis., The two-dimensional case will be discussed in another

Ppaper.

§ 2. Parabolic Equation .in a Time—depem-ie-nt. I-nterva1

For definiteness, we consider the following heat equation:

) 0<o<8(f), 0<t<T <o, (2.1)

* Received May 11, 1985.
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BCs.
20, )=qu(t), (@), H=0(®), 0<t<T, (2. 5)
1C. u(z, 0) =uo(z), 0<z<8(0) (8(0) -1, >0), (2.8)

where >0 is a constant, ¢,(¢) (=1, 2) are bounded, uo(w) is Lipschilz condinuous,
8 (t) has continuous first derivative 8(#) and is assumed, without loss of generality,

0 be a nondecreasing function of £.

§ 3. Boundary Integral Equation

The fundamental solntion of (2-1) is

» z ¢ 2 |
Let
ou’ w—&) w—&)?
q'(@ & 8 7) = 3§ 4~/:n: ((Ic(t——-r))sfﬂ xp[ ‘ff(t —-?rj]’ f}r, -(3'2)

0. =2{ -2 w0, 05 4, 9 dv+k[ (@ (0, B(); 1 i

+[* w0, & 1, 0ag}, ' (3.38)
50 =2 {1 (S, 0 1, D], (W), 8@ 1, 2

+[7 wo@ w(809), & 1, 0) i}, (8.3b)

The bbunda.ry intégra.l equation corresponding fo (2.1)—(2.3) is ([11)
L u(0, -k "0, 0; 1, DHu(0, ndr+ ¢*(0, §(2), t, Du(S(x), D

~ (40, 8(2), 1, DE@US(E), D=5 5:(0), (3-42)

L u(s(w), -k [Lg' (8@, 0; 1, Du(0, 2)ds
+i[ S0, S@); t, D), v

~[Lws®, 865 t, HIEUE ), Ddr=ta®, (3.4
Dofine the column vectors U () = (wa(f), ua(t))¥ with u(£) =u(0, ¢), va(t)=
w(S(2), t), G(t)=(g:.(t), g2(¢))* and the mairix K(t, T) = (k,—; (¢, T))ﬂ){ﬂ s.1.
ky=0, 1<, <2, 0<t <7 <T; - i B
ka=q"(0, 0; ¢, 7), Icm==u (0, S(=); ¢, ‘E’)S(‘E‘) —g*(0, S(z); ¢, 7),
bamg (58, 0 4, %), _b=a' (O, S@; 6 DB ~¢ (BB, 8@ ),
| Ogrf:tf::T . - (8.5)
Let \=2k. The boundary integral equation can, then, be written in the form
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U@ -2 [ E@ DU@d=6(). | (3.8)

Let R[0, T'] be the space of Riemann infegrable funciions. Define the normed
linear space X — (R[0, T'])? with maximum norm | [, s.5. YV &) = (0.(8), v(t))T
cX,

[V ]e=max max [v,(s)]. ' | (87)

é=1,2 $c10,7]

Define also the mtegra,l operator K: X—X a.t. VW () € X,

&&= K, AL (3.8)
It is easy to check that the norm of K is
= 2
| K |o=max max (33" (2, 5)|do}. (3.9)

We see that £,(¢, v)=¢%(0, 0; ¢, v) =0,
Slz) . S!'r) S{7)®
ki (t, 7) = = , >
1alt, 7) [4%&— (k(t—7))¥® +2k\/:mk(ﬁ—r):] Ip[ ,4&:(;—75] -
By the assumption, 8(7) >>L>0. Hence k;x—0 as ¢t —3—0. This implies that k.(¢, v)

is continuous ip 0<<t, v<<T'. Similarly, ke (¢, 7) 18 also continuous in o<t, =<<7.
Moreover, ‘we have ks (3, 7)=H (4, v)/~it—7 with

S(v) S(t) —8(z) (8(t) ~8(+))*
H(E, =) [21“% 4 B2 (1 —7) Joxe] - 41‘5(#-13 e

When ¢ —72—0, H(t, +3->8(¢) /4~ =k . This implies that H (¢, v) i3 continuous
in 0<7<t<<T. We conclude that K (i, v) is weakly singular. It is not difficult o
verify that operator K is compact.

Now (3-6) can be writfen in the operator form
(I—-AK ) )U=G@. | (8.10)

It is easy %o wverify that A|K|.<<1. This implieg that 7 —AK has a bounded
inverse.

§ 4. Boundary Element Collocation Scheme

" T'o define the boundary element discr_'eﬁiza,tion of (8.8), we divide the time
interval [0, 7] into N equal subintervals J*= [, ] (1<n<N) with length
h=T/N. Let §,(¢) be the piecewise polynomial interpolant of degree m of S(¢) such

that Sh(t"’“l 4 T;% h) - (#n—l-]-'_é_h) (0<j<<m, 1<n QN ) and the restriction of §,,(¢) to

each subinterval J* is a polynomial of degree m>>1. Then we define the space Ry of
- piecewise polynomials of degreé r3=0 as follows.

1) r=0. R} is .the space of piecewise constants s.%. The restriction of each
function in R% to each subinterval J"= (% ] (1<a<<N) is constant. We fake
{t=1, 1<e<N } as the set of nodal pomts and 0 be asmcla,ted wﬂih each node £ a
" fanction ~ :

1 1ft€5’" ort=0 and ¢=1,

0 o’ﬁharwm

40| 5
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The fanclions {¢.(#), 1<¢<<N'} constitute a basis of R}. Apparently, any funcfion
v(?) € R} has a unique expansion
s

o) =wt) ). (4.2)

$=1

2) r=1, Ry={0(t) €0°0, T]; v|mEP,(J"), 1<n<N}. Weo de-ﬁna the nodal
points #;=¢""1 + -q% h, 0<j<r, 1<n<N and to be associated with each node # (note

that #1=#3*1=1") a function ¢}(¢) € Ry 8.b. It takes the value 1 at node £ and the
value 0 at all other nodes. We number all the nodes {#;} in the following order;

gl e g 98 e 18 BT, ver, 48 (4.3)
The nodal functions {¢}} are numbered in the same order. Then ¢7 (or ¢3(¢)) i the

i~th node # (or nodal function ¢,(¢)) with ¢=(n—1)r+j. The set {¢;(}), 0<i<Nr}
is a basis of Ry, and any function v(#) € Ry has a unique expansion

Nr |
o() = S0t $i(). (4.4)
Note. The explicit expressir.}n of functions {¢]} is the following:

E—30) .
) » ((ﬁ = i)) in J*, K
$F(t) =19 izg \* | J#0, 7;
0 otherwise,

= (t_ﬂl) : 7
Be—y B9

Gr() =P (@) =1 _U—#") . e . (4.5)
i=-]:[1 (tg-i-l__t;:-rl) in J )
- o otherwise.

Let {#;, 1<<i<<I} be the set of all nodal points of R%, r>0. We define the

-piecewise polynomial interpolant +'(¢) € Ry of a function v(¢) € R[0, T] by
'
v (t) = 2 v(t,)di(2). (4.6)

Note that if #(¢) is discontinuous at ¢=¢, we take in (4.6) v(¢;) = lim »(¢).

FE;—0

In order 10 approximate the initial value w(£), we divide the space interval
[0, L] into M equal subintervals with length dz=1L/M. Then define, similarly to
the above, the space Yy of piecewise polynomials of degree » and the corresponding

interpolant wf(§) EY Y of 1, (£).
Let X5 = (RN)ﬂCX Then any ¥ (t) € X} has a unique expansion

7O =@ @. 4.7)

Now the boundary element collocation scheme for (8.6) can be defined as follows.
Find U (¢) € X% such that

Tt —~A JTE',.(ti, DO (Dde=G @), =1, oo, I, . (4.8)

where K,(3;, v) is obtained after S(#), §(¢) and S(v) in (3.5) are replaced by
8:(2), 8»(%) and Sy(%) respectively, and & () is obtained after S(), 8(z), 8(=),
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u(z) and ¢;(7), j=1, 2, in (8.3) are rep]aced by 8x(t), Su(s), 1‘5-';,(1:), (&) and
gi(7), j= =1, 2, respectively. Let Kj(¢, v)= Ecﬁ;(t) Kb, ), G(t)=2 & () G(2).

We can define the integral equation

U@ —?«.LK{(#, )0 () dv=G (%), ' (4.9)
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since, evidently, VV (£) € X, J:Kﬁ(t DV (2)dv € X5

Lemma 4.1. If U(¢¥) € Xy is the solution of (4.9), then it Sat@sﬁes (4.8).

Conversely, if U (t) € Xy is the solution of (4.8), then it satisfies (4.9). Therefore
(4.8) and (4.9) are equivalent.

Proof. TUsing (4.7), we obtain from (4.9)

; () { o (5) — xﬁ K, (t, 0 (2) d@«} . ﬁ SO G (L.

This yields (4.8). Conversely, multiplying both sides of (4.8) by ¢.(¢) and
samming up {rom ¢=1 to ¢=1, we obtain (4.9). Q.RE.D.
Define the integral operator K}: X —-aff 9.t. yYW($H EX,

» (KIV) (#) = L (8 DY ().

Since the range of K3 i finite-dimensional, K{ is, of course, cnmpa,ct (4-9) can be
rewritien in the operator form

(I-AKDU=G. (4.10)

For later use, we define the projection (inferpolation) operator
Py: X% 5.4 YWWEX, (PyV) (&) =V(5) =$ SOV (2. (4.11)
IfV (¢) is disconfinuous at t—t,, we take in (4.11), similarly to (4.6), V(&)
= lim V' (#). Let K'(¢, 7) =2 () K (¢, 7). We define also the integral operator

K" XX 84 VW) EX, (BV) () = J' K'(4, )V (z)dw.

It ig clear that
Kl=-P.K. (4.12)

§ 5. Error Estimate for the Boundary Element Collocation Scheme

Now we start out to analyse the error of the boundary element collocation
solution, i.e. the solution of (4.9 ) First, we prove three lemmas related to

projection P%.
Lemma 6.1.
1) | Pyle=1df r=0,1; 2) [Pyl.<<L,if r>2, | (5.1)

where L, is the Lebesque constant associated with polynomial interpolation of degree r.
Note that L,=1 if r=0, 1.

Proof. 1) Let r=0, 1. [PLV Ecﬁ(i)V(t;)
|V |.. But for ¥V € X5, P;V =V. Hence HPN[[,, =1,

<IVie oz 31 40| =
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2) Let |V ].=1. If r=2,

| P4V | o= max max max
i=1,2 1l<ng¥ {£J8

3 8O0 (#) | < max max 31 {459

la<naN (€™ f=
(s—d/7r)| _

Hy(g-—w)/r

= nax
s€[0,1]

Thus | Py]|.<L,. Q.E.D.
Lemma 6.2. Let V(¢) € (C°[0, T])2. Define sts modulus of continuity w(V, h)

by |
oV, h)=max &ﬁé}%l v; (1) —_wi(tﬂ) |« | . (5.2)
Then, . ,
1) BV — PV |e<ew(V, k) &f r=0, 1; (5.3a)
2) IV —PyV | <(l+ L)V, k) ifr=2. (6.8b)
Proof., 1) |V —P%V|.=max max max|w;(t)—w;(t")|‘ém(V h).

$=1,2 1lxsna N (ESH

|V —~PLV | o =max max max|v;() — HH IR

: =1,2 l<n<N ([ECJB
When r=1, hy the mean value theorem, there exists, for any 1€ J", 7 (t) €J" s.1i.
vf (1) =;(z(#)). Therefore,

max | 2,(¢) — v (&) | Qmax[@;(t) —u,(7;(3)) | < max I'U:l:h)

£y [ty—tgl <A
This implies [V — PyV |.<o(V, &).
2} Let r>>2. We have Py (PLV ) =P3V, since P; VeXs.
|V =PV <[V — PiV |+ [Py(V —PiV) |
<1+ [Py |V =PV ].<(A+L)u(V, h)

(here we have used Lemma 5.1). Q.E.D.
Lemma 5.3. |

1) a) K —K].<Q(K,B) ifr=0,1 ' (5.4a)

b) |K —K'[.<(A+L)R(K, k) ifr>2, ~ (5.4b)
where
2 T
Q(K, h)= P_fllﬂﬂx Ef;}%i% {E L | By (ts; 7) —_kﬂ(tﬂ, 7) |dz } . (5.5)
oy Q(K, <Ok, as h—>0. (5.6)

We use hereafter the letter O to dencle various positive constants independent of h
ol S S | .. |
Remark. Using (5.6), it is easy to verify that VYV € X, KV € (C°[0, T])?
and that K is compact, | | |
Proof. 1) By lLemma 5.2, |KV —KV|,=|KV ~P;KV].<o(KV, k), if
r={0, 1. Buf | - -
W(KV, h) =max max ‘-ﬁ F (big (b, ©) — ki (tay ) )03 ()| <Q(K, W)V |

§=1,2 It;—tyish  Feel
D‘:t]'tt";qﬂ

This ylelds (5.4a). (5.4b) follows su:::ula.rly
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2) We prove (5.8) by estlma,tmg each integral L,—JT [y (lay ©) —ky(da, ) |dw

in (5.5) with f5<<#y. _
A) Since ku (i, ¥) =0, we have Iy, =0, (5.7)

B} It is eagy to check that akugf’ 7) and akﬂa(;” 1’)'are continuons in 0<¢, »<<7".

Therefore, ‘ .
Ly SO (8~ o) <Ohy Ty <Oty —1,) <Oh. : (5.8)

& _H g (M LH G, D)
0 - g): M ( dv=1I,+1I,.
) 2 7 st - T—r— T=13+1,.
H(i, ) is continuous in 0<7<¢<T. Henoe i} is bounded. We have
1.<0 L fi__d'mo VE—L<OJF, (3.9)
T2 LH(tl, ‘F) "H(tﬂ, 7) I de +J H(t _ 1 do=1"+I"
I:L<L o [H (&5, 7) | [‘\/ — \/ti—r] v=1+1j,
<o [x/ti—-tg—(‘\/tl—\/tg)]QOv’t —ta <O~ A, (5.10)

|H(tl: 1") H(tﬂs 1") l

<OJ Sgti) SQT) eXp[_(S(t:)—S(r))Q]

4kt —7)
- S(ta) S (=)

(S(t:) —8(x))* ]
7)

— exP[ 4k (ta—

+0 iexp[ _(8(t) —8(x))? ]_exp[_. (8 (ta) -S(w))’] l

% (ti—) 45 (G —)
<Oj (S(tlt —8(=)) (S(fst) S(f))l
: gS#i S(z))* 8(t) = 8(x))?

+O-lexl’[‘ (415)(1:121-)) ]_ex"[‘( (412@25%)) ] l
<d{§—§ii-l:f@+ 18 -5 [ 31_7]

_,_1(3(51) S(T))ﬂ (S(tsz S(’r))ﬂ[}

3= T A

gg{ 1_:5: _,_1 51 —7  St) - S(‘?iif(tz) S(T)(S(ti)_s(tg)) ;

+(8(te) =8 (#))* [m-“ ti-l—'r]}
<'C[ﬁ+1](ti—'t;).

Hence | -
n<o(u-u) | ~~/ti_,ﬂ+(t1_1)‘,,2 Jos
— 1
, '=2O(ti_t2)[‘\/_— 1—t2+\/1—-t2 '/—E] .
<O(t1—tg)[~/t_1+~/t1 ]<o\/ Th<ONT. (5.11)
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S e ===k

- (8.9)—(5.11) yield | | _
| Io<<ON R (5.12)
Combining (5.7), (5.8) with (5.12), we obtain (5.6). Q.E.D.

Next, we prove two lemmas related to approximation to the boundary.
Lemma 54. IFf S(?) €O™1[0, T], then

| K7~ K1|..<Oh®, as h—>0. (5.18)

Proof.
| KT— K} o= max max [g".

T

g bi(t) (ks (Bey 7) = Fonns (B, 7)) ’ d*rr]

< [p+max max [g E | Bas iy ©) — Epns (&, 7) ld'r] (b6.14)

n=1,2 1<ty

We can prove (5.13) by estimating each infegral

4
I"’=J‘u | Ens (Bis ®) — Fops (2 7) |dz.
1) Since ku(t, 7) =kwa (&, ) =0, we have I;;=0. (5.15)

b 1 - Sez)*
i Q.L a7 (k(t—w))"* A P[ 470(*;'-1?)]

—Sh(7) exp[ 4;?&*#57_) i) ] || dr
1

+J: 2k~ wk (ti—7) S(r)exp[ %‘Ségfzi')] |

'_ShCT) EXP[ Sy(z)” ]ldTEI:L-I'Iﬂ:

4&3(#;“"'3’)
* 18 () —Sa(7) | S(v)® _
Ii<£ (t;-'ﬁ") ¢/4 °xXP [ 4;5(ﬁ;—1') ] o
“ |8x(7)] S(z)* _ Si(z)? T T
- ,L (ti—7)%3 exp| T (ti—7) ] exp| %(ti—ﬁ][d’“‘ll"‘h'
Since S(¢) € 0"*1[0, T, we have ([6]) max |8 (7)) —83{(7) | <OA™*1, Hence
I <OR™*L, (6.16)
By the mean value theorem,
o BT Vo &(e)®
EKP[ 4%t —7) - exp[ 435(#;—15”

f(z t G{r)2
g 2fc(t(i—)'r)_ ! 4&:((&)—1) |18 ~8)1,

where min(S(7), 8,(7)) <f(z) <max(S(z), Sy(z)) and lét::i%] §(v)> 0, since S(#)>
TELO:
L>0. It follows that

1<Opm*t, (6.17)
Therefore , |
I, <OR™1, (56.18)

Since max |8(7) =8h(z) ]| <OR™ ([6]), We can similarly deduce

+£[0,7T]

I,<COR™. - | (5.19)
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Uombination of (6.18) and (5.19) gives

T1a<<OR™, (5.20)
Similarly, we have |
I <Ot (5.21)
8) Igg*QOJ‘ 'x/h ‘ S’(r)exp (S(i}?(;fi@]
SL i S;, 7) )2
—8.(z) EIP[ ( (413(#‘ () ). ]
b 1 S(t)—8(x))?
+of, =il _ - (4;3@_2))) ]
~ (Sa(t:) —8(%)exp| ~ (Sn(;}g(;ﬁns))” ||de=rs+1,,

I,< U,r (S () — —8(7)) — (Sa(3) —8u(7)) | de

(—7)%2
+Of‘ 'Sﬁ(m —Sh(w) ]! (S(t)—8 x )ﬂ]

o (Li—7)¥? “P[ 4% (F,—

)S’]v,, fq !S'j. T 4 —T )
' —-,axp[ ( %k)(tp—'r% )) ] dr=1,+ 1.

By an argument similar to 2), we can deduce
I.<Om™, Ii<Ohm*1, (5.22)

Unless #,=0 when I53=0, we have ¢{,=h for r=0, 1 or h}% for »>>2. Then an
integration by parts yields |

|8 (%) — S,,(t)|+aj S'?/t S’;’”) dv < OB™ 3 4 ORm < Oh™,
—

I < v,_
(5.23)

Combination of (5.22)—(5.28) gives
|  Ia<OR™, (5.24)

Finally, collecting all éstimatea for I, 1<<n, j<<2, we obtain (5.13). Q.E.D.
 {
Lemma 6.5. Lot G'(£) = P3G (t) = 3] (1) G(4), Gi=PiGh() =3 $.(£)Gn (5,

where Gy (t) is obtained after 8(£), 8(z) and S(z) in (3.3) are rﬂplaced by Sh(t),
8y(7) and Sa(v), respectively. If S(£) €O™*1[0, T], then, ;

,1GI—G£u,.-s;,oh“‘*h, as h—>0. (5.25)
Proof. |GH—Gi|. = |§¢i(t)(G(ta)—Ga(t;))'| <L+ Eg?lﬁ!m(h)—ym(tf)l,

Iy=|g:(t) —gu(t) | |
. S(7)” —6X $u(#)°_]| 7
'gzkj |ga(%). m’“f’ 4k(§f-—-"5'] P[ 4;.;@,,(—«;)] id :
a= |ga(t) —ga(t) |
Q%J g1 (%) |

2V wk(t;-—f) - joxp ~ S“‘)”T]-axp[__ 5,0 1'g,
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Exp[ _(8 gg{;"fg;))ﬂ]

: 1
+2kj: |¢a()] 2/ wk{t—7)

—oxp <Sagi;3(;sh<;)>ﬂ]

Juu(b 4\[1_#‘ Ip[ (S<21;$jﬂ]d€

- (Su(E:) '-"-:)ﬂ i: r
j ey o zv’ ket {.ﬂp[ 4kt, ‘3,5 __IE'-J_IS—.I_IE' |
Following the argument in the proof of Lemma 5.4, we can deduce

Li<OR™,  I,<OR™*Y, I<OR™, (5.26)

Unless =0 when IE=O ‘we have #,>>h for =0, 1, or t;%%- for r>»2. After

changing variables in the infegrals, we obfain

Hf=_l_ 1 < d
1> ‘\/—Et huu(bfji) VH; ‘??)BIP( ?’J) U,

ol J‘::%(S,.(ti)-ka_hw)exP(—n”)dﬂ ,

where - = | '
= @#) L = S(El - Sﬁ@-i) =L . nd 1= Sh(LE)E
Mmoo m ¢ SR,

Assuming 8(2,)>5,(:) (the case of S(t,) <8x(#) can be treated similarly), we have
.y _[: wo (S (%) — 2~/Ic_tm)ﬂXP(*-??”)dfn-j: uo(8a(t) — 2~/ ks m)exp(—nP)dn
[ (oS (8) — 2 ) —wo(a8) ~ 2B MYexp(—dan|

"QO(Ins—ml+|9?1-fﬂa|+.|S(t;)—Sn(#f}|)'€0[~f—-; 1]18(8)~ S;.(ti)l

<0 [1+ T}T] B < OB E

(5.27)

Qombination of (5.26) and (B.27) gives (56.25). Q.E.D.
The lemma below is concerned with approximation to the 1n1t1a1—bounda,ry data.

Lemma b.6. Assume thal q,(t) EO"“[O T, j=1, 2, and :that u(£)E
O™+ [0, L]. Then |
}]Gf én aga(hrﬂdr(amyﬂ) _ - (528

Proof. |[Gf—§1|ﬂ,-‘”qui(t)(Gh(h) G‘(ta)“ <L, max max | ga(t) — 5:Ci) |-

1<i<! §=1,2
By the assumption, we have the following interpolation errors ([6]):

max 10/(s) — (=) | O™, j=1, 25 max |ua(€) ~d() | <Oda)™.  (5.29)
Hénce we have, for any ¢€ [0, T7], | |
() -5 <% 6@ -d@ WO, 06 4 Dae
2% (" g5(5) b | © S@iL DI,

-+ w(&'}—uo(g) 00, & t O)F<OH Am),.ﬂ)
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Similarly, |gen(t) - ga(f) | <C(AH- (dz)™1), Q.E.D.

(5.28) follows immediately.

The iollowing theorem is quoted from Theorem 4.84 of [7]

Theorem 8.1. Let X be a normed linear space with norm [| |. K and K,, are
two bounded linear operators mapping X into X. Let T=I—-AK, T,=I—-\K,,.
Assume that T exists with q= |T | |7 —T ]| <1 and thet K and K, are compact.
Then T ! ewists and

1T <|T)/A-9g). | (5.80)
‘Now we’ are ready to derive the error estimate for the boundary element

collocation scheme. We have the following result:

Theorem §.2. Assume 1) S(H)€O0™[0, T], q,(¢t) €O™[0, T], i=1, 2 and
ue(w) EO™[0, L]; 2) the evact solution U(t) of boundary integral equation (3.6)
belongs to (O™*[0, T1)2. Let U($) be the solution of boundary element collocation
squation (4.9) (or, equivalently, (4.8)). Then, there emms a constant O independent
of h and dx such that, when b—( and dz—0,

N~ O <O + B4 (d2)Y). ' (5.31)
- Proof. '.Ea,];ing in (3.6) i=4¢, é=1, »., I, successively, we get

' U(ﬁ;)—hJ‘:K(ti, S GVl RY, By vy I
This leads to |
U(m—aj‘ B3, 40 iy :«.J (K (t, 7)— Kaldy DI (e

+:&JTK,.(&, U (7)) —=U' (=) }dz+G (4). (6.32)

Multiplying both gides of (5. 32) with &, (¢) and samming up from ¢=1 %o =1, we
obtain, in operator form,

I —AKDU'=AK!'— KU +AKIHU -U LGV, (56.33)
Subtracting (4.10), which ig the operator form of (4.9), from (5.83), we got
(I—AKY) (U‘T-—fj)=}\.(Kf—-K;{)U—I~?LKi(U—-U")—I—(G’-—é). (b.84)

Let T=I—-AK, Ty=I—AK{. By Lemmas 5.3 and 5.4,
| K —Ki|.<|K~K!|+[|K'-Ki].—0, as k0.
Hence
12 ¢=TY )T -Txlle= A [T ]K - Kkﬂ —0, as k0.
It has been shown in sections 3 and 4 that K and K{ are compacl. So we can apply
Theorem 5.1 o obtain -
T3 <7/ (1—g) <O, a8 h->0.

Furthermore, it is obvious that, when A~>0, the operators {KI} are uniformly
bounded, i.e. | K{|..<<O. We deduce from (5-34) .

U U | <T3|{|M | B~ K} U o+ A | K| U ~U1) o+ |G — @[}
SO{|K'~ K|t |U~U o+ |G~ G|} (5.85)
By the triangular inequality [U—U|.<|U~U!|o+[U~T ., we get
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[U-0].<0{| K= Kilat U~V + 6"~ G|} (5.56)
By assumptiion 2), we have ([6])
U—-U] < maX max |u; (8) — g (8) | <ORFHL, (5.87)

Application of Lemmas 5.4—5.5 gives

| K7 — K| w<Oh™ (5.38)
and

1 =)< [ — Gt [@— G <O T+ 14 (42)™1},  (5.39)
Finally, combining (5.87) with (5.89), we obtain {5.81). Q.E.D.

Remark. 1) For the problems in a fixed interval where S(¢) Su(3)=L, we

obtain from (5.81) [U—U|.<O 4+ (ds)™*), which coincides with the result in
15]. |

2) Itisseen from (5.81) that the accuracy of the approximate solution is

" limited by the accuracy of approximation to the boundary. Hence, the most
reagonable choice for boundary elements is to take r=m—1.
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