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THE STABILITY ANALYSIS OF THE SOLUTIONS
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Abstract

This paper gives perturbation bounds of some solutions of the classical additive and multiplicative
inverse eigenvalue problems for real symmetric matrices.

§ 1. Problems and Main Results

Throughout this paper we use the followmg notation. SR ig the set of all nxn
real symmetric matrices with zero diagonal elements, and SR1** the set of all nXxn
real symmetrm matrices with unit diagonal elements. R* denotes the set of all
n—dimensional real column vectors. The norm | [; stands for both the vector
1-norm and the matrix 1-norm. The supersoript T is for transpose. For an arbibrary
n X n real symmetric matrix 4 with eigenvalues A;>>--->>A,, the symbol u(4) denotes
the vector (Ay, =+, A,)TER".

The following are the most common inverse eigenvalue problems:

Problem A(4, A). Given A= (a,;) €SRY™ and A= (A1, *-, A)TER", find ¢=
(€1, +*+, a)TER" such that the eigenvalues of .A-+diag (e, *+, 04) 876 Ay, **+, A

Problem M(A4, A). Given a positive definite matrix 4= (ay) € SR?**® and A=
(A1, ==, A TER" with h}0(6=1 o, m}, Ond ¢=(61, *--, 6,)TER" such that the
eigenvalues of diag(ey, «++, ca) 4 are Ay, ==+, A,. |

Problem A is the nlasamal additive inverse eigenvalue problem and Problem M
the multiplicative inverse eigenvalue problem. The solubility and the numbers of
solutions ¢ € R" as well as numerical methods for Problem A and Problem M have
been studied (see [1], [2] [6] and the references contained therein). Nevertheless,
to the best of the author’s knowlédge, the stablllty analysis of the solutions of
Problem A and Problem M is not yet treated, and it is the subject of this paper.

Let

| gi=lanl, j=1, -, n (1.1)

and ; .
Z,={o= (01, cﬂ)f{'e R™ M+t 822C12Ca> = Cpxhn— },
where 8>>0 for Problem A, and A,>s>0 for Problem M. The following theorems
have been proved by Hadeler™.

Theorem H-]1. If A=(ay) EBRG*" and A={(Ay, ++-, A)T CR" satisfy Ag>>Rg>> o
> A and

i —— R
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A=A >>2max {g;, gisa}, jF=1, -, n—1,
then there exists a unique sclution c= (cq, +++, ¢s)T foo* Problem A(A, &) in 2,, and
-. lﬂ;-h,l <g; 9=1,- | o - (1 2)
Theﬂ:rem H-—2. If A= (m;,) € SRT** gud A= (1.1 ., l.) T E R swmfy A Rhg > ee
> A0 and
Ay —2Age1>20 ma,x{gj, Gizar, J=1, s, n—1,
then there ewists @ unique solut@on e=(cy, * ‘) Ba)® ﬂ:ur Problem M(A, ) in D, and
Jes—24] <higy, G=1, «-, m. (1.8)

On the basis of Hadelor’s theorems we shall prove the follawmg results.
Theorem 1. Let A= (@), A= (a) ESRP™, A= (A, *++, Ap)T, A= (Kg oe, Ru)®
ER". Assume that | |

Ay — Ao >2max{gy, Grsa}, Ay—Ap1>2 mﬂx{.a}, Jie1}, j=1, «-, -1, (1.4)
where g, 48 defined by (1.1), and -
| o gi=2lanl, j=1, -, n (1.5)
Suppese that c= (¢4, -+, ca)TE D, and € = (Cy, *+, Cu)T € D, are the solutions of Preblem
A(A, L) and Pmblem A(Z 3.), respectively, whears - |

g, ={0= (01, **+, CA)TER™ A+82201220.3>+ 202> Ag~ 8}, 8>0.

Then * _
|6 —cla<5- @la~afs+1E-2ly), (1.6)

where .
: ﬂ_ (mlﬂ: ***y Qiny Qag, ***, Qan, **, 'wil—irll}rl' . (17)
E=": (Elﬂj "';; Eiﬂ} Eﬂﬁ: e Eﬂlj e Eﬂ—lrﬂ)ri ' (1'8)
D= max I]JE.K{?L;I‘—.?LH.:L, x;-—-ijq.i}, (1.9)

1-;__1‘-:::_-1 | o< b ;
34=min 3:
t

and |
| Sinmin{minp.;—hI —~2¢,, minli;—-i;[ —2¢}, d=1, «sr, m.
Theoremz Let A= (ay), A=/ (a;) CSR>" A= (}Li, veo, AT, 11}--->?L,>0,
A= (R, o, )T, Ry rre >R >0, Assume that ‘
?u,—l,+1>211 max{g;, ¢;s1}, h;-—hjﬂ}%'{max{g,, giesr, j=1, -, n—1,

| (1.10)

where g; and g; are defined by (1.1) and (1.5), respectively, and
At=max{Ay, As}.

Suppose that e= (04, ++-, )T €D, and ¢ = (¢4, -, cn)TE@;(L}a}!G} are the solutions
of Problem M(A4, A) and Problem M(4, 1), raspectéwely. Then

<H2 @l als+ IR~ ~Ma), PRI ¥

whafre a, @ and D are defined by (1.7)—(1.9), and
z"l:l=:|:3:u'l:l'{;t'l: lﬂ}r

le —eli<
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Sx=min 3;’
4

ﬁf=min{min]l;-—h.;] "—2?\;;9;, Iﬂin'i,—-i.l —'QR,T‘E;}, '331,. ;'-', ‘ﬁa.
| Jvé Sai
§ 2. Pfoqf of Theorem 1
Lot . e g g -~ -
O=diag(cy, -+, €s), C=diag(cy, *>*, €a), (2.1)
- M) =(Aa(3), =v, M (B))T= (A=) A+1R, (2.2)
- - AR =(ay(D) =1 =D A+td - (2.3)
and |
| 91(*)"-“21 law(t) [, F=1, -, n, (2.4)
e J : .
where 0<¢{<{1. Observe that |
g;(%) =§| A—Bap+itan| <(A—1)g;+1g,, j=1, e, . (2.5)

Therefore from (2.2) and (1.4) we have
s s(t) — ~Agaa(8) = (A=) (Ay—Aysa) + b(Rg—Ass1)
>2(1—t)max{g,, g} +2t max{gy, Gres}
=2 mﬂ;{ (1—1) g5+ tfv’f: (1—12) gsse1+ t9ﬁ+1}
=>2max{g;(¢), ¢141(H)}, 'j=1 ., m—1 Vi€ [0, 1]. (2.6)

Hence, there exists a unique solution e(?) = (91 (2), <=+, ca(®))T of Problem A(A(),
l(t)) in the domain i

D (t)={c=1{(cy, +--, ca)TE R’_': A (%) +‘s;==ci;a=cg..}---}c,}l;(t) —a}, &>0
for an arbitrary point ¢€ [0, 1]. By the minimax property of eigenvalues of real
symmetrio matrices and Theorem H~1 (see (1.2)), ¢(¢) is also the unique solution
of Problem A(A (#), A(%)) in the domain ci}cg::- - >¢, of R".
Set |
o) ﬂ-dia.g(ci(t), ‘ c.(t)) O<i<1.
Aﬁﬁﬁl‘dlﬂg to the daﬁmtlon of £(+), we have |

(AR +0(1) =M, 0<it<L,

ﬂ’(t) = (Glﬂ(t): TRy ﬂin(t): mﬂﬂ(t): *y Uon (ﬁ) Sy ﬂn—i-n(t))rl
P(a(t), o(t)) = w(A®+0(@®)) |

| g Pa(t), c(t), l(t))=¢(ﬂ@), c(t)) —A(t), 0<i<l,
where @= (@1, so, DT and qS (g, *++, Pp)T. From (2.6),
S M) >R (@) > > M),
Therefore by [4] we know that for an a,rhltrary fixed point :€ [0, 1], P(a (t) ﬂ(t))
is a real analytic function of elements of ¢ (¢) and ¢(¢), and that if -
AR +O0@D=UHARUDHT .

;18 @ real orthogonal decomposition of A(}) —I—G(t) , where U(#) = (uy(f)) is an nxn
real orthogonal matrix and 4 (¢) =diag (A (£), -+, Ae(t)), then the Jacobian matrix

Let

and
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of the funetion ¢ at ¢(?) is
P (a(t), e(t), A(})) _aP(a(3), ¢(3))

oo (i) e (t)
D1 (a(t), ¢(3)) 8D1(a(t), c(t))
3'31 (t) 30,. (t)
o0, (a(), o)) Do), o(®)
dey () e (t)
= (u(3)) = (wy () =W (8. | 2.7
According to the proof of Theorem 2 in [2], det W () >0. Hence by the implioit
funotion theorem from
P(a(t), c(8), A(#)) =0 (2.8)
we get a unique real analytic solution
c(@) =p(a(®), A(®))

at (a (t)"" A()T)T for an arbitrary fixed ¢ € [0, 1].
Congequently it follows from (2.8) that

2O _ (98D, o) Y, 0@, o)
oa (i) oc(t) Oa (1)

de(t) _ ﬁﬂf'(m(t) c(t)) )
EXONE Be (1)

and

Thug we obtain 1 )
E--c=_L dc(t)nf (-3‘3‘(*) da(8) +-248 dh(t))

o\ da(t), oA (t)
o [ 2002 6y

and

R R NIRRT (aCIORCON AN SEVR PR CXS

Oa (1)
where W (t) is defined by (2.7). |
According to the proof of Theorem 2 in 2] (see [2] p. 821), we have

295 (&) >min (W () —A4(1))* 37 ¢ (2)

uj; (£) — ;;%‘m (3)=1-2 gﬂm(ff)

2g;())® 2g;(£)
e mm(m,.,(t) —a ()T i rgjjnl?«m(t)-l;(t)’l'

min | A (£) — 4;(2) | — 2g; (5)

P o o A i s
min[ha ) — @ I

keokd
Utilizing (2.2), (2.5) and (2.6) we can prove

min |2, () —4(2) | —295(8)
>min{min |A;— | —2g;, min|i~x;] —2¢,} =5 (2.10)
- ] . Ky i - -

and
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and
min [A (%) — A () | < MaX Max {A—Mjs1s Ag—RApua} =D (2.11)

Konk§

thus

wy (1) — g’!ﬂw(f) =y () — gﬂm(ﬂ?’ Nk G=1, ses, m. (2.12)
Hence (ref. [5], Corollary 1)

7 @) a<- , (2.13)
By [4] (see [4] § 8) we have
3@"’(2‘53)(;;@ ) 2upDup(@), k=1, -, n, 1<i<j<n
and
0P(a(t), c(t))

oa(t)
sy (8) Uat () » o Unn () Ups () 240y (£) Uy (8) ++ 2201 () 1ty (2) -+ 201,14 () s (B)
s B 512 (8) a3 (2) + - 219 (%) tna (2)  Uaa(B)uga () ++1aa (8) Uns (£)+~tUn_1,2(8) Upa (£)

Udg (t,) Uan (t) *o Uin (é Unn (t) uﬂn (t) (257 (t) *>Uan (t);ﬂnn (t') e Un—1.n (;) Unn (t)

=L (t). -1
n(né- 1) real matrix. Obviously, we have

oD (a(t), c(2))
10 <2 (2.15)

Combining (2.18) and (2.15) with (2.9) we obtain the esbimation (1.6}. The
proof of Theorem 1 is completed.

Hers L:(3) ig an nx

§ 3. Proof of Theorem 2
3.1. Lot 4= (a,) € SRY* be a positive definite matrix, and O =diag(cs, *++, Cp)
with ¢,>>0, é=1, -+-, n. Suppose that
- w(OA4) =2,
where A= (Ay, ++¢, A)T and Ay > A3+ >4, >>0. Moreover, agsume that
0% A0 =UAU* (3.1)

1 b
is a real orthogonal decomposition of 02 A0%, where A=diag(As, »++, A,), U is a Teal
orthogonal matrix and

. U= ('U]_, Sy u‘l): Uy = (u:U: uﬂh et u'j)r- |
If we consider the A as a function of the elements of 4 and O, and write

JW(OA) = (a, ¢) = (?Fi(ﬂ: e); <o+, Vula, ﬂ)),{l
where |

G = (ﬂlﬂ: ety Qin; Toa, ***y Gony ***y ﬂn-—I-I)T: ¢m= (cl.r iy C.) Tl '
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e

b S A 2

then we conelnde that

© oW,(a, o) Y S
20, o j=1, +»s, m. (3.2)

The relatmnﬂ (3 2) can be ‘proved ag follows. Let

(mi, -, w.)==07“’U Y=(y1, e, y.)=0 ""U
From (3.1)

By Theorem 2.2 of [4] we have '

0¥ (a, ¢) . y{(a(OA)) b

3"-’*‘: ocs 2
{ 0 ------------------ SAsBEEE P 0 \
o S 0
1 1
= TG - 2| Q1" "@i_1,5 1 Jﬂjff’{ji.‘.wjn OE i g 1%'@:’; j.gﬂu (3;3)
| TR ——— 0
» .

0 wenesrnrrne Y

Observe that the decomposition (3.1) means thab

1 _1
ACU = C 20A,
Therefore |

1 _1
('ﬂ'l.!'? ".! a'.f-"—irh 1,! mfrf'{'l.i .“.? HJH)O-EU I O_f fﬁ'i‘!‘t‘ﬂ'
Suba’ultutmg (3.3) we geb -

/ 0
0
oY (ﬂ: c) g -1 ?"{uﬂ
i&‘ﬂj bl ¢; "Mty | T c;‘i’
0

| i.g., the relations (3.2) are vahd

3.2. Suppose that A= (g ESH‘”"‘“ and A= (A, -+, A)TER" satisfy the
hypothegis of Theorem H-2, and é¢= (¢4, *+, ¢,)T is the umque 50111111011 of Problem

M(A, &) in &,. Set O=diag(cs, -+, cn), and assume that OEAOE has a real Drthogﬂnal

decomposition represented by (8.1). Let W (w;;) (u,;) Then We ﬁnnclude that the
matrix W is invertible a,nd | ~

Cwe HEQT;E. g P @
where D is defined by £1.10), and |
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35}}3'=-mi:|:18(“’
8“‘3’ mlnlﬁ.j }ql 2?&.19“ f?}=1, e .

The mvertlblhty of W and :Lneq,ua.hty (3 4) can be prﬂved as fullows Let ¢ be
the 4th column of the n X n unit mafrix, j=1, +-- , % From (1 1), (1.3) and ¢;<iy
(=1, ---, n) it follows that :

ﬂ(aﬁ-ﬁﬂf A,,I)e; |E=c (g'\/a ﬂ.ﬁ) +(ﬂi 34)2“'%‘2@194’)5 | (3.5)
On the nther ha,nd we have *
 [(ORAOE I AD = [T (4= AD) Uk ﬁg:[(x; Mt
=min (4, M)EEW-- T (3.6)
Combining (3.5) and (3.6) we get

2 (ligi) 4
Z uﬂ ]Ill]l (3.; h.i) 5

and

ul— o o | (27*‘15?;)
2 Hﬁ A 2 ;}uﬂ;l I[llﬂ (;\-j - 3«;)2

PR TN
min Ay = A min | A;— A4
e P |
P B . . . s od

Hence by a result due to Varahm from (3.7) we know that the matbrix W ig
invertible and the inequality (3.4) is valid, | - -
3.3. Now we prove the inequality (1.11),
First we define O, &, A(®), A(D and g,(3) (§=1, -+, n) by (2.1)—(2.4).
Utilizing the conditions (1.10) and inequalities (2.5) we get :
Ay () — Ajaa () = (L= 8) (g~ M) +E Ay~ Rpar)
| }23a1[(1‘t)m33{9ﬁ Gir1} +1 max{E;, Efd—i}]_ ;.
- >2max{(1-1)g;+ig;, (1~ gua+igma}
o 22a max{g;(®), g1 (D)}, 3==-*1 snm=1. . . A3.8)
Therefore there exists a unique solution ¢(Z) = (c1(2), -+, e (t})"" of Problem
M(A(), J\.(ﬁ)) in the domain . :
D,(8) = {d="Te;; = e TERY 3.1(#)-1-8?01?62} '>cn¥?u,(ﬁ)i—s}, - K (»’)}s}{}

for.an arbitrary point ¢+€ [0, 1]. By the minimax property of eigenvalues of real
symmetrio matrices and Theorem H-2 (see (1,8)); ¢(t) ds: also the umque golution
of Problem M (A (t), Jk.(t)) in the dﬁmam 612> C9> = }c,. of IF&“
Seb =
O(t) dlag(ci(t) ‘ee, c,,(t)) U<£=<~é1

Aocording to-the definition of j{+), we have
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- —
p(OC@A®R) =A{).
Lot | |
a(t) = (@12 (D), +++, G1a(8), B (E), =+, Gan(£), Tn-1,a(E))%,
T(a(@), c(t)) =u(0@)A{#))
and

P(a(@), c@), A(®)) =T (a(t), c(B))—A(), O<i<I,
where W (Wy, +++, T)T and = (1fs, +:-, Py)T. From (3.8)
M) >2g(B) > >2a ().

Therefore by [4] we know that for an arbitrary fixed point € [0, 1], P (a(®), ¢(¥))
is a real analytic funotion of eloments of a(?) and ¢(¥), and that if

OWYA® O E =T HABT )" (3.9)

1 1 .
is a real orthogonal decomposition of O (#)TA(@)O ()%, where U(f) = (uy(t)) 18 an
n X n real orthogonal matrix and A () =diag (A (8), «--, M()), then from (3.2) the
Jacobian matrix of the function ¢ at ¢(?) is

o (a(t), c(®), A(#)) _ 0¥ (a(®), (D)) _ -
! 3; 5 — 70 t)'t =AW O@) . (3.10)
Here W (2) = (w3 (1)). Accord ng 1o 8.2 of this seotion W (#) is invertible, and thus
20 (a(t), o), (®)

26 () s nonsingular. Hence by the implicit function theorem from
yr(a(t), c(@), A($)) =0 (3.11)
we geb a unique real analytic solution |
c(t) =gq(a(®), A(%))

at (@(D)T, AMET)T for an arbitrary fixed £ € [0, 1].
Consequently, it follows from (3.11) that

de(t) (%W (a®), c(®))\*, 2%, c(t))
da(t) oc(3) 2a(t)

o(t) _ (a_@g@@), () )—1
oA (t) 20 (2) :

and

Thus we obtain

: —n=J: dc(t)-ﬁ IO AORI TN (‘g:)(;)"(*))-(a—a) -g(i-z)]at

and

l5-oli<[ 10@W 4@ (| ZEDE | ji—apyt K-l ).

oa(t)
(8.12)
Aoccording to 3.1 of this section we geb

2 iy | 22, (2) 0. (8) -
'Huct) E@(‘i) =1 I;ii;nl?‘-i(t’)_-—)d(#) I $ @'“1: tee, o

Utilizing an argument similar 0 that applied to inequalities (2.12) we can prove
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R e —

O~ T ®>L =1 . n.
Hence (ref. [5])

W ® <,
M

and thus

|COW (#)~24() ] < 22D (3.13)

Adae
By [4] (see [4] § 83) we have

Wk(gm(t)(;)ﬂ(t)) =2~Nee;up(un(t), k=1, .-, n, 1i<j<n
i

and
eV (‘Egz;)c-(—a—)ﬂb(t)diﬂg (Vei63, *=+, A/c1Cn, V/CaCs) -y ~/CaCry *o-, A/ Cn_1Cn)
=M(),
where L(?) takes the form of (2 .14} . Obviously,we have
. o (a(t), ¢(t))

1- .14
a) T <2,mex o< 8,10

Combining (8,18) and (3.14) with (3.12) we obtain the estimation (1.11). The
proof of Theorem 2 ig completed. |
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