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CORRECTION PROCEDURE FOR SOLVING
PARTIAL DIFFERENTIAL EQUATIONS

Liny Qun (3k #) _' . o Lis Tao (3 #)
{Instituts of Systems Sewence, _Aaa-riemia'ﬂ’inim, (Chengdu Branch, Academia Swnica,
Betjing, Ching) . - ﬂ,hﬂ_ﬂgdﬂr@*m)

The correction procedure has been disoussed by L. Fox™ and V. Pereyra®™ for
acoolerating the convergence of & oortain approximate. solution.:;Ite theoretical basis
ig the existence of an asymptotio expansion for the error of disoretization proved by
Filippov and Rybinskii®” and Stetter™™ (and Bohmer™ for the general regions):

u—=Bo O, T |
where w is the solution of the original differential equation, v, the solution of the
-approximate finito difference equation with parameter b and o the solution of a
sorrection differentialequation independent of . Stetter et al. nsed the extrapolation
procedure o eliminate the auxiliary funoction » while Pereyra et al. used some gpecial
procedure to solve v approximately. | . |

In the present paper we will present a difference procedure for solving v oagily.

" 1. Difference Operator and Truncation Error

" TLet 4, be the B-point approximation of the Laplace operator 4 in the 2-dimen-
glopal case and the T—point gpproximation in the 3 Jimensional osse as usual®™.
Let 4" be the 5—point approximation defined by |

Au(zy, va) = (Su{@1th, Tax B —du(ws, ®2))/ 257,
Su(zyth, wath)=u(@it+h, zg+ k) +ulzi— 5, 2q—h)
. | | 4 u(xs—h, zqe+ k) +u(zit+h, @a—h) |
in the 9-dimensional case and the g-point approximation defined by _
T Bu(es, @, o) =(Su(@ith, zath, sakh)—Bule, za, @) /40
in the 3-dimensional case. . ., et aBFE R %
- laet 8, 5y and 3, 9 be the 2 and 4-point approximation Idéjiii@&*ljggpeoﬁvalj by
| e Bau= (ulzth, ¥) —ulz—h, ¥))/2h, e G EERB S e
Dyu= (u(z, g,f—l-h).:-'a;u(a'rr,,,‘y--—J’z))"';'/Z?J.fJ,”'"'E e
5 u= (u(awt+h, y—h) —ulz—h, y-;h)' |
+ulw+h, y+h) —u(e—nh, y+h))f4h:
3= (u(e—h, y—h) —ul(e—h, y—Fh) |
' tu(e+h, y—h)—u(z-+th, y+h))/4h,

= L AT e

* Recoived April 27, 1983.
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The tranocation error will be

(4 A)u-=——- By(w)+03Y, . F @ (1)
(- Du= L Bya) +0O(R), L ®
e
| ( .___) u_=____ E;(u) —I-O(h*),.: b B o B (4)
(a ~ = u=-——-Eu(ﬂ)+O(h“), ®)
. (a_;‘—-gy—)ua,—g—; BGaO,. .« oo, W
< T s e # &
with Ei(u) 2T 3&:4 Eﬂ(ﬁ);. E _39:_? % Gif.j 3&3? '335‘;‘ “
2 . .h a ., & &
Ba(u) == Au — e Wu, Ei(w) T A g e B
B oz e O > Y, :, o o0*.
Eﬁ(u) — ﬂu—l—z % o7 Eg(u) =—— du+2 o 5% U
o have * o G -2,0,—_~E1(u)+% E:(u)#dﬂu, ()
2 B+ Eﬁ(u)a—a— t, (8)
2 B + 1 Bwy=; 4. ()
2. Second Order Elliptic Problem
Consider i ; Q B e £
2l ue=¢g ondl | %
sin O with boundary Q. Suppose that @ congists of

in the 1, 2or g-dimensgional .dom
some ggnares in the 9_dimensional case and of some cubes

ond that the solution  is smooth en.ough and
Fu() =file, %)?fﬂ
Consider the ﬁnlte differénoe solution a,, deﬁned by
: ;ﬁhﬂiﬂf(ﬂ’ w): in _Qiu
32 , 11)

deﬁned by tha 11neamed ﬁmte diffarenﬁa equatmn

in the 3—d1men510na1 case,

and a correotion solution @a
in Qh_,

(fi—faln))or=F (@, 1) ——fi(muﬁ-—f;(wof(m )

Pr=g f(ﬂ’ g) on o,

with lattioe domain £, and. the boundary 20, of Q; dofined as usual®®.
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Proposition 1.

%u‘h é IPJ;"I_ f(ﬂ: ull)=u»‘+0(h4) -in Qh | .. (13}

- Proof. m |
wm—u=0(F*") in Q,
by (11), (10), (1),
(dh—f1()) (lp—w) =f (@, un) —fa(8)vr— Aa.u+f 1 ()
= Mu— dhu+f (2, ) f (2, ) <f1(u) (ta—1)

et E1 () +0(h‘) in 0,

Let v, be the solution of the correction dlﬁ'erentlal equation
5 (A—f1(uw))v=FEi(u) in Q,  WE WA . (14)
w=f(z, g0 ondl |
for 4=1 or 2. Assume tha v; is smooth (see [13_]):.' Then

(.d;,-—fi(u))(m M—I-Tj- '111) % By(w) +%(An_—f1(ﬁ))_*f;ﬂf0(h*)

o — — 2 By() + 1 (A= fa()) o +O(*)

=O(h4) inﬁl_,. 5

hﬂ
Uy — %] 15 v1=0 on 982,

and, by the maximum principle,
b |
ta—tit T 0= O(K) in Gy, (15)

Lat w be the finite difference solution defined by
(4, -fi(u;.))uwf (2, w) —f1(th)un In O,

' u;=g—ﬁf(mj g) -ﬂn.aﬂﬁ.
Than by 2, (14), - '- - .

(Mi—f1(wa)) (u:« —u) =f (@, u) —fi(m)u;. Autf1lum)u
= du— ﬂ' u+f (e, ) —f(o, ©) -*fi(wx) (ﬁa w)

iy Eg (w)+0(A*) in O,

(16)

(A'—fi(w))(urw% u,) -0 i 2
i AR : hﬂ : 1".’- Pad o f!.t:,;;
"'"'H""‘_ ‘Uﬂ‘“n onk 39;

12

and, by the maximum prinmple

'hﬂ | :
G-ut 7o 0=0@F) wo, . 1D
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Comhlmng (17) Wl‘lih (15) we obtain
21.6 L e ud B2 w%O(h‘) in Q
g s th— U+ 5 i
2

“with | W=7 'U1+—-3“'Ug

satistying, by (7),
(A—f1(5))w= % By (u) + %Eﬂ(u) T

w=f(®, g) on 9L,

Set |
w=2Jdu+z=f(2, w4z,
Then (A—f1(W))w=(4—f1(w)) u+ (4—f1(w))z
- By f1(W)f (&, 6)+(4—f1(8))z=2u in &,
w=f(w, g)+z=f(z, g0 on 9L

if z satisfies |
(A—f1(w))z=F1(w)f (@, w) in &,
z=0 on 24,
We DOW consider the finite difference solution 2, defined by
(Li—f1(u))=F1 () f(, ) in s, (18)
Zn=0 on 39;, : &
Since

(42— f1(w))e= (4 — Dz+ (Fa(u) —f1(u) )2+ f 1(u) fe, ©)
= f1 () (2, u) +O(H),

it is easy to see that
Zh“ZHO(hﬂ) in Ql,

w—f (&, 4y) —2=0(A") in O,

Hence -g-u,.—f-% u;-—u+£ (f(m, wa)+2)=0(h") in &,
and then (18) results from (16) , (18), (12) and
1 1 o h?

e PR

Remark 1. For the Lajplane equation
Ju=f in Q,
- u=¢g on-oLd,
i.e. f(», u) =t f in (10)JI then (11), (12) become
An'um'“f in &,
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respectively, and (13) becomes™
2wt g otz  f=ut O in 0y
Note that 4,, 4y are & {—point and a 9-point a.pproxlmatmn reapecﬂtwely in the
3-dimensional aaae We should mention that Bramble™ hag proposed a 19-point
approximation i in the 8-dimensional cage and a differsnoce solutipn U defined by

: ?;U}; '=f+ f i].'l th 5
Uh-=g- - O 39;.
Ui=u+O0(h*) in &4,

and proved that
Remark 2. Let

— ﬂﬁ—%éﬂ' PN T (19)

e the 15-point apprﬁxinia;tibﬁ' in 'E‘EB_L 3¥dimanéi0n'a,l ‘oage and U, the difforenoo
solution defined by ' ' '

E.hUh=f in Qh]
' Toh - I
I4 is easy fo see that »
gh+—f=ﬂ+0(h‘) 111 Q"’."

Remark 8. In the 1-dimensional case we have
d?

M= —— U,

Ayp = A= 8= (ru(x—h) — 2ulx) +-ulz+h)) /13,
and then the correction solution ¢, in (12) splits into

i 2 : :
?’n“urf“'};—_ﬁn,

where 2, is the difference solutmn of (18):
(3 "'"f 1(up) Yo =f1(wa) f(, ‘Uﬂn) in Qn,
z=0 ondQ
and Proposition 1 becomes

U + —(f(ﬂ’ Ux) +5n,) =“+0(h‘) in &, -

3. More Géneral Elliptic Problem

For simplicity we congider only tha 2—d1men.smnal lmaa.r equatmn
Tnie= du— by — oty — it = f in 42,
S =g on 80y
with ¢>0, and the mrrespond_mg diﬁemnﬁe equa.tmn

RSl

1) SaaIunQunandImTao Thammbmahpnof appronmata aolutim for aoclerating the convergence,
gubmitted to RAIRO Numer. Anal. -

(20)
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Lﬂh=dnﬂh bS,u; cﬁ,,u;. d’&h=f iIl Qi‘-}

Up=g oD B.Q,, (5
and a correction difference equation daﬁned by
mn—ﬂm“bﬁnm cﬁ:m cﬁ;vn P | - Al
~f +-—- F(up, Sattn, Ogtin, Boslin, .am,,u:., ‘Swuh) in Q, (22)
.r-g - on 92,
with the right hand Eldﬂ | MR BT ERT .
F (U, Us, thgy ey Uryy Ugy) = (A 2 _—2c—)(bu,+w,,+du+f) (23)

in which there appears no third derivative. For instance, if 8, ¢, g are uunﬂtants
F = — (b%tpo+2b0Uzy+ Ptlyy) + Py af + Af,
Proposition 2. | | |
2 it L pu=utOR) 0 0 (24)
Proof. Sinoe, by (21), (20), (1), (), 4, '
L,,(e;‘ w) = du— bu,— c-u, A,,u—l—b&,u-i—ﬁ,u

h?
12

Let ¥4 be the auxiliary funoction defined by =
Twi=Ei(uw) —2bFHa(uw) — 20 E(u) in Q,

Ei(u) +— 0Hg(u) —l-— cHi(u) +O(h") in &, . -

95
v1=0 0113@_ S ( )
Then, - =
BN B IR S A P
Lh(%;,“ﬁ“l‘*i-é- @1)== —ﬁ' (E:_(ﬂ'r) —2bE3('M) —2GE¢(1£)) -+ 15 L;,.,‘T}_I_HO(JI- ) .1]%1 Qﬂ-;
- |
T u+—]%- e.r1=0 on 3.(2‘,.
.and, by the maximum principls,
p — v+ % =G wmO @ - T (26)
Consider the difference equation defined by
ah=f in Q,,
i & (27
5 ‘l@n"-'g ﬂnaﬂn "
and the auxiliary differential equatlon o
o a0 mad, -
'I.?hﬂn by thea&mareaaon, AP | e o B R
- e B (99"
eebvedliniie. sl gy naty u;, Moh T e} O(k) s Ql': By & w. WS {-‘;1(29)

2 Oombining (29) with (26) wo ol'rlsaln T e TN ET
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2" 1 # hﬂ o 4
Eur‘“‘—g"”n““ +“i‘§ w=0(A*) in Q,,
with . 'w-=%‘l’1 .i_-l,; Vg

caistying, by (), (26) M, @), 9, @),
Jap = Ay — 2b Mty — 2080y == F (U, Uz, Uyy Yrs, u,,, ugy) in 8,
w=0 on Bﬂ'
Wo now consider the difference solution w, defined by
- Liwn=F (tin, Oaths, Ogtin, Oustin, Osyla, me) in .ﬂ.,
=0 on 80, | '

(30)

Note' that from (26) we have

St = — 2 52020 (%) = OB,

g W : g
" ey (ta =) = — 2 B,y3+ O(h?) = O (")

and dy(un—u) =0(%%),
| Os2 ’Hm—U) =0 (h’) ’
g ¥ Syy(ta — 1) =O (%),
Therefore it is easjr'to prove | .
wy=w+0(h*) in&h,

Henoce iun-*l-lu ——u—l—-ifw =0(h*) iInf
7 3 B iz " "
and (24) results from (27), (80), (22) and

: 3

Remark 4. The nonlmea.r problem
Tnt=du—f(z, u, s, %) =0 in &,
y=g on ofl e
- can.also be treated by the same argument. Lo

4. Another Correction Approach - B
“Oonsider again the elliptic problerﬁ'. (10). We suppose that there exisis an
apprummate solution ua which possesses an asymptolio expanﬂion | |
t&—u+h’w1+h q:,-l-O(hﬂ) FRER Fond T

1!|.|..~ I.l_ aeee - a
; SR
] 2 i H . 3 ) g - -

50 .-_i;];a-l-..wa will have

6=#-3-m“h“‘“smm +O(h’) - f’*.‘}; (31)
For insianoe, u, may be the solution of the difference equation {i1)’ obrresyondmg to
(19).. PR

Eiarting from u, we define an sterative ﬂormnon soln’swn uy which mh.sﬁas the
linearized difference eqnahon Sl e, (D) A e (0 el N T
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<A.-f1<u>>a,.=fcm, ) —falmn +L5 Fiun) Sy )

2 alall a’j.jui 1]1 th .- : | : (32}

<]
‘l-fmﬂg- f(m, g) on o,

We remark that in the 1—&1.1113113101131 cage the assumption (81) will be satisfied .
automatlcally and the difference equation (32) 'mll be reduced 1o

(Bas—F1(un)) =1 (z, 1) —fx(m)m-!— f:.(u«)f (@, wa) In Ly,
1—3;=9,‘—1—2'f(#’: 9_'_) - on 391;5

where u, is any approximation with second order soouracy.

Proposition 3. o

uh+ f(a: ta) =u+0(H) in . (83)
Proof. Since, by (10), (1) . (3D), (82), '
(dy—J 1(@,,))M=A,M'—du+f (m, w) ""f 1(151)“

e (2 F s +1 (@, 0) —F1(0)u+OR)

w2 (b Faln)) i+ faen)
e S a1 @, )~ falan)u OG)
. -=—h—s-(ﬂr-f1(m))f(m D+ fu) @, w)

il E Oz, alﬁ:“i'l_f (z, 1'51) ~f1 (u‘.,,_) Up

< f

e (f (@, u) —f1(tw)u—F (@, wa)+[1(t)a)+O)
’%(ﬁr—fi(ua))f(w, &)+ (h—fa(w) )i+ O 10 2,

‘H:"“"—-— f(m ﬂ') ﬂ-h=0 on 3.(3;,,

we have, by the maximum prmmple
uu-——-f(m u:) u;.r—-O(h*) in 2,

and (83) is proved. -
For the general problem: (20) we can define the iterative correction solution Ua

by
" 3 |
Lh Uz ==f —I"L (bﬁ, 3“!&-]—05'3“ uﬁfaliaﬂ# 1't’?l)
+—ﬁF(m, 3,:&, B,m, rﬁﬂm, Bextins Suth) inkh, —_

AL Eie sonnis 2 e
i m=g on 98,

T s A A e
2
i ..'.I:h :Hﬂ'.-‘-‘ -\.:' - L P
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LT

where P has been deﬁned in (23} S B \ EYTmy
Pmposltlon 4. | [ e R
Ty=u+O(hY) in &y,

Proof Since, by (21) ,F (20), (23), (31),
Ly o=y u— du— b(a,u-vt&,) d(ﬁ,,u—'u,,) Af
b '(Af’u Eusm) “—b(ﬁ% %m) o F c(Au,, u,,,.') +f+0(h‘-‘)

3

mLhﬂl-i"O(h&) 1].']. Qi
e u—m——o on 94y,

the pmpomﬁon follows by the maximum pnnmple

Wo remark that in the special case
(58) -b=g=0 .ond@ - .

the definition of u, can be s:mIJhﬁed by | |
In, u;.==f+——(b§, aw“l"‘ﬂay 3,,1.&;. 3# 8,,,1&,,)

X 12 G(ﬂm S, Oy, Sostin, Oogtin, Sptn) I (3

i 3 ,
ﬂﬁy-.—%(dg+f) on 26 -
: | o s 9 , B |
with Gy, Us, Uy, v, Y uw>==(b,.-§;+c..-§y——d) (by-+ctty+ du-+f)

and P1'0p0511310n 4 W]ll become | : |

In fa.ﬁtwe have | |
| i,.u-=l‘i(a— b—%———c—% d)du - ; (b*%w -%--— ) d

15

+—6-(M+mw—um)+f+0(h4)

-%Lhm#-L,.E,.—l-O(?ﬁ) iﬁﬂ,,_; o
h? A

Y—— Lu—t=0 © Bﬂ
. 19 ’"’ﬁ D oléy,
# neilola nolPte ¢ - 5. Eigenvalue Problem - - - "o

Oonsider
kﬂ*" M-i-(%——p)uﬂ(} in.Q,

;o sk
" - u=0 onaﬂ
.-.{.:}1 H {f‘ﬂi ‘%MH-;_(J

(34)

with p=0 and the s;u;uallaﬁi algen*&;iﬁe 3. a.nd fhﬁ ﬁorrespondmg eigenfunction u

normalized by . . g
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@ -u->=j w?=1,
K Q | |

in the 2 ﬂ.nd 8- dimensional cages.

Clonsider for simplicity the 9 or 15-1}0111%. apprommatmn h' defined in (19) and

the corresponding difference eigenvalue problem
DU+ (Aa—p)U,=0 -in 8,
Uh i 0 011 39

with the smallest e1genvalue Ay and the ﬂorrespondmg mganvector U, normalized by

(Us, Un)n" h"‘Z U, (@) =1,
where =2 and 8 in the 2 and 3—dlme:nﬂmna.1fﬁaseﬂ respecatwely

5
s r . -
AT S O

Lot @» be a correction solution daﬁned by the linear difference equation
(A,,+.A;——p)gv;.—-— (A, P) Un ((AH“P)HUM UhUs in {h,

i ? e 0 OIL Qh; B
('?’h Ul) S Ah ( PUL, Un) ke
Proposition b, | S "

-Arl‘ D] ((An —:EJ)HU;, U1)1.== ﬁ.—l—-@(h‘)

U:.+ ((29 An)Un+¢n)=:'ﬂ«+0(h‘)

Proof. Set P P
* UIF‘U;/ ('u Un)n. g Bl g

Then U, is an elgenvector of (35) with a mnvemanﬂe normallzatlnn candl’nmn

' (H, UII-)!»"'—h 1,
" Consider, by (&), (2),

_ Computmg the inner produoct of both sides with T, and nﬂtmg that
| (Ca+ Aa—p)w, Un)i= (x, (O+ A2 =p)Us)s=0

we obtain by (40)
o S i CRIE & o 7
A=t 2= (Bw, T)=00),
By the usual estimate .
U;=u+0(hﬂ), U;. iu+0(h’) A;,-=R.+O(h’),

and noting from (34) that = ..v o -
Au#.(p—k)umo "'611 aa |

: 1. "
g A - i ety P
't'-s"li e -.: ;

we have
(A’u ﬁ;);ﬂ (ﬁ’u u)rl—O(h’) (A“u u:)+0(h’)

= (s, Au)—%-O(h’) ((A— —p)y, u)+0(hﬂ)

=((An“P)’Uh Taa+O(B). .

Then (37) follows fmm (42), N e

(Clat Aa—p)u= (Tl -—A)u,+(Aﬁ—2.)uh= A’u—!—(Ah WNut+0(EY)

- (86)

(8D

in Q,,

Far {i Y

(88)
(89

(40)

(41)

(42)

()

P
B I
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and letting v be an.

.

Sinoe, by (41), (48),
(Fh“‘i’ln )“*—“(-An 3-+—‘"'"(‘dﬂ”- “))‘F
' {Aﬂud (P, )+ Ok

B Bu— (B, 1)u) +O(R)

a.umlmry function defined by

(A+I’u—p)w==d’u——(d"u U Y 111.Q
il ot | p=0 ondR and (v, w)=0" )
wo have o # |
(E],,+A,.—jp)(u——-f—§- ‘-U_—_ﬁn)'l‘( n_+Aa“"P)Tf .y
13 s e ] h2 D e e e
_?(d+l~p)w + —ﬁ(d+ﬁ.—_‘jh—fl;‘)v-=.q(ﬁh*) in s,
. B’ = e -
;I < Set gr=|u—Uy— -—1-5-'!?, U;.);—”—O(\hg).,_
- X
'w;'“-:ﬂ—Un 15 D — 8L,
We have (s, ﬁx)i."‘ﬂn“ﬂn(u, Ui)l-=0:
([ + Ar—D)r=000) — 83 (Oa+ Ay —p)u=0(%)  in G,
I-"e : 'wlﬁﬂ on 69,,_ | |
Hine 8= {w: (w, Us)»=0}
and noting that ((Ja-+ Ay—p)~* exists in § and is uniformly bounded:
: 1. g | G

H(D3+Ah—1])_1|l\l= A%_A% }}?__3.11

where D{ikskl-ci?u’%m and A,=AL <A} <-:- are the eigenvalues of (34) ‘and (85)

respectively, we have

A 2
=(1—s,.)u U,.——_% p=0(K*) in .

Computing the inner product of both gides with « and taking ! mto account (D],

Lemma 24. 9)
(u, w)r= (%, u)+0(h*) ==-1+O(h*),
(v, wr= (ﬂ? u) +0(h*) =0(A%),-
we obiain Z_L—s;,==1+———(¢u u);—I-O(h"') 1+O(h“), e

hﬂ
12 ‘U'I"'O(_h‘) i]l Qh

Computing the inner product of both EldBﬂ Wl’bh U,, and noting that
(v, U;)aﬂ (v, v O )= (v, u)h-{-O(h’) =O(h:)

SRS = N 1“‘(Uh Ui.)rl'o(h‘)
d:ﬁu’(U;, .U.)f iU/ (140 (h*))f- ﬂ:ﬁﬂ—ow)

R Jrﬂ 4

'II'=U;+

we obtain

Then, we have, by (45),
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T ﬂ : , z =
u=::U;.+hﬁw+O(h*) e TN ., R (4B

where v is the solution of (44). Set S |
*v=...d.u'+g: | T (47)
with @ being the solution of |
(4+A-p)p=(A—p)u—((A—p)%, Wu 10 Q,
p=0 ond2 and (p, w) =A— (pu, u),

Then we have .
(4+A—p) (dut@) = Bu+ (A—p) du+ (A—p)

— ((A—D)%, W= Ay~ (Lu, wyu in Q
Mu+p=0 onol, (dute, u) =0,
Hence (388) follows from (46), (47) and the usual Bstlmate

%=¢+0(hﬂ)
Weo remark that in the special cage
| | p=0
wo will have @,=A, Us, and (87) and (88) then reduce t0
g dyt- ;‘2 2 A+-O(hY), (48)
U e :I:u-{—O(h*) in &, ‘(49)
Furiher, we will have a ﬁn:l;h order approxma.tmn -
Proposition 6.
‘1“'_"(‘4‘ ] ‘42) 360. 4 1hso A3 Us, Usha=2+0@),  (80)
| Us+h* gp=1u/ (4, U?‘)‘"”O,(hﬁ) in Q,, (b1)
where @, is a correction solution defined by -
e léﬂ A (82530 Us, Un)aUsn—8::8yyUs) In h, (62)

fp;’=0 0]1 BQ,. | and (??ﬁ,_, Ul);==0_
Proof. Sinoce | |
.(E,].'["'Ah)%ﬂ xth— Au"l" (Aﬁ—?h)tﬁ :
.. A’u+—~——(ﬂ%+2ﬁuﬁw)+(A;.—-z.)u+0(h“)

360
gl 23 A s i 8
(12 180 a—wf agﬂ 27 T4 3‘)“"'0(“ in &, (63)
compuﬂng the inner prodnﬁt of both Eldea with T, deﬁned in (39) we obtain
3 . i Dl
Bl B B Motaam, Tat da— 2= 00, (69)

12 360 . - 180

Then (B0) follows from (48) and (8L, -
It follows from (563), (54) and (81) that
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. hﬂ q k , 2B h‘! 1 |
7t At

" 180 T

180 Al (.33.1: Bw Ulh UI-) hUh 1};0 A; 5 Sﬂ U'n 4 O (hﬂ)

==h*(:u+mm+0(hﬂ> in O,
 Note from (49) and (52) that

or= (= Ty= Mgy, Ty S1— o, ThHOG),
L i O e 4
" Oy O o OO0,
1= Uﬁ)hw(hﬂ),

((L—sa)u—Us— h‘i’:a Un)r=0 B e :

and  ([Oa+As) ((1— ay)u~Tx—kips) =A%) — 83 (C ;+A,‘)u—-0(h‘) in Q,
(L—-ayu—~Us—~kgr=0. on 3.1'3‘

Then we have (1 B;,)umU;.—i-h* ;+O(h“) in Q,,

and (51) is proved. ° ; o | |

_We mention that a sixth order approximate eigenvalue has been obtained by
Birkhoff and Fix™ by using the spline ﬁ:mte _glaq;eqt method N

6. Fourth Order Ell:pttc Problem

The correotmn appmaﬂh is alao eﬁ' eatwe fur the fourth order pmblam like

a‘##; —f (m H %6,, uss) (G 1)
u=g¢y, =g, on0andl,

Let u;,. be an gpproximation with the property
' | Bﬂu;=u,,+0(h’)
and the correction solutm:u defined by

Sl (F5Y —f1(Us) e 2(U») 0p—=Sa(Un) 8#);‘1
= Hf(Uh) '._fi(Uh)ur—fs(Ui)a:“h—'fa (U;)ﬁﬂ!& &

+_ fl(Uh)astuh l ' = fE(Ui)f(Ul) iIl al.r

: i hﬂ o e i
I o ﬁr—.g.i —-—-3;;!.6;., 3,ul==g, on Oa.ndl, S
: *-11-.. 7—.-5:': E‘t.}{} g};fl!- :_'.'11‘5{-; A :'. - "E-I.L 6 o : _‘ -.f"'q B |'t- i LAty

where o T ~£ (@, ta, ., But),
| f LU = Ful®, Un] Sotts, Buctin)) :
Ja(Us) '“f v (%, Ua, ,1;&,,, 3,,!&)’ P SEERIRRL Y
f E(U;.) = [ (T, th, Bstha, ﬁuttm) L A

e TN Y
'-.m"‘\- v : B B R | ‘} % :‘_
[ Loy : | L .\'\. :
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Proposition 7. - - |
P ® ooy mE ¢ @D
Pﬁiﬂf Smee ¥ B e ow b o B Rl few Lo |
. L;.u== Bes Bes u—f1(T) U= f2(U) st fs(Un)Bee
=8, Das U ttgams+F (U S (Us) = F1.(T) (8— th) o i
— fq (U») (u, — Oatn) "f 8 (Uh) (“ﬂ':' aﬁui)
+f (U») —f1Un) i "f 2 (Uh)as'u'i ~ ¥ (Un) 3:: Un

- =fa (Us) (5,,1!, Wz) —F3(Us) (ﬁﬂ% —Ugg)
B e = 13U taea = S Fa TN e
+f (U») _f 1(Un)un—F 2w 3:'“7- —f3 (Us) Bﬂm +0 (hi)

j__fglg('%T—fi(Ul) _.fﬂ(Uh)""‘" “"fﬂ(Ul)""—*) .
"1"—""‘ F1(Un) thes +—'fa (Un)f (U) +f (Ui) —f l(Uh) Uy :

‘f a(Us) S,u,.—f S(Ua) 3::%.-1-0(7&"‘)
6 Lﬁ.ﬂﬂ—l_Lhﬁh_l'O(h*) ,1]1 QM I-

A
: ,_5._._?3'.?_ %ﬂ_uh=0(h‘)’, ~ (u-—-% u,,—u,,)=0(h*;).. in 0 and 1,

6
then, if Ly! is uniformly bounded, we have
_ . e oo
u—% um—u;.-—O(h*‘) w0

and (B5) is proved. '-

We would like o mention that the above analysis is crude and we must freat the
curved boundary cage to which Bohmer™, Bramble® Marchouk and Shaydourov'™,
and Weinberger™ have already mada J_mpnrba.nt mntnhutwns

Acknowledgement. We wish t0 tha.nk Dr L111 Ji la—quan-——some Galﬁnla.tmn was
done jointly with him, -
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