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A FAMILY OF PARALLEL AND INTERVAL

ITERATIONS FOR FINDING ALL ROOTS OF

A POLYNOMIAL SIMULTANEOUSLY WITH
RAPID CONVERGENCE*

W aNG XING—HUA (.I.-H-iF) ZHENG" SHI-MING (,'qz-,;:a)a)
(Hangshou University, Hangehoti, Ghm)

Abstract

This paper suggesis a family of parallel iterations with parameter p (p-ul 3, «) for finding all
yoots of a polynomial simultancously. The convergence of the methods is of order p+2 The methods
may also be applyed to interval iterations.
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Expanding the determinant in the first column, we see that A,(m) ‘gatisfies the
following reoursion relations:

4@ = F (~1)"*0,(0) 4. @),
which are called first recursion relations. To find a gero of equatidn;

f (ﬂ?) o 0:
a famlly of iteration method
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has been disoussed in [1], where p is any poditive mtager. The method 18 of order
p+1 if the zero is simple. The special cases of ihe. .method. i:mnta.m the well-known
Newton iteration ‘(p=1) and-Halley iteration :(p=2). From ‘the first recursion
relations we see that the method is conneeted Wi‘ﬁh Be;rnoulli’s method fﬂr ﬁndmg a
root of a polynomial On the other hand, if we write o',-m 'l-.he methud

[ (@)
becomes immediately an-opiimun ﬂeeking method fnr ﬁndmg £ minimizer of f (w)

which ig the same, as the mefhod of Hua and E.'ia.m in’ evalua.ﬁon and rates of
convergence, Obvionsly, th& Ine’ﬁhod may be appliqd,iﬂ) the nperato;: in the Banaﬂh
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spaoe provided a suitable arrangement for the computed pattern is made. |

In this paper we will transform the family of the methods into another family,
~ whioch can help to find simultaneously all zeros of a polynomial, while its order of
convergence is raised by 1. Moreover, we show that the family is suitable especially
for parallel end interval operations.

First, it is clear that the generatm.g function of 4 (m) is f (@) that is,

i flo—2)”
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Using Leibniz’ formula for .
2 _f@ f(m) f’(m ,,-)
% @9 Fe-9) f(w—z)'
we obtain
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Let z=0, We bave the recursion relatmna

4,(z) = ; rgl”ﬂ (@) A:{—# (),

» -1 f (:L‘r'-' Z) ( 1)::-—1 ff (ﬂ'ﬁ) (»—1)
— %) = =15107~ Flo—z) lee =D (f(m)') '
which are called the second recursion relations.
If () is a polynomial of degree N, we have
Jlzy <H_ 1
f(=) ¢=E1 x—E&;’
where £y, -+, £y are all zeros of f(x). From above, it is seen that s,(2) is the sum of

the terms of power » of 1 i
r—&

N 1
Bt ey ey
Also from f(a.:)__=n '1 _y

f(:l: —2) =1 4 E 4

it is seen that d,(«) is the Sum of all hnmogeneous products of degree p of = L g . We
Y

denote it by Bell’s polynommls Y,,(zi, - z,,) in terms of s,ns,(as) as follows (so0,
°. g., [3] T4—84). | N
4,(0) = - Folts, 3, 218, =, (p=1) 1) 2B, o, 30, 30,

Using the second recursion rela.tmns of A,(m) oT Bell’ﬁ pﬂlynﬂmmls the expressions of

; B, =B (81: sﬂ: sy 89)
for p=1, 2, ++, 8 are as follows:
- v Ba=sy

' Bﬂ-=l 8g % 3{.
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Suppose now that
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7 (@) = (o—E)51(@),
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By Leibniz’ formula, we have |
by () = (@) — 2 m(;)
'I‘herafom £ gy dpo(w) _ - e.- 1 2 r','N_

(m) Ap.i(ﬂ’) " :
A,, (m) ma.y a.lm be computed by the first and second I'BG‘III'BI{}E relatiﬂns and by
polynomia.ls B Especia.lly_, the expressions of v. % 1|(m) by polynomm]s B are

A"i($)=Bﬂ(81rh 3‘2:1: 4 8”1‘)] .
ey @ L bocgs webiipaaitiay c s B
where 8 p.i(?) g (a: 6;)’" :

whence we obfain

owmE Gl e S S R BT = Fi s
. - Ap_g(@ e W
ei“m ——— 1( ) ; . . L vy




'?ﬁ.

No. 1. A FAMILY OF PARALLEL AND INTERVAL JTERAﬁeHs...

Thus, we have a family of the fellewmg iteration method for ﬁndmg ell zoros of

- f(@) simultaneously:

: :mfﬂ‘l‘l} _— msﬂ}

i 2, e W WERL
In Appendix A we show that the order of convergence is p+2 if the zeros are simple.
Bpeoifically, letting - p=1, the 11:ere.1;1011 methed of E: 1r1iehm is ebteined: -

g s Yo
n+l) {ﬂ} = : — e
"+ = g -f'(,{pi:"})l‘_ y T ;.:'?: 1, 2 N ﬂ-ENo
: f (Q:E"y) - é mﬁn} z(n} : -
which is ef erder 3 if the zeros ere eu:nple Leirﬁmg p=2 we have a New methed
: _ 3 f (- Ry o _
o s f(mm Sy 8 i .
T T EY =@ @y )ﬂ I ’
5, ,E; ) — muﬂ E (@ — m{u})ﬂ

f(w&ﬂ*)*_ﬁ"' &
¢=1, 2, -, N; nClN,, .- . -

which is of order 4 if the zeros are mmple.,
The family may be applied to parallel operation, and is suitable speelelly for a

vector computer. We suggest that the computation for 4,(). be pregreesed h}f the

first recursion relations; but for

4 [}'h ﬁi]“Bﬂ(E ﬂi;"*ﬂ’:‘ _ ;3(% mf)p)

 Fued

f;(m)=f¢(a: $)=H($ m!) | x“ (mi.r T mN)T.I
.f-r'-i . | ; it

where

by the eeeend reoursion relations if p is lerge
The family of the methed ey be eagily trensfermed into the interval 11;eretien

(n+1) o m“"—- | ﬂ—i(mf“}) i
* 53 P ST —
Ay (5 p 2 Ty W"”’ *s % (min}__._'ﬁ‘?}n})p
: -®_=1, 2, 1;4.-., N: _g_EN‘u', . '
where W{®, --., W are igolated discs with centers =, -+, ay, and eentein €1, =2, Ev,
respectively If p= 1 thle ig the methed of Gergentlm and Henrici®. If p=2, we
have - . 5 HN gl Tem, g i G |
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g=1,. 2 -, N: nENo

This method;’ with the same ‘order- ef eenve:rgenee, i8 e1mp1er than the ‘method of
Garga.nﬂnim We will dlﬂt}uﬂﬁ the preperty ef the eenvergenee for this method in

a.nother pa.per
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Appendix A. On the Orders of Iterationf unctions

. The iteration funotions, proposed above, for finding all zeros 1, ***, &w of
polynomial f(z) of degree N are actually N-dimensional veotor functions of a
veotor in N dimensions. For &= (&4, --, Zn) T the components of the vector funotions

(&) are

. ' dp-:;(ﬂ’t) : o
'Pl(w) == iy N i N 1 2 - 'I'El.r 2: = N,
4#(51)_Br (E P i E _(a::-—m;)" )

For the asymptotic property of o(x) at £=(£1, ---, &x)¥, we have ‘the following
+heorem. Aoccording to the definition of the order given ‘by Traub™, the theorem
jmplies that the oxder of @(a) is p+2 if the zeros of f(2) =0 are simple. o
Theorem. Suppose that £1, -, £y are distinct. Let ey=m—& (4=1, -, N).
Then hold the asymplotic formulas
@) e B 3] il o,
1 (Gl

Y= [ 1

for ¢=1, 2, «++, N when a&—> £ -
Proof, Let Fo o, 9)= ’(,; ﬂ,_]: 5 5 % (m_ly;)r)
for s, yl¥, We have
O P ES v
el O XU
I = s A ow 2 e s pr v

The first factor of the right member above is olearly e¢;. Now we oonsider. the
numerator and denominator of the second factor snocessively- |

Firstly, we consider the numerator. Tt is known that Bell’s polynomials ¥, (24,
..., 2,) have the differential property:

3_1_’:!(21, .ﬁl_(f)yw(zi’ eee, ﬂ”_,)j 1<p<p,

: | _ 35"
which becomes - R |
By, e, B B ) L gy e, 0, 1<0<p

for the polynomisals | - |

B =L, B, DT
Therefore . | . * o

& N UE g ¥ _
2&5%_21—;?”" (F;:% - "l'ﬂ: T 2y (m"-lﬂf)f‘_)'.m

; . i .
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Expanding the functions F,,,;(m;, m) of several variables in ’I‘aylor geries, we ha.ve

Fri(mh ﬂ.'-') F:P-i(mh f) N; -FII mi(mh f) (m ?)y-[—l :

Soid

if ar—+§ OIearly, |
Fovi(m, E)>Fyp, (&, §)=45-0,:(£0).

Henoo Py, @) —Fp(a, £) ~; 5 sl
Next, we ﬂonmdar the danommator We have
X .
fla) o
A:P(mi) NE‘ 7

o, ®)=0(1),
()~ Fis(on, @)~ %,

(ﬁ 2 (g:—-rg({‘) 3;)(1"}'9(1))

i) — €= —LE

if @ — £. Thorefore

Thus, we obiain

; a?(1+o(D))
3 e aB+1 d(g l) —
ﬁf E E (fl é-j),,+1 6I (1+0(1) ): & E.- .

Appendix B. On the Algorithm "uf lteration F ﬁnctions |

In Appendix A we see that d,(a)~ (a:; £:)~%, wheére &; is. a zero of polynomial
f(2). Henoe overflow happens frequently. Therefors, it is advantageons to introduce
a factor u(a;) 2, which is the same as f(ay)~? in magnitude. For example, let

- S (@)
wlen) =y
ﬂ': (ﬂz‘;) =U (@;) Ty (:.‘B;) P I:f!i;}r((mﬂ:‘)) F)
1 w(w;) 0 |
o3 (mi) 1 w(@;)
4, (%) = . "
oh-1 (a:;) O3 (m;) 1 u(a)
op(@)-os(my) oz(a) 1 |
1
&nd IE'IF - rfi(m) 2 (mi wj)r 3

- Jud

l-';’l (m) ’(31,1(¢) sﬂii(m))-
Then the cﬁmputaﬁon of the 1terat10n ftuwhmns

1 ()
@) =) e S s

is sta.hle For the conorete algorithm, we suggest the following: |
s sk ;:-Li- ®(g) in wu(z) and a',(a;‘).(p==2, -+, ») be computed by the fasi
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algorithm of Shaw-and: Traub®. g R
2) 45 4 (m;_) and .,d_*(a:;) be computed by recursion relatmns o
4; (mi) g( u(a:;) Yt (a4 n(mi) y =2 3 » Dy
| ﬂo(ﬂl’l) = A7 (%) =o1(%;) =1, GE

8) The trlﬂ*ng“lﬂ‘r mﬂ’f’m ( a;i = @ )1-:i <N

ocomputation of s,,,i(m) (vu-l 2 <. B
4) B,,(x) be computed by recursion rela.tmns

Ft‘l(m)':'—" gsﬂri(a’)Bl’-‘#r‘(m) 1 2 v P, Bﬂ .;(ﬂ:)'=1

5) Beoause of the above recursion relations, it is not necessary to fix p in every
step of iteration. Furthermore if the initial approximation is chosen satisfactorily,
that is, the mequa.lity '

"'I“Em'_‘f‘l‘gﬂ]f,nlmfﬂbfgfl,:. @nij 2 see. N

be ﬂompu’uad and atored for further

is satisfied, then the computation may be completed perhaﬁs without further iteration
provided p is extended sufficiently, The algorithm without farther iteration may be
regarded as a modification of Bernoulli’s method.
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