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A FINITE ELEMENT. APPROXIMATION OF
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§1. Introduction

"' In this paper, steady ‘incompressible flow of viscous flnids is considered. The
finite element approximation of this problem has been treated by some authores®—%.
By means of a primitive variable formulation, the numerical treatment of Navier—
Stokes equations naturally leads to the mixed finite element method, in which the
Babuska—Brezzi condition is required for the conforming finite element method. It
means that the finite dimensional subspam of the velocity field and the snbspace of
‘pressure must satisfy a cerfain matchable relationship. For example, in the two
dimensional case, triangnlar élements are used; the subspace of the velocity field is
formed by piecewise linear functions and the subspace of pressure is formed bj'
piecewise constant funotions for a eonforming finite element method. It is
straightforward to show that they do noi satisfy Babusgka-Brezzi condition. If the
subspace of the velooity field is formed by piecewise quadratic functions instead of
piecewise linear functions, then they satisfy the Babuska-Brezzi condition. However,
2 loss of precision is algo inourred. The optimal error estimate cannot he obtained in
this situation. M. Crouzeix and P. A. Ramrt proposed 10 use the nonconforming
triangular elements 0 form the approximatmn space of velooity field to solve stokes
equations. A few years later, the nonconforming triangular elements were applied to
stationary Navier—Siokes equations by R. Temam™ and t0 nonstationary Navier-
Stokes equations by R. Rannacher™. In those cases the optimal error estimate can.be
obtained, and therefore nsing nonoanformmg elements may be a good choice for the
‘finite element appmxlmamun of N avier—Stokea equations, Recently a class of
nonconforming rectangular elements Were used for the numerical analysis of siokes
equations and an optirfial: grTor esﬁmé,te was given™. The aim of this paper is to
analysq $he. el::_::«s:n:l;'TL 19@1;1;1&1;9 of a8 ﬁmte element appmxlmatmn of Navier—Stokes
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‘We congider the follomng houndary va.lue problem of Na,vmr—ﬂwkes equatlnnﬂ

- pAﬂ—[—-? u,-—-——!—grad A=Ff, in Q, - (1 1)
“- dwu._o w@, .. @
L ; @=0, on 980, e T v (1.3)
where #= (1, - ) ig -Ishe velonity veotor, A is the preasura a.nd p is a positive
constant, -I;he oﬂeﬁiment of kinematio viscosity. Eq. (1.1) can be rewritten as
-y +-—i —g—%——l——ﬂ?‘_.-——(u,u) +gradA=f, inQ, (1.1)’
=1 Oz
Then the bnundary value problem (1.1)', (1.2),(1.8) is equivalent +o0 the following
variational problem:
Find (8, A) EX XM, guch that |
(8, v)-l-ari(ﬂ u, v)+b(v l) =<{f, >, yveX, (1.4)
i : i §, =1 J & 311'-; 395; 4 T D
: =l'n OUs M N1, '
ay(w; 1, ©) =2 jzj (22 0= w)da, (L.7)
L b, 0= | pdiveds, ' 1.8)
_ _ o, oo=8{ fods. (1.9)
'Obviausly,' | | S - | : . |
| | a(w; v, V) =0, Vw, vEX, (1.10)
. Let V={velkX, di‘?’ v=0}, and | | '
N i ‘ﬂ:l(w ﬂ 9)1 B (1.11)
u.wET’ ﬂﬂ? ’ o i
sup J—['f v} . | (1.12)

‘Suppose € (H"-(Q))‘ and _UJL<1 Then problem (1.4)—(1.5) has s unigue
solutmn (u 2&.) € X XM (so0 [3]) In thls paper wWe restna’s ourselvas Wit]:un t]:na case.

, . §2. An Abstra.ct Error Estimate ,
Leﬁ H = (Lg(ﬂ))' Thmughout thls m‘mn we suppose _f GH For each k>0, 16t

M* and X* be two fnite dimensional spaces such that MMCM ﬁhd X"CH but X*

is not & subspace ¢ of X in the general case. Let f+|» denote the nnrm 'of X* (examples

of X* will be given the: next seohnn) In erdar 10 djsok' btz ‘the vanatmnal

problem (1.4)—(1 B), o firgt extend the definitions of PACH *‘%‘) a,,(w ¢, v) and

B(®, ) 10 (IUX‘)’,{.,(XUﬁ‘)“ and (.X'UX') xM and &enata tham aa az (u v),

al(w;u v) and b"(v 1) a.nd = : .
L, e 0, Ve, 0E€X,

ax(w g, v)=a(w;u, v), YW, L, vex
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8w, Jk) b(t? JL) VvEX, ?..EM

suoch that aﬁ(u v) b‘(ﬂ A), di(w; u, u) are bilmear forms and tnlinear form
respeotively. Moreover, we assume

o] x=[v], VOEX,
Now we consider the following approximate problem:
Find (2, A) € (X*Xx M*), such that

ap (e, t?)-i—ﬁ (tty; 1, v)—!—b*(v M)=Lf, >, YocX® 2.1

' B, ) =0, VﬁEM" | (2.2)
Lot P*={o€ X% (v, p) =0, Vu€M%},and © o
o . Nim sup . 820 6, 0)] | (2.8
hmﬂgv- ‘h CIRCIA T _ _( .

ii- sup L2 N ¢ ¥

uEF" ol
We have the fo]lowmg abstraot error estimate for problem (2.1)—(2.2),
Theorem 2.1, Assume that
(i) V™*is not emply, and

a(w, v)>v|v|}, YoCP? o (2.5)
; - ai1(w; v, v)=0, Vw, vc X" e, (2.6)
(i) there ewist two constanis Ag and By independent of h, such that 8 '
w(w, v)|<dojufsjvls, vu, vex*, (2.7)
(v, Hr)lﬁBn loliu]e, voex? pem (2.8)
and from (2.3), we have

[a‘(w-u"v)'lgﬁnﬂwliﬂ uf.vls, v, u, vV - (2.9)

(iii) there is @ constant 8>0 (mdepmdmt of h) satisfying

: A
sup bﬁzﬂ“')?ﬁlmﬂm Ve My (2.10)
(iv) there is an operator IT, X —> X mmfymg

b"(v ﬂ,v ,u,) 0 VvEX pEM’* . (2.11)
N o 6 e "f"*m 5 o (2.12)

where 8, € (0, 1) is @ constant mdependont o_fh -
Then the approwimate problem (2. 1)-—-(2.2) has a mtqwsolutm (2, ) €
(V*% M*). Furthermore, mmumthat . - |
b ?::ifp [

(vi)
A R I_;jj"-i R
Thm the foﬂomng abstmat error eswrmte holds

1<1— 6,,:_ a.qe(o 1) (2.13)

AEME

H“—-unﬁﬁa{!w—ﬂauﬂw inf A .
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I~ ~talu< 0 {Ju—Tissh+ inf In—pluct sup G, T, )1
Gh (88, Uy, wbl | En(Hs, h;w)- & |

+fg}’~|' -~ {wls T ek 10| I}’ 0.

where (U, A)EX XM 18 she solution of problem (1 4)-——(1 5) O .is a constank
sndependent of h, and

E.(u Ay ) = as(8, w‘)+a"(u &, w)-}—b"(w h) {f w), (2.16)

(2.17)

G, (u, v, w)=ai(%; u, w)—ai(t;v, W),
'me From Theorem 3.1in (8] (Ohapter IV ), we can obtain the existenoe
a.nd nniquenesa 0f problem (2.1)—(2. 2). Choosing ©=1,, in ‘Eq. (2.1) we have

g A(ttn, th)+ G} (th; th, 1)+, M) =<F, th,
M) =0, the above equations are reduced to
d’u(uu, lh) =<{f, .

T4 yields , ¢ | .
“ o<, T aan

by (2.4) and (2. B). Let ty= =g, — I W8, and
| R=ag(th, ;) £ ac(Ihw, w,) + a1 (Wy; s, w;,) — o (1 %; Ha" wn)

hen by (2.5); (2.6), (2.8), and (2.18) we have
' R =3 (105, W) +a1(t0; s, w,)=v|wh]i— N:.Ilunllulw;ﬂn

wuw,.u;{jL N*ﬂ{ﬂ*};aﬂuwkug,

On the other hand, from Eqs. (2. 1) and (2.16), we obtain
R=L4Ff, w>— 50y, &) —a(Iae, wy) —ai(Iht; 16, w,)
—=ali(tt, w,)+ai(th U, 1)+ (W, A) — By (82, A; thy)
—ai(Il,u, W) — g (Iu; I,u, w,) — (10, M)
"Gﬁ("_ﬂa“, w,) +0* (10, A— M) ot e, W)
—at (1, 0; 4, 10,) — E,.,(u A W),
E'unce w,.E V* we have b*(t0s, pr) =0, ‘v‘;.b,, cM>, Therefore wo got
R=a(u—II,u, w,)+b* (10, A— ) + G (e, My, 1)
— B (1, A;t0y), Vi EMP : o
Furthermore; we obtain a
AR {||u-ﬂ,,uﬂ.,+ inf [A— ks
i mexnlm(‘b‘ui’iﬁ’ '@|+$§ﬁ IE;.(uwt w_J_} e (2 19)
The triangla mequahty yields | |
i Wiy e~ u.lnqu-mun.ﬂtu,,—mun,, g HE e’-**"‘ e (2.20)
Combmlng (2.19) and. (2 QO)‘, we hajre (2 14) ' In order $0. eaﬁima'he IA—2ulx, for

e i}
. *_r,

'*f

Slﬂﬂﬂ ﬂnl' (ﬂp" ﬂ;., u;\) = 0 bl(uﬁ:

R

T

i S ey ——— R

ﬂ'ny LS X“ we hﬂve :.-',*?fi AL R

LAS
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b* (v, }L,,)==—ao(u;., v) —ai(t,; @, v)+<_f v | e
| . =al(u—th,; v)+ai(t 4, ) —ai(t; v) +5¥(p, 3\-)-—-E-'u(u A Oy

For a,ny vEX? ;b;.GM"’ we get .
PN, M) =@ (U—t, U)—I—Gh(ﬂ w0, ©U)-— Eh(ﬂ A; ‘U)—i—b"(v JH.-—,u,;,)
Goﬁditmn (2.10) ylelds |

- 1 . B0, A=)
M —pmle<g SR = ol

‘QO {”“ .+ [A— M"H‘*‘ a2 IG"(u"ﬂT” 24
oo Bl e am

Then (2 ]5) ig shown by the trla,ngle mequa.lltj' ul-—MHHQJIJ’L— il g+'ﬂ.§t_.h_——h;{_,,;,ﬂ -
a.nd inequahheﬂ (2 21) (2 14) . v o o 2PN L . DR

§ 3. The Nonconforming Rectangular Elements

The nonconforming rectangular element has been proposed ito solve Stokes

equations in two and three dimensional cases'™. Now we £2
recall some results of the nonconforming redtangular i
elementy. 18t K= =([—1,1] )" denote a reference rectangular i,
element in the two dimensional case as shown in Fig. 1. e
ar=(1, 0), as=(0, 1), as=(—1, 0), a,=(0, '—1)a,rethe . T
middle points of the sides of E‘ respeotwely, and azg= —1 3 —— ¢
(0, 0) is the central pmnt of K. Let = - ]
p(8) = - (51~ 311, A

Then

, IS T Fig. 1

p(0)=0, p(£1)=1, | p(t)dt=0, (8.1)
Space P is defined by

P={p|$ is & linear combination of 1, {;’1_, £a, @(&1), .;u(g_.;) on E}

| Lemma. 3.1. For any five real nwmbers wy, U, Us, Ug, and U5, there exisis a untque
funotion w(§) € P, £= (&, &a), suoh that ¥

w@)=w, #=1,2, 5,

= | ut, edde=ut, 0)=us, (3.2):
. g M ek u(-1, 0)~u, (3.2)s
G e Brepmeteerntund | 5 [ wevany 40T en DR AR G0 et e
vl R s T -és': sl -S_,TJ M(fj,, 1)d§1=u.(0 1) =uﬂ’ ST : AW s s.._:-:-“;.(3'1‘3)B
sk & e Lii J‘ by, ~ 1) =0, —1>=««, S )%
: E{f:ﬁ{rf o g . Hd '_. {) i
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Furthermore, :
U, £ Sug ¥ Tty g Yoo ta g,y ST (8 + "**“;‘2”5 p(Es) - (3.3)
N - Suppose K is an arbitrary reota.ngu_lar element in the
_ b 5 two dimensional case. Let I (¢=1, 2, 3, 4) denote the
,3. e sides of K, & denote the middle, point of &, and as the
b I central point of K as shown in F1g 2. Then there is an

o g - ~ invariable linear mapping
* -_; P 'FE:: i | EE.?—*@*EK
+¥l ﬂ-lld o K#FE(E) G1=Fg(ﬂ¢) 'fn='=1, 2, e 5_
Taking
Fig. - Pr={p=p(FF'(2)) Ipeﬁ} Ew{rp(ao mms},

o obtaan the nnneonfarming reota.ngﬂla,r element (K ; PE, EI) Lemma. 3.1 implies
that for any five real numbers g, (§=1, +-+, ) there exists a unique funetion p(z) €
F K, such. that

s .‘Ep

P(ﬂi) “"Pu i=1, :'.“:L 5; o
13544 £t v il
meas(l;) pdl=p, =1, e %
& ’. IﬂeaB(K)_( de =5,
For any funotion w() € H*K), the interpulatmg ﬁperator e is deﬁned by
HK Hl(K)—:- Pg, such that
| j(u—ﬂxu)ﬁ—o and I G I el (3.4)

Let P;(K) denote the space of all linear functions on K. Obviously, we have
| wu=lleu, Yu€P:(K),
Let _ ; hx‘“m {]]1%3(:;)} PE=M {D]EHS(E{)}

1<i<4

From the interpolating approximation theorem™, we obtain
Lemma. 3. 2 Forfunofrwn vc H(K), and

I, u~>0 _ . (8.5
. W T P Y ; |
'thenthorawammmﬂmdezmdmtofhx,mmtﬂmhthat -
lw— I gaefs, 5, e <OR% " |ﬁ|n,n g, ¢=0,1, _ (3-6_}1
| Iﬁ-Hﬂﬂuu.x‘QOh&IH,a.mm | (8.6)2
Fur OUT 0ase, inequa.lity | L | -
- 5 il H“*Hxﬂli.ﬂ,xﬁaﬂﬂﬂi,ﬂ.z (3.6)s

can pe established in. ‘bhe mme manner, where U ig & ﬂons’sant indepandent of kg,

""From now on, suppoﬂe Q *Is a Tectangular domain, Then we desoribe the finite
dimensjonal space asdooiated Wi'lih the nonconforming element (K, Pgx, Zg) for the
approximating space Hj (ﬁb The reﬂ’ﬁangular domain £ ds subdivided into a finite
number of subreotangles K Lat 3"" 5 denote 1-.]113 trmngula’ﬁmn The following
properties are satisfied: gt
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HecY,

(ii) for 'sach distinot Ky, K:€.73, KN K, is empty, or a cﬁmmun vertix of:
K, and K, or a common side of K; and K,

(iii) let A=max {hx}, p=min {pz}. Assume
Kex, HET,

where iﬁ'}ﬂ is a constant.
~ Let N, denote the sot of all middle points of the sides of K €5, namely, N,=

Keg,

asgociated with the nozmonformmg element (K Pg, 2g) is deﬁned by
S"(Q) = {w,,lu,,IKGPE, VK €7 ;v i8 continuous
at N;: and ru;(m) =0, VaENu}

Obvmusly, S*(£2) is not a subspace of H} (Q) Therefore we need to equip the space
5*(Q) with a norm |+ [a. Let

| | [vala=( E Iv;.liz,z)%, | | (3.7)
- " . E€gy -
For any v&€ H*(Q), we have -
| lofa=12]1.2.0. - (3.8)
Moreover, the, interpolating operator II, is defined by
g : - L Hy(Q)—> SMQ),
such that () | e=Hg(ulx), Yue HID),

where u| x denotes the resiriotion of « on K.
Lemma 8.2 yields the following result™_

Lemma 8.3. For any u€ H?(Q), there exists a constant O independent of kb and

v, such that
H“"'Hiﬂ'“ﬂ.ﬂ,ngﬁ:'hﬂlu'lﬂ,ﬂ.n, i (3.9),
5
ﬂuhﬂlugm&'ﬂg()hll Iulﬂ'.rﬂ’.ﬂ; h (3.9)’
lu— e, <Ofuli,23.0. = (8.10),

In the three dimensional ocase, let K= ([~—1, 1])3, P={7|5 is a linear
. combination of funetions 1, 51, £a, &3, 9(£1); p(€s), 9(&s) on R}, and £={p(ay),
1<i<<7}, where a;(é=1, 2, s+, 6) 18 the cenitral point of two—fa.ce of K respectively,
and a; is the ceniral pmnt of E’ Blmﬂa.rly, ‘we obfain the finite dimensional space
S*(Q), the interpolaﬁmg operator I » associated with nonconforming 3-reoctangular
element (X, P 2), gnd the reﬂulta in Lemma 3 2, 3 3 for the three dimensional
case,

For the finite dlmenmonal gpace S"(ﬂ) the inverse inequalities: hold. We. have

Lemma 8.4. Forany o €E8™MQ), and positive real numbers ¢>>r, n=2(or n—3),
thsrsmauamamdepmdmtofh swohthat

. Iﬂnln.n.n'iah_'(?h?) Ii’nlu,r.n; - ‘v’v.E:S" (Q)
(4. Jhe proof can be.fonnddn 7] - |
Tha remaindar of th.is Eeq_t;ﬂn svﬂ.l be devotad 1o pmp@rﬁiﬁ ﬂf 8" (£2),! Y’m"h*

amy

L) {a1, @2, @s, @}, and No=N,N0R2, N1=N,\N,. The finite dlmenﬂmna.l Spﬂt}ﬂ -

hip<o, D (3.5)"
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crucially important for the ﬁmte ¢lement apprnmmatmn of N—S equations by
nonconforming elements. Ior any W “(Q) we oonsgider the following aumlmry
problem

_Ady=8, in O, - (3.12)

| . y=0, in 04, ' (8.13)
Problem (3.12), (3.13) has a uniqus solution y € H %_. 11 H 1 (Q) and wo have

12]1.2.0<0|8] -1.2:0, B (8. 14)

huﬂ.ﬂ.nﬁguﬁhn,n,m : o Bl (3.15)

where O is a constand. independent of &,
For any M.ES" (82), let

D:.(x, V) = E. L’: ‘:1 ;z %’5— :— (8, my), (3.18)
Then we have | | T
| Lemma.Sﬁ Therﬂemtsaconstaﬂtawdepemﬂent of h, “such that
e | Dy (2, Wi”QOh“Wa“nixlﬂ 2,0, Yo, €8*Q). (3.17)
This lemma is a corollary of Lemma 4.6 of the next seciion, - 3 Yo g B
. Temma 3.6. For any SEW*2(Q) and v €8(Q), then there is a eonstant O
mdepandant of h wnd v pSUCh that -

j 0,8 & |=g0{na[|._1,ﬂ at+h|® Hu ,,g}um,.ﬂ (3.18)
Proof. By (8.16), we have |

(o= 3 [ 32 2% w-Dita, .

K¢ K {=1 3:13; 35'3;

Fmtharmure we obtain

”a 2,8 dw “énx 1,9, 0] vala-t |D;,(x, va) | <<O{[®]-1.2.0+E[8o, ,'ﬂ}u.ﬂlﬂi

by (3.14), (8.15), and (3.17), -
Lemma 3.7 (discrete imbedding thenrem) For a positive integer k& (k=1, 2,
tf n=2; k=1, 2, 8 if n=38); there exisis a consiant O (k) independent of h, such that
IﬂhHﬂ,ﬂhﬂ'@G(k)nwlﬂh Vo, e8*Q), - .- . 3. 19)
Pfﬂﬂf Tﬂklngﬂ-vulweo’btam- ' oy,
e & 1 Hﬁh"ﬂﬁﬂég{!wh uiﬂ—i,:,n'l‘hﬂwn ll}rﬂiﬂ}lvlﬂi '
bj" inequality (3 18) Nuw we esbimate ]| i BRY h.ndkﬂo"" llﬂ,g,g First we have

1

s B ,..5_.5 hﬂ’”iﬂmiﬁ—!.ﬂ*h{[ v&—n dw} “hﬂuhlﬁﬁi-z a

Usmg the i:werse inequality (3 11) e ge-l-, e Tempinaannrih of o0 Al s
- R = 1" ?T“‘* LATLFTE L o i, & S i'-': L; ...ﬂ'fﬁ "ﬂgi- gLl v .
Ivilnrﬁ-z.ﬂg Gh Q.ﬂ:*-;: g i

Therefore, for 0<h§ a-.ndb -1, 2 ver (ifn=-2) or L'-l 2 3(ifn-3),wehave

1!‘3% ? “’r ﬂuﬁz@ % i 5
hl‘vﬂ;—iﬂu.ﬂ- {Gh l'ﬂ; ﬂQOﬁmlﬁ&‘m ¥5 (3 20)
E&Undly, by h«ppllﬂﬂ-ﬁﬁﬂ bﬂfhﬁ EOidﬂr‘iﬂﬁlﬂa]jty wﬂhr"a &l 357) .h_ . ivhgen.et
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P 1 5 : ve—— m :

L ETEEE TR, e TTRR

| 2ic-1 i _21?
: 2%
<, lmlmaa} =] 191maa]

[ (2", ll!) | & wa""‘l,_trdw
= s |8l [ 0,000

By the imbedding theorem from W ”(Q)-—)- W“ %(42), there exists a constant O(k),
such that |

we Obtain

L, 14t llo, oz, HQU@)""{’IM 2,0 | | |
(for k=1, 2, - 1f n=2 or for k=1, 2, 8 if n—=38). Combining the prévious two
inequalities, we find that a

uﬂnu=§u 1(«1 " D] co®lnlps, @20

By (8.20), (3.21), we eventually get (3 19) _
Remark 1. When %=1, inequality (3.19) is reduced 10 the disorete Poinocdre

inequalify n
| 9]l 0,2,0 <0 (1) I‘l’iﬂi, V%GS"(Q) :

Remark 2. In fact, (3.19) holds for general nonconforming elements if (8.17)
holds. A sirhilar result for nonoconforming iriangular elements has been given by

Temamm

§ 4. The Error Estlmates of F inite Element Approxlmate
Solutions of N-S Equations

We now estimate the error of finite element approximate solutions by the
nonconforming rectangular elements disoussed in section 8. We take X*= (S*(Q))*

with norm |- |,

1
n )2
ol={2oli}, voex, -
and | |
M"——-{MME is & mnstant J'ﬂpda:-——{}}_ | (4.2)
Let oy
Ty . ;
@ (u, ")""2?.31 b2} L o o da, (4.3)
. ks Oty v, |
e, u, v)=5 3 E',.[ [w, G 0ty % |da, (4.4)
(v, A) =~ I dev &z, | Yow _(4.5)
KEcT,
and
—{OE X BN(D, 5) =0, VuE MM, (4.6)

For any v & (H%(Q))' ‘laha operator II, is deﬁned by H,: (H3(Q))*—> X* guckh that
i dLo=(Hyvg; o) Hyvy), '

Therefere from (3 4), we obtam e MTIEE Eo Y

g (AR, B (o=1w; p) =0; YOEY; pE M, - (4.7)



86 JOURNAL OF COMPUTATIONAL MATHEMATICS Yol. 2

By (3.9) and (8.10), we get | | | - .
ﬂvhﬂnﬂlu,ﬂ.a“éahﬂlv|?.ﬂ.n;' VvG(HB(Q))", - | _ '(4-8)1

.||v“ﬂﬁpﬁﬂ-4-9€0h%lﬁ|ﬂ.ﬂ.ﬂ, - YoE (HB(Q)P)",' | o (4.8)4
o — I, s <Oh|®|s,1.0, Vo (H* (@), (4.9)1
v—IIw|a<0|v]1,2.0, Vyoe X, (4.9)3

whers O is & constant independent of 4. For subspace M* we have
:gf,lll wlu<Oh|A|1,2.0, VAEH(Q), (4.10)
by, the -interpolating approximate theorem™. From Lemma 3.7, we obiain the

following & B
Lemma 4.1. For a positive integer k (k=1, 2, +-- if n=2; k=1, 2, 8 if n=3),
ﬂwa-a exists a constant U (k) independent of -k, such tha.t ¥ -

10,21, 0<O (%) [ 0], V‘UG X*, (4.11)

~ Application of Lemma 4.1, gives
“Temma 4.2. There ewist two constanis Ny and Fo mdependant of h, such that

N<N,, V1iz=h>0,  (4.12)
_ IfFi<Fy, VYiz=h>O0, | (4.13)
Temma 4.3, p
. N< lim N, ' (4.14)
G
| f]"<< lim [ £, | (4.16)

: R0 e
Proof. For arbitrary >0 there are w,, %, ©,CV N (H*(2))* and |w,[s=
[ ]s= |¥:]»=1, such that -
N—s< |"~I (w; U, v,) |

On the other hand, we know that II,w,, II,u, IL,v.€ V* by equa.llty (4.7), and
leo,— I w,[5—> 0, |tt,— I8, |s—> 0, |v,—II,0,[—0, when 2—0. Hence we obiain
thaa'li ﬂﬂhwl "h'—} 1 I]H;,u. "n"—"}'l " Hh vaﬁ—'}l when ]?/'"')'0 and

N EQN;'}‘N{;'I— "thsu “H;ﬂ,ﬂ I]H;,,!J.‘! I
+ |ai‘(ws, u, v, —a (Iw, ITu., Tv,)]|.
For the fixed >0, let h—>0 we obtain N —a< ]Jm N,. Then let &0, and (4.14)

is shown. (4.15) can be established in the sa,me wa,y |

Corollary.
' N<N,, , L (4.12)’
- . < F,, | (4.13)’
Lemma 4. 4. Th&re earisis @ constamt ﬁ independont of k, such that
sup LW i) o ghiala, VinE M
. B § ¥ Ha. | (4-16)

L AT ¥

B UATS
Proof. For any i EM* ‘there is a veotor function t:GX satiﬂfymg
dwvn-m, and - |]t?[|;=ﬂt!||;'€0ﬂ!h[|£.
For UEX we have I wEX* and sty g B i F W
g R b'*(v—-ﬂ,,v, ) =0; . vpeﬂ‘, LA



No. 1 A FINITE =5"ELEME}HT”APPRGXIMATIDN OF 'NAVIER—STOKES EQ. ... 87

ﬁﬂn”ﬂn‘gaﬂﬂﬂzﬂaﬂmun o " 7 AT
by (4.7) and (4.9),. Therefore, we have, by (4.17), S
& (On, 1) b"(Hlv, 1‘"&) b, ) _ lslx — a1,
3 S [ R 1/ R T Rl 1/ Pl
where 8 is a constant independent of 4, and the conclusion follows.

Now we consider the approximate problem (2 1), (2.2), where X*, M* g(.,+),
ai(, +, +),and 8*(+, +) are given by (4.1)—(4.5). In order to estimate the error of
ﬁnita element solutmna of N-S ‘equations from Theorem 2.1, we need to estmate
Gy(u, ILu, w,), Gh(u, u, t0,) and E,,(u A; w,) we have

Lemma 4.5. Far tmg uEXn (E’(Q)')“ tfwra 48 a cm.stmt C mdependent of h

cmdu such that
sup 1%, I, “"‘) I-'Qohlﬂln.n.nlulim. e (4-18)
‘€ AN |
And fo-r any Uy C X* there exists a mstamt C mdepmd&nt af h, 1, u,., sr_uck t}mt
mp ABE B | oy el inly. 419)
wy EX™ Hwi"h '

Proof. For any u€ X N (H*(Q))* and w;, & X* we have
|Ga(u, IIu, w,)| = |6 (1; u, wy) —ai (I I, w,)!
’ <|ax(w;u—1,u, wy) |+ |at(u—1,u, Mu, w) |
| '@O[lu"‘ﬂnu"ﬂ.hn“}‘ ﬂu_ﬂhu"h] [l28]1,9,0+ | Txtz]s] “wnnn
<Oh uln.ﬂ,nlﬂli,ﬂ.nﬂwu"

by (4.8)—(4.11), and inequality (4. 18) is proved. (4.19) can be established in the

SaIN6 INanner.
Lemma 4.6. Supposs (u, 3.) (X the solution of problem (1.4)—(1.5), and

uc X N(H* (D))", VeM N HI(Q); then there ewists & constant O independent of b,

-suc.’z. that e | |

| E‘J ‘L‘_En(lﬂzwti]hwl) | QO}‘{"uﬂn. 0(|8]1,2,0+1) + |Al1,3,0}. (4.20)
Pfoof Bj* the deﬁnitmn of E,,(u A; w,) and equation (1.1)’, we have

En(u, 3»,“’1)"‘1’&2 .Lx m w"ds-— p2 i J.mlﬂjmﬁﬂﬂ(ﬂ; @) w;i ds

€9, i=1 E€m, &7=1 2
— E%ﬁ g Lm(ﬂ sy ds=I1+ a3+ 15,
where w),= (v}, +-, w}) € X* and %--denotes the outer normal derivative of w on
9K . From the proof of Lemms 4.2 in [6], we know that
' | LI<Obl@|ssolwils, (4.21)
IIEIQOMMM,ﬂ“wkﬂa._ (£4.22)

Tﬂking tw; inﬂtead of l in ' (4 22) Weo nbimn

| L, II;lQOk( % Iuﬂ"jliﬂiﬂ) "whﬂh'gorkuﬂﬂn.u.n["'i,n.nnwnﬂl
_ L = ;4:.'- 1:‘,&1 E"‘-ﬁ. ¥ _R‘-r | |
-' BRI R T ‘_Ohluﬂﬂ.ﬂ-ﬂI“Ii.ﬂﬁﬂﬂwiﬂl | . (4.23)

Gomblnin@ @-’iﬂﬁ, (4.22), and (4.28), we come to the oonclusion
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Corollary. Inequality (3.17) holds.

Finally;, we obfain s

Theorem 4.1. Suppose | ¥ ., , |

@y - NoFo<i-3, | (4.24)
where d€ (0, 1) is a constant. T i '
e (1) (u; A) s the solution of problem (1.4)—(1.D), and
T T B ﬂE'Eﬂ'QHﬂ'(Q))", AEMNDNHE@), ¢ - | e |
Then approvimate problem (2.1)—(2.2) has a unigue solution (th, %) € X*X M", and

_dHu,—u;.\l;;gﬁ%‘{l\,#ﬂ;.a;r.:(':_l_iil;_iilga_';:;_{_l;)_-g|g{»j‘;ﬂ._a_..;}i;. S (4.25)
[A— A w<OR{[|#]3.2.0(1%] 19,0 1)3+ l}hlifﬂ,ﬁh(lul.j_,g,g“h}) N
+ 1+ |el1,20)}. - (4.26)

- 'Pjroof. First weé point out that condition an/ WL —8 implies oonditions (v)
and (vi) in Theorem 2.1. Then it is straightforward to check.that conditions (i)—
(iv) in Theorem 2.1 hold. By Theorem 2.1, we obtain error estimates (2.14) and
(2.15). Then inequality (4- 28) follows immediately from. (2:14); (4.10), (4 A8),
(4.20), (4.9). From (2.18) and (4.13), we have |#5 |2 <C, and r |

,EEE. IGh(ﬂiI;:ﬁ wl)_l QO[.’E-I-' ﬂ”—“uh“h] [ﬂuin--l-l] i : (427)
by (4.19). Combining (2.16), (4.9), (4.10), (4.18), (4 20, (4.25), (4.27), and
(3.8), we can derive (4.28) and this completes the proof.
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