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NUMERICAL ANALYSIS OF NAVIER-STOKES
EQUATIONS BY A HYBRID FINITE

.....

ELEMENT METHOD*

Yve LONG—-AH (E_ &—x-)
(Peking Umvsmty, Be-:}ﬁ:g, Ghm)

.. Tt ig known that the advantages of the hybrid ﬁm‘be element method lie in
- many agpects. Firstly, the trouble of using finite elements of class Cf"(k; 1), which
ig sometimes reqmred for conforming methods, is avoided. Secondly, some derivatives
of the solutions can. be obtained- smultaneuusly, ‘such ag the stress tensor, which is of
more importance sometimes. Thirdly, some’ spema.l interpolation ‘functions can be
ensily used for special goals, for ingtance, we ma-,jr use the amgular Expanmon ag the
interpolation functions for fracture mechanics. .

The drawback of this method i also ‘obvious, ag more variables are involved in
the equations to be solved, it is more complicated to construct the stiffness matrix
for each element and the program would be more complicated. But the scale of
algobraio systoms is the same ag that of the comforming methods. Therefore if the
problem is of large scale and requires a high -precigion, the hybrid finite element
method may be a good ohoice.

We have applied the hybrid finite element. method 't-o mcompreas:tble viscous
flowd-#¥ and digcovered another advaniage, namely, it improves convergenoce and
s‘tabllltj'

If a primitive variables formulation is used. fm: Na‘mer—Stokes flow, then the
Babuska-Brezzi condition is necessary for a ﬁonformmg finite element approach, the
- degree of freedom of the velocity field should be mmch bigger than that of the
pressure field, and it causes a logs of precision. For example, ag the gquadratio six
nodes triangular elements are used for the Stokes problem, only a precision of O(h)
can be obtained™™, in contrast with the preoision O(%?) for the game elements used in
an elastic problem. Some suthors have improved the results for Stokes flow, e.g. the
work of Santos™.

-We discovered that for the hybrid finite element method, althrough some kinds
of Ba.buska—Brezm conditions have o be satisfied, they incur no loss of precision. For
example, when the quadratio six-nodes triangular elements dre used for the velocity
ﬁeld the ‘precigion is O(h%). Therefore, we get the optimal degree of precigion. Some

soxamples-have gshown that the approximate solution iy in: good agreement
'mth“ 'lihB »analyhca;lfmluhon by our method. 1 this paper we ‘generalize our method =
to. the non]i;lﬁﬂfﬂpmhlem ‘In tha ﬁrst section we dednce 50O formulations of tha'-r 5 ,'
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understanding of our method. In the second sectlgn we discuss the Stokas problem
which is the foundation of the mexi section. Most of the materlal in Section 2 has
been published, but we will give 2 new and simpler proof. In the third section we
discuss the hybrid finite element method for Naﬂer—S‘bOkes equa.tlons

8§ 1L Some VanatlunailLF ormulatrons
- '”r“"ﬁﬁi g, *

Let the fluid be mmmpressxhla vwoous "and Hewhnﬁn The space is d—dimen-
sional (d=2 or 3), and the govemmg equa.tmnﬂ of a sisa.tlonﬂ.ry flow are

ﬂ'u=ﬂ'ﬁ=2'-"’515 Psﬂllﬁj‘iﬁﬁ.l J‘Qd ~ (_1-2)
(m.r!-uf,:), *ﬁ%@f*}qa . | - (1.8)

B te rﬂﬁfﬁ ' . |
® u'hi 7 10"’11 ﬁﬁfffl . ' (1 4)

where z= (%) are tha spatlal ca.rl:eman coordinates ti’f; ‘aT0. body forces, o= (o) the
stress tensor, which is gymmetric, p the hydmatatlc pressure, u= (w) the velocity,
g={8y) the velocity strain tensor which is also.-sy1 iric, and » the constant of
viscosity. We assume the fluid density is p=1, and ( ),; denotes partial differentia-
tion with respect to#z;. For simplification, we_will not indicate the range of indices

v, 3,

_ Let us conmder a domain QCR’, mth bounda:;y an We consider the above
equations with bounda.ry value G Banls W

w(w) =uq(m'), mE aa, | (1.5)
where up= (Uo:i) i8 & known function sa,tlsfymg .

j Sonilerell
24d

where n= (n;) is the unit exterior normal vector a,long 00.
~ First we consider’ the Stokes equation, thad: 13 tha onnvactlon term in equa.twn
i 1) is 1gn0red it becomes

'-:1.I'l i

—'ﬂ'i;, —-fq.. | | | (1 B‘)
Theabounda.ry va.lue pmblem (1 2) (1 6) correaponda natura.lly to the fol'lowmg
fun,ctmna.l |

Fy1(s, u, '.‘F') =j {Vsi;(ﬂu'“(ﬂi"f’l"’iif.;‘i))‘]"ﬁﬁq“i‘fd&}dm
st wn ow - R j (2;,5” Paﬂ)ﬂj(w“ 1)&3_ o (.1.7)
‘Hj IIJ T R T._ et ge s A
Theﬂcntma.l pomt of (1. 7) satl.sﬁes equatlon ais cn, i
ety Wt T Fi(s u, p) -9‘*“‘&*5 i = = - (1.8)
-thﬂﬁwm E o Ee . 3 ; 5.-1;5_ ”'i* Hﬁ{ﬁ i : s
GE s e e jﬂ (BH—-—-(‘I&;'F"M) Mﬁdﬁ‘“ﬂ *‘iﬂﬁﬁ(ﬂw=ﬂﬂ), ' (1.9)
-'15'*4:‘.'-2".**-5{:" L g Treger Y oo add g = 3
) j {—*vae(vi,,+w;‘)+wﬁ.¢+m}m{; ; @mw—pamwwo voi, (1.10)
Bovager oy 1o AA B BRI : P ;iﬁ—a-*r;ﬁ;h . R,

jm;qczasno Ve, e 3. o (laid)
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S (ﬂi—ﬂm)ﬂj(2v;bu Qﬁu)dm==0 ¥ g, _V'.? ' (1 12}

It is clear that (1.9)—(1.12) are eqmvalen'h to (1 2)——(1 6). If the va,nabla win Fyq
ig regarded as a La,gra,nge multiplier with the congtraint

2P3¢;.J"P.i+fi=0 | (1.13)
Wwe can define another functmn&l | ' |
Fﬂ(E P)ﬁj I-"B;;E;jdw I (2?8;5“96;5)?13‘1[“[1& | (1.14)
The crltma.l point of Fg Wlth constramt (1 13) should sa.iusfy |
j Evﬂmbudﬂi I (gl’f-bﬁ"qﬁu)ﬂfumdw"o - . (1.,1B) .
but py and ¢ are no longer a,rbltrary, a.nd tha va.rm.bles 8yt 1oy and p+q should
satisfy equation (1.18). | | L
‘According to-the basic idea of the hybrld finito ‘element method we make a
digcretization for domain £, Whlch mearis 'We cnnatruut subdomamﬂ Q; (k=1 , N)

Gfﬂmﬂh thﬂt Wiy ERE o - M BE 5 e *-5 L-__.! '

Qkﬂ91=¢ k%l Q- ’Dﬁg

i
Then we deﬁna the followmg functional:
Fa(s, ¥, p, w) = 5 {vey(ey— (m.rl-u;,:))-l-m o+ fou} do
’5‘25 (2vey— Pﬁif)ﬂf(% 'Ht)d@ - (1.18)

where n is the unit exterior normal vector along 94y, and v ig defined on U o4y, and
satisfies the boundary va.lue (1 5) on @42, The crltlca,l pom% Gf functwnal Fa gatisties

-j a (Su_—(ﬁhﬁ“‘ﬁj.i})ﬁudﬂ’"—o Vﬂ-rif, | (1 17)
S {"— Vﬁhf(‘”hri"l’f‘i,t) +P’i?m+fi‘v:} de
+zj (21_}6”—215”)11-51!; dz =0, Vo, (1.18)
8 k /47 : . _
j wgdo=0, Vg, - | (1.19)
] (w8 (25— gda)8a=0, Vi, ¥, (1.20)
ij (2vs;,*paﬁ)n,m‘dw=o m. (1.21)

-i-.l'

.- Equation (1 21) aorresponds 1o the ba.la.nce of forces at the boundary of elements. It
isewj"lmﬂee hat feqn tmns (1. 17)-J—(1 91y with constraint.(1.5) are equivalent 0

the, original:preblemx Similarly, we may: régard v as'a Lagran.ge :mulhp]_ler Wlth tha

constraint: (1 B).In each element Then wo define & funchonal o ol
: ' ] g Al ) el p8ys 2;;3 — 2, 1 22)
LA I A R hfﬁ- SR Y éx‘%iﬂ”-ﬁw gg.{ ( ” p& o ’E"ﬁi: B3 a~ o Laﬁ! At
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are defined in each Q,, not &. The orlgma.l problem (1 3 (1 8) is. eqmva.lent to a
variational problem with cnnstralnts k. 13) a.nd (1.5):

S 21’%#«1&‘” Ej (21’!-‘1! qsu)nf“idw 0 Vﬂ'm VQ: (1.23)

ELD,‘(QI’EH-'PBH}chm 0 ‘o’-t};_. | ' (1.24)

‘where again py and g are not ﬂ.rbltr&ry, ,and the va.rmbles s;,+ wyy and p+¢q should
- gatisfy equation (1. 13). '

ELRE ,

Now we return to the problem (1. 1)——;1 %) It 15 clear that (1,17—(1. 21)
with constraint (1.5) are equivalent to it if we, replaoe f; in eguation (1.18) with
fo— s, 5. By the same congideration, we majrﬂ;use{(l :28) (1. 24) to solve the problem

(1 1)——-(1 b) if we repla.ce the constraint (1. 1§) "with |
| BT E T s R | - "
21’3!1 f"'P.H'fi tﬁﬁhj"(}.i- ~ . (1.23)

But the unknown e does not appear ‘in- (1.23), (1. 24}, a,nd S0 (1 ap) is not &
constraint, Here we use an appmmmate &p;mh By 80108, dofinite interpolation
formula we extend function » from LEJ oL, 1o 'Iihe whole duma.m 2, which is denoted

by #4; then we replace u in (1.25) with Fu,- Sl,nce f ig different from u, the new
problem is no longer equivalent to (1. 1H—(. ) ‘However, since replacement of the
true solutions by some interpolation fanctions is the basic idea of the finite element §
method, the approach msed here is quite reasonable. " - . _
From now on we use the simpler notation 4 for Uy and consider problem (1. 23) &
—(1.25), (1.5)- We will congider the hnaa.r caaa tha.t is Stokes problem, in Section §

2, and nonlinear case in Section 3.

Wor the finite element schemse, &, P, ‘u are ex"pressed- in terms of polynomials.
(1.23)—(1. 25), (1.5) is 2 nonlinear algebralc gystem, which can be solved by

some effective methods. For instance, if we use the Nawton—Rapson. algorithm and let

As;,usi}""‘“—-sﬁj") Apm=p®™tD —p™, 4 u.ﬂu.f“‘*”—-us“‘) then ;we get a linear algebraic

gystem for dsy, 4p, Auy as follows:
S 2y de iy 0% — EJ (Bvppe — Qan)mﬁ%fh’“(’ Vi, V4,

E 5 (21"1-'Iﬁu APaﬁ) ﬂ;‘ll-l dﬁ""o V’!-"r.: |

a0,

2#58;; ,-—Ap,;——dt&,zé,’? 'lém)d‘lh,;"‘ —a
L tu(@) =0, €20,
where == 21’3 (ﬂ? P(“) +f{ — U ﬂ}'l-'ag_j ¥

hetwarea.lﬂllbert '
theirdualslaa.cesﬂthnorms Irifﬂ'




No. 4 NUMERICAL ANALYSIS OF NAVIER-STOKES EQUATIONS... 335 -

T T} L i 1 '_.._- L N

- a(y, '-v)

= S b = N1 . L
|| tﬁfﬁﬂxﬂ@ﬂx | I f ﬂ‘é_ ]”“IHF'"Y

For 1€Y', we set

V() ={»€X; b(v, 1) =&, uy, VWEY},
" Then we have :
Lemmal. If

1° for any LEX', YEY', the problm {0 find uEV(tlr) such that
au, v)=<x, vp, Vo€V (0),
has a unique solution u, and tfm-e ewisis @ constant o, mh thas#

el x<a(lzlz+ ﬂtﬁﬂw)
2° there ewists @ constant 8>0, such that

su —ﬁ”—“’—:}ﬁ |l w»e?
- w-n & g
thmthepmblem o find (u, }\.)EXstuoh that 1+ oo b
' a(u, v)+b(o, A)=<x, v, WGX |
b(u, w) =<, u), WEY

has o unique so!utfszormy xrEX’' ond yCY’'. Moreover, there ewists a comtmt O,
which depends on &, B, |a] only, such that the solution satisfies |

fu 2+ |Ar<O(J 2]z [P]).

The proof of this lemma is easy and so is unnt'bed We Wlll always use G as
constanty which are not necessanly the same. |
We considér the approximate solution of the problem

- Wy, W=, VREY, g e
Lot X3, ¥» denote closed subspaces of X and ¥ respectively.
Lemma 2. If the problem: to find w, € X, such that

b(un, ) =<, pd, VREY,, (2.2)

has a unique solutm ua for angy €Y', and there exisis a constant v such that
f B flx<rlblr, '
and ¢f i3 a solution of problem (2. 1), then i & E

" Ju—w|x<(rb]+1) inf fu—ofx:

Proof. Because Y is & subspace of Y, u is a solution of (2. 1),
g _ _b(uﬂ») <xn>.. 'v’;bel’n, B

in virfue of (2:;2), | = & g el
'  b(u—w, ) =0, WEF;

Tﬂklﬂg an a.rhltra.ry ﬂexh Wo Db'lia.lll ) i % i =y 4 v woas om TR R g gl .
| ‘E—iﬂ b(q”“uh #') “b(”“"‘“ ﬂ'): _VP"EY!. G5f =

Bet b(”_“: ,u.) "'<¢: F">: whare 956? ‘. Then ; A A s T
IRy codgles<|b]- iw-—ulz "t "

B? thﬁ mpﬁﬁnmf‘thfslem m&. (2 3), P i f'.& ...u,-{ M iy Ln.i -E.E,f
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- Jo=ulz<rIplr<r[o]-Jo~ ulz.
Hence - fu— wﬂzvéﬂu wllﬁﬂm—u;.nﬁ(yﬂ |l+1)|lu fu||,1_-

Then the conclusion follows. -

In order to apply, the above results to the Stoles problem, we m’nraduce the
following spaces. Let QCR' be a bounded domain with Lipschitz continuous.
- boundary. We define a space a3 _ |

f.., L B(Q) ={(8, ). 8u=8n, SHEL (ﬂ) PGLH(Q): .

g " ey, ,—-p,;EL‘”{Q)}

the norm of which is defined by gt enganiand g e B oy .
- ﬂ(ﬁ P) ||ncan=(2|1ﬂﬁ||mm>+ ﬂP“n-ga:r) N ﬂ+u3=’3u,f Pn"Lm(m

Then E(ﬂ) maBa.nachspa.ce ‘ Sy e

Deﬁna a. subspace of B (.Q) as .

| ﬁ o Eo(Q) = (e, ») 'EE (Q) 33’543,1-?.1“0}
- _It 13 aa.sy to sae tha.t Ey(Q2) isa Hilbert space. tindar the .abova norm., :
Thera are some basic properties: abomh the ﬂpa,ees E(Q) &nd B, (Q)

- 10 (Cm(@) TV s donse in E(Q); v ot

,:k."- 1 @0 +hhe HHPI{lBg*(G, ,P)H(A?PEH PSH) ﬂj’lpﬂ deﬁned o (O” (ﬁ)j » can be
exte-nde& continuously 10.a linear cortinuous mapping from E(Q) onto (H~Y E(EQ))"

/2,
(2} EMF Ll{.ﬂ'} (j ) ) - is an equwa.lent nﬁrm for elements in Ey(£2).

The proof ‘of the first fwd pmpertles is mm:la.r o that of the spaoe H(div; 1’3) in

r4], the key step of which is H'(£2) GL4H(2) by the Sobolev mbeddmg theorem For
the last one, readers may consult [21. =~

& Bpace Fo (Q) is deoﬂmposed as the direct sum’of suhspaces

1 L Be@)=Fl@@F:(@, -

phere | Fo@)={ (e, DB | pam0}

' i s T (@) =A (D, p) € Bo(Q)Y p=bonstant}, .

It is natura.l to apply(E{l ey Zrcar)/? 88 the norm of element (s _rp) in Fy (Q) by

property 8°. We assume that the discretizafion of 0.in Section 1ig 8o defined that the

boundary 842; of each element- ﬂa*blsjles_-_tha ~Llpﬂ,ﬂh_ﬂ'ﬁ_,ﬂﬂn@1‘|}10n Then we define the
following cartesmn Product |

5} e o YmI}Fu(Q;)
which is one of the basic spaces far our problem. A_uothar basic space is:

Z =4u=(14); WE H® (ﬂﬂk}fﬁk}: .

I:I{ﬂ-l-ﬂ +1

"’;_,_l '_r. .

-_'r

. {_ .E‘l' sk

the norm. of a.n elément-in Z is deﬁned by ;,.-_;.-; .a-{.,ﬂﬁ- g A
AR ﬂ“ﬂz“mf{lt;ﬂfmmm ‘UE(H’(Q)’)" i?““ ‘a8 wEU BQ;.-,}

We m'hroduﬂa a subapace of Z S et S otk rﬁ?%ﬂﬁ ! :
PR = {1 - 27 g 0, faﬂmE’@B}_
Since tha snlutmn of our pmblam with I:phhd#z‘f; vori( 1 5) sy chiango:a cﬂnstant
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hydros atic pressure, for daﬁm’ueness we deﬁne the third basic space |
P={puELﬂ(Q) Do e-qua]ﬂ 1;0 a cnnﬂta,n.t p;, on &, Yk, j gaqda: _0}T

‘We define three bilinear forms | |

a((s, B), (s D) =) — . (2.4)

on Y XY,
bCe, 2), 0= | g @a—gpinuds, (2.5)
on Y X7, and : . ey wms ggnte Bell s T
R otayw zmﬁ s Tl 2 e

on PxZ. | %
We assume that fE (L*f“ (Q))" UG E’ (HW“(BQ))" Take ah arbitrary’ (¢, p) c

I1 B(Q) such that (1.18) is satisfied on each slemerlt Oy andj pde=0. This is easy
beca.use there are —d(d+1) +1 unl:nowns 111 d equa,tmns (the techn1Qﬁa Wl].]. ‘be

shown in the next sactlun) Then. we take an arbltra.ry w W € H’(ﬂ) such that it satisfies
equation (1.5). If (s 2, u;) ig a. acalutmn of prﬁblem (1 23) (1 24) let

1

meas Qk

SUHS'—'EJ Pﬂ|nl

® s R g ow “Ug=U— u, .

then (e, po)EY quZ.;, and p,& P. Subatltutmg s=so+s, p=pu+p¢+p, =+
into (1.23), (1.24) and removing each term involving e, p, % to the right hand
side, we obtain the.following equations for unknowns (8, o) €Y, u€ Zo and p, €+

a( (8o, po), (1, 0)) —b((1, @), ) =<z, (4, O, Y, O €Y, (2.7).
s A b((sﬂ: PO): ‘D) ,_"_-G_(fpu; ‘!J) =<_'1l': ‘U),; VWEZu}_ e . (28)
6(go, Uo) =<P, o), VL EL, (2.9)

(p p)dw ;ao==@ p-——pm

where y €Y', Y=2Z;, dEF.

'We are going to prove the following:

. Theorem 1. Let V($)= {uc Zo; c(gr,,, u) = <<}5 Qa) Vq., EP} If there e:msf
constants a>0, B>0 such that |

g b((, 9); v) ' 0 - 2 10)

. _. ,,2?%%? | (e, g)ﬂr;’“"”ﬂ , YoeV( ):. st . : ( ‘ )

o mp e, ve€P, L @D
v}

then problem (2.7)—(2.9) has a unique solution, and there is G mtmt O whioh depends:
Ny, ﬂ,ﬁ, lal. ﬂbLJJﬂll only,-such that .

P . ¢ po>ur+llwﬂr+ﬂ9aﬂr€0(||xﬂw+ﬂa,hla +I¢~E1~)

" .P'Tﬂﬂf Bj’ (2 4) We have . s EAEAL madly $ U0

ﬂ((s p) (s, P))*Q?H(B oE Vs, P)EY

R
L _E..._J'i “nﬁ-pi'i- -i&d

Lirm -

’hs __:
5

o
-'\-..- I'-'

e
: N AL
2. 3
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e T
i (e, S’) 'Irﬁ—gv-ﬂxh". |
This is also true if we replace ¥ with a.ny clogsed subspace of ¥. By Brezzi's theory

and (2.11), there is a 2o € Zo, Such that ..
| 0(qs, Tio) =4P, @, - VIETL

Hﬁu “ z":g}ﬁ—ﬂ(}"“p_

;
. - L pampiua

and

ja L
J .

~m

Sot tip= "o 4-1,. According o (2.10) andIﬁmma ., the prﬁblem

a((8a, Do), (5, @) — (G )5 20) -=<;g.§y 9)>+b((, D> a0y, V(m, DEY,
b( (50, Po), 8) =P, ©3, VOEV D)

has & unique solution (80, Po) €Y, 1’067(0},5.1%& g RS L
v I Ceo, po)l]y-{-“%ﬂzﬁﬂ{hﬂr**l'.ﬂkbﬂz;-l‘llqbﬂr*} .
That is, there is a unigue solution (60, PO) €Y, quV(q'J), which gatisfies
| £(Coo. 20, Gty ) 5y D), o) =<y Uy 2 Y, DEY, (21D
1o 29, D=3 9, VOEV®),

and [ oo, o) [+ Iuolz<OLixlw+ [¥lnt1led.
We define a hilistear form on (Y x Zy) X (¥ % Zu)_ as ®
A((50, Po, th)» (s, €5 9)) =0 ({80, Po), (i 7))
~b((» 9, to) —b ({80, Do)y ¥)e .

Then (2.12) can be rewritten as

A((2o, Do, ti0)s (s 9 o)) =<z, (s DY, O Y &, 2) €Y xV(0),
and problem (2.7)—(2.9) can be rewritien'as -
A((o, Po, Yo), (s T ©)) +o(pe, B) =<2, (0 O>—<; 2, v(u, ¢, ¥) €Y X2y,
- ¢(qe, to) =<P, o7, Vg, EP.

ain we apply Lemma 1 and the conclusion follows: |
is equivalent to the -original boundary value problem of
other hand, it is not hard to verify

Once ag
Problem (2.7)—(2.9)

Stokes flow, so thers is a unique solntion™. On the

conditions (2.10) and (2.11) directly™.

We discuss the finite element “approxiﬁ:la.tion;_.ﬂf,_,_ (2 H—(2.9). Let Y.CY, ZyCZo,
(As a matter of

P, P be closed subspaces, where & is the parameter of discretization.

fact, P,=P and it 18 already of finite dJIﬂen.ﬂlﬂnE)ThB approximate problem of

- 4

alen, ), (y 9) —BC, @)y W) =<y (o5 DS, Y, ) €Yy (2.18)

b((en, D)5 ¥) —o{Par; _"*’)""'"_ <'1_'; 0P, YOEZy, (2.14)
i o (go, ta) =<¢:%>;‘~V%EPL. ke (2.15)
Wo define & bilinear form - T & A

B((s0;' Po; ey 2&), (it 8, 8, 99) " = Aok

o mACes, 2o )y i, g 09) Fo(@e, 0) +o(de, vo)

on (¥ xZoX P) X (¥ X Z, % P). By Theorem 2’1 and Lem mia 2, it i easy 0 DrOVe (the
bilinesr form b(+, +) in Lemma 9 ig B +)ymow)s T B

1
-
%
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Theorem 2. ILet V(O) {0 C Zy; 0(g,, ©) =0, ‘v‘q.,EP.} If there emst cmstms
a>0, ﬁ.‘>0 independent of h, such that 8

b((u, @), v) n\ .
3 NGBSl eeP @, i
EEEP; G([f;]l - ?EIEJII:E,'_W.,EP Iu.. (2.17)

then problem (2.18) — (2.15) hos a umgw so!utwm mui there i3 a constant 0
mdspmdmt of k, such that ~ :

| Cen, f?a)Ilr+llwnllz+ﬂz=onl]pu§o(ﬂxﬂr:+llt!'lz.+ll¢ﬂ @.18)
and the follow»g error estémation holds: . o . .

ﬂ(ﬂﬂ""sfh ""Ph) ﬂY'!'H“ﬂ “iﬂﬂ""H?a"'PﬂEP "
<O{ inf [ (s ~H, 20— |x+ infﬂ o—os'+ :ﬁfﬂupq_gq" r}.

(2 19)

We have proved in [2] that cond.ttmn (2. 16) is nothlng but a local condition, if
holds if and only if the so-called rank condition holds in each element. And condition
(2.17) is the weakest form of the Babuska—Brezzi condition for Navier—Stokes
equations, becapse”p, € P is a piecewise constant function. It is known that quite a
few kinds of elements satisfy (2.17), for instance the qua.dra.tlc gix nodes triangular
elements. Therefore, if we use quadratic six~nodes interpolation formulae for velocity,
then the second term on the rlght hand side of (2.19) would be O(A?), and if we take
the space ¥ “sufficiently large”, then any degree of precision can be achioved for the
firgt Jorm, and the scale of space Y » does not affect ,the order of the a.lgebra.lc system
to be solved, because when we solve (2.18)—(2.15), the variables (g, p) are
eliminated in advance. The third tefm is zero in our case.

We have given some kinds of elements .- which satisfy cond_tt ions (2.16),

2.1y,

- '§ 3, “The Navier-Stokes. Prohlem
According to the notatwns in Section 2, the problem is: Yo find (20, po, %, w;) €
YXZDKP S'U.Ch that .
B((eo, Po, uo, pa) (;w g, v, qu))-=<x (;b q)) <sfr, *v> {P, Q:r};
Y, g, v, ga)EFXZuXP . ) (3.1)

or we' rﬁplace I" xZ.-_.xP by YixZ, %P, and consider the’ _corresponding problem
(8. 1), 2 bnis noW % a.nd Jr take quite cnmphcated nonlmea.r form mth the exp:esamns

kT <x_4. (p__ g)p=r'm j g :m-zj (21’%“‘93#)%: RN
‘ | IL ﬁhge: e % S uh-um '=. .'r '.';'.'*-’ i e .,,_' 8 {i L.Lii..l:afiii:
S 'ﬂ%‘”)”' -g jm'@"?g _ ﬁgﬁu)w;

y "', mE e “!:"*-f -.'_
; j '-":.‘_- ‘w.z- %ﬁ!&.f‘z} ﬁ ;'Lt %1 ;- fuv}}rli jiﬂ&éﬂi %ﬂij i}ﬂfj

e L - . .
BT E . S Y
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on each element (. “Here u € (H 4 h@))_ﬁaﬁ@jﬁﬁeﬁ_ ‘Eq'uﬂi’-iﬁll (1 5} We ﬂan *hake u, such
HHHEH‘{H)}“'QO“'HQ (H':u{gp))l : - : | (3 5)

The funutmn g in (3. 4) ig an extension’'of '3 from Lg a0, to ‘t-he whole dommn Q. We

can aJscr Jefine a suitable mterpola.tmn opera.tor j’ z.-;(Hi (Q))? sach that
“j““(m(nuaﬁaﬂ%ﬂ - (3.6)

We take .fu, ag the function u in. (8.4) - Now. we ﬁhuw a techmqua to .solve (&, )
from (3.4), such that the estimation - :

e P) Eiﬂﬂgazﬁ‘% *“‘f'lw::a-; o (3.;7)'

holds. When d=2, we may set p-={} (Byim= e Thén (8.4) becombes an elliptic
gystem with the unknowns &1 and 819 WV €3 _,,._IE ﬁ;t on the whole plane by Fourier
+ransform and got (&, P)- When d=3, we ma,y set, ‘;1;-0 p===0 and solve the first
two'eqﬁa'.tions by the above techmque %hen we ot f,==0 and solve a similar elliptic
gystem on (2, zs) plane. Finally we sum’ “theth * “ap :and get (&, ). In practice, We
may assume that f and w are po ynomlal& and let (u}, *_p) be polynomials 100 Then we

determine: S0Ine Coe! ficients and obtain (¢, p) o G
By. (3. 2, T . e

l <x; *(,u,, q)? \ < 2v|ey “ L) n#ﬂ“mnr“zn (P': 9) Hl"-(ﬂ:) llull (HYa))*
<2 (EU_G_H l\ mca))i E(E\le L) -y

- = 4 i % ;Fi;
% L E @ + [, @) el “(H!(m}' e
Thejl by (3.5) and the definition of ¥ we obtain -
| “IUY’QQ?(EUEHUL-@) 5+O“ﬂolcﬂm<w>}-. - (3.8)

By (3 3) and property 9° of spaces B ({) in Sactian 2,
| <, vy | <0 2“ (e, Pﬂnwaﬂﬁlmn.n‘

11,

By (3.7) we get - g
|, o] “-;O 2 Eg.ﬁﬁﬁwfﬁ_ﬂ n"w:jfhﬂlmmﬂ
“‘M <C {2 E““ﬂ‘i f"f 4“1::”-(::,)} ” ?' .

<O{max E\l%ﬁﬁ i—f inlf"'{ﬁx} E EHT:"M —f TS ke

Hanca

5, <O S v~ S {2 ﬁﬂ“ﬁ‘i.rﬁﬂnm{m}}”
: <0 Ellm. "‘fi“r-mcm: i AT
| 'htlt .Hitﬂ‘)GL"‘(Q) Hﬂ .‘.F'.-._m_,._ ii i %igﬁlﬁ.w % el
byl 5 -0 o e ‘Qg{ﬂuﬂcﬂlw»--i'ﬂf{ s (3.9)
Smllarly, s gibn eakimede b rlghthandmd of @ %3 _and o
| llﬂrrﬁﬁ{ﬂﬂ“(mm)r*ﬁf fraricame. {Hf@émr} | (3 10)

| Wa conﬂider two closed neighborhooda ﬂn
(o))’ ind (BHD) T ot e icie: > i

R - 1k L
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Tt et e S T P e

N () ={(f, o) € (LH2(2))* x (H(22))%; |f[amncarct |Fol amaare <8},
B(ny={u€& (H 2y ) g u !‘LH (H'(ﬂn“g"?} | |

Then we prove the existence and umquenass theore-m

| Theorem 8. There exist constants n>0.and §>0, such that if ( f, w) EN (D),

‘then the solution of problem (3.1) ewists and is ‘unigue. with the c-onsﬁrmt S (uo+u) €

B(n). And if the hypotheses of Theorem 2 hold, then tha swms 1-3 trrw fw problem (3.1 )k

where n and & are independent of h.

| Proof. Weé prove for problem (3 1) : tha proof for prﬂblam (3. 1)y is the same.
’I‘a]ung an a,rbltra,ry u' € (H . (Q))" and replamng % in (8.4) with u*, 'wo get a

linear Stokes problem. The solution of (3. 1) ietHigiease is denoted by (su__ Do, Us, Do) -

Let u=.# (ot u) Then the mappmg A I-—m deﬁnes a nonllnaar operator F (H 3 (G) Yi—>

@@y, - * e
By Theorem 1 and (3.5), (3 6), (3 9) (3. 10) “ﬁé obtmn |
"'”’"'II':""EII}J"“"Q‘ﬂ{llM Il(H‘{n)}’+Hf ﬂ(nm(n)}c*l" “%"(Hm(am}ﬂ} ST Bl
We take n%-ﬁ%ﬁ,' "-—% Than F maps B(fg) =111t.o B('q) ‘Buffice it to prove F is a
‘contraction. ' | 5 e

Suppose »* and w EB(n) a,nd w-—-—F(w ), fw=F(w') Let u'=9 ' —w, u=v-—w.
Then by Theorer;l 1 and (3.6); (3.9); (3.10) we got |

"“u @y <O E H 'I’J‘Ui § “'*’iji .fl Lmﬁ;a —'G 2“ ”1“#.1“" H,'w‘,jﬂm-(a;.

...-' "'

|“ ”{H*(m}"'f‘-ﬂ“ ﬂm’(a}}d H‘W i(ﬂ"(ﬂn‘}

<0{ " ol CH'Q))**

that is o o : - "u" {Hi{ﬂ]}ﬂ goﬂﬂ i" (H“(ﬂ})i
We take n such that Un<1 Then the equa,tmn o gl

| i _.
~ has a unique 501111;1011 in the ball B(n).
: Finally we consider the error estimation. “First we discuss the difference botween
the solutions of (3.1) and (8.1)y. = B |

- Lemma 8. Under the hypotheses o f Theorem 2 iherﬂ ewists & oo-nsmt 31, 0< 8,9,
such that mf (f, %) EN(3)), then (2. 19) holds for the solutions (g0, Do, %o, Do) Of
(8.1) and (&, B, U, Do) 0f 3. - -
~ Proof. Letu=79 (uo—!—u) We. substltuts it'in’ (3 4) and get 5y and p. Then we
“get x, ¥ by (3.2), (3.8). "With the same g, t,b and ¢, we solve (3.1) to obtain (g,
Do, Yo, Do}, and solve (3.1), 1o obtain (s, p;,, u;., pﬂ) Kach 501111;1011 exists and is

nnique.becanse they are linear problems. T
By ta 19); o, |
7 N e R O
u(au E;, %“Fﬂ)ﬂ]"‘*"% u‘hﬂﬂ'!' l.pd_Pdl“ y
BRRFORING Rt R ) e

| g{} : mf s - -!-m_f —tu' +-inf 3.12)
- (s: L"s,.,- 1ot ‘* mﬁ—pﬂ) is a EOltl‘liiGI[EOf’ffthﬁ lmear pmblam (2 13)——
 (2.15) wab BRI W

- we getr )? ‘i ‘ 7 ”’ ‘WE &PPlb" {2 ;inﬁéL %WMB “ﬂd‘geiﬂ” ’”é’a’
. e '.3"-*;-3-.—-_.; *e‘:ﬂf "‘f '*%E{%ﬂ;,r‘ J'..-. : :

e ] sma
£ty TR TR

J R : : i O R RO - Y e eabed e
et v ; I ) gt ; : R a o AERCAh IR s o e STEN e TR ]
Ly .ﬁ.f“' Tl T R AN e WE e Se e OV L S R e p-‘_'.;.-{.j_.r_'. i L T :

- L A =k H M . I P L PG R =2 Y, - N, [, R HLELL e P T I.:-..'Aﬂl'.:_'.' Ly = gty g T A e T s
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el :

I (&) — &a; Pa —Da) ”?‘F llﬂ:."4u;. 71 "P:h "Pdﬁ,lP _
<O{|S (‘uo+ﬁ_) H(Hltaj;ﬂ‘_ 54 (ﬂﬂ"'”ﬁ) | carrconye
+ | () u(mw_- | (o —un) | o}
< Onl|f (k%

.We take n small encugh such that Gn<1 and 81-=m111(3 20) Then the conclusmn

follows from (3.12) and (3.13). _
‘Suppose o', &', u', p' are the exach salutmng Q;E problem (1 1)—(1.5). We

3

estimate the dlﬂ'erence betwaen it and the approxmate solution by (3.1),. If we
replace ujk,; in (3 4) with ufuf,, then tha sﬂlutmn uf problem (3.1) iz exact, whmh is

dB]lOth bji" (Eﬂ: Pﬂ: t&n, Pﬂ) ek "-}r”t{'
Theorem 4. Under the hypotheses af Thmam 2 Nihere ewists @ commm ag,,

0< 8,8y, such that if (f, 4o) EN(8a), the snl-u,taqqq _(a,., P ta, Den) of (8. 1).1 sat@sﬁm
the foﬂomng error estimation:

u(sn—‘ah Pl) e+ ““ﬂ_ulﬂz:l'ﬂfpc f"PulllP

(3.13)

<0{ inf | (sb—ws; ﬂo—xq)ﬂr—l-mflluo — o)z
+u§£u% — ol pt+ | "Jﬂtﬁcﬂ'cﬂ)r}, . (3.14)

wwhere Fut denotes the interpolation function of 1 the q'estrzct%m of fu.* on U Elo
Proof. By Theorem 1 and (3.6) we have = .
| (85— &0, Po 6 — Do) ﬂr+ {26 — Un“z'l‘ IIPa —?oﬂ
-gG{I]u‘I{mmsﬂu*-—f(uu-[—w) Itﬂ‘cﬂaa‘+“f(uo+ﬂ) | ey
X ““ —j(l‘o'l‘ﬁ) i(ﬂ‘(nn‘}@ﬂ“ '-f(u.;,-i—u) H(Hl{m}‘
<On{{v'— f“'ﬂm’-:an‘“l‘ﬂf(“'—ﬂo"ﬂ) ﬂtﬂ‘(ﬂn‘}
_ "‘éaﬂ{ﬂ“'—f“’ﬂtﬂ‘(m}‘*‘ﬂ% — o]z}
provided (f, up) €EN(8). Hence if n is s0 gmall tha.t On{1 then we obtain
| (86— 80, Pb—p0) lr+[wo—tolz+ [ — paﬂrﬁﬁw Juf — S lane.  (3.16)

Let Bg==m1n (81, "IG_) By Lemms 3 a.nd (3 15) We get "

H (50—81, PU_PK) HI’+ "ﬁa—"ﬂhuﬂ’l" ﬂ?ﬂ Pﬂh “P
'QO{ inf ﬂ(su"‘ﬂ' Po—g) ﬂr+mf o~z

s : ] (ﬁ' WEYy . |
ol Pl g +q:52'f. H?J_QEHP+7}'ﬁHt—flﬂt“(Hicp}}:t} | - (3 '16)
o bT.I'l': e o ' T A S 4 ﬁii? w __1-:__; A ; 1_ i _ . £
JS{F‘ n (Sﬂ — i, Po™ g) HTQ(HE}ET..I (B'l}-",uf; —Q) HI"+ n (8“— Eﬂ’. ——Po) ll:r.l
| “ﬁfﬂ%—wﬂzéﬂfﬂd-ﬁvh+lm—wﬂh S
& | -- ;IEJI:E;IPO._ Q’anpﬂ mf EPﬂ -QﬂHP+ﬂPn “"Pu . | i i) .l.;' :
Su‘bstltutmg them into (3 16) a.nd a.pply:mg (3 15), Wwe obtmn (8.14). | ?T

. . Remark. To.congider the influence of viscosity ¥, we replace the varmbles u.‘,
. g in equations (1i1)==(1:4) with new: -variables v, ¥8y, and accordingly ga(m},dn
equation.- (1.5) with vty (@), For ElmPhﬁcatlon +these are atill denoted by s ; B.g ,ﬁ%n

.....
= -‘ﬁ'.gi
I'\.-

%r‘:‘
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ug (%) respectively. Then, equation (1.1) becomes

~Cust g vsha=fi RO - i

and ¥ becomes 1 in equation (1.2). After that the hneanzed Stokes problem is
independent of », and so is the constant O in Theorem 2. The oonclusions for

Navier—Stokes equations depend on v because equation (1.1)’ does. Now, inequality
(8.11) becomes

I|u|lm_1{p;;=€0{ Py "“ " chn))“l‘ﬁf H(:.u-{m)‘*'ﬂ“ﬂ"fﬂmcaﬂ:oﬂ}:

where it should be noticed that w, «", and w4, are all new variables. If we return to

the primitive variables, it is easy to see that the inequalities included in Theorem 3
would be ' e

| " S ﬂ'cn?r-rfn}J‘*"’IEﬁ!.E;iﬁ{éﬁ)}‘ <979,

DS ot ) ﬂfmr'@’m ..
and the inequahty mcluded in Theoram 4 w_'otlld he

1f |]{L'J-w)}'+viﬂo3{mu{m)r'ﬁyaﬁn: |
where 3, 7> and 8, are independent of ». '

The suthor would like to thank Profemr Han Houde for reading this paper a,nd
for hig comments. - -
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