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BQUNDS ON CONDITION NUMBER OF A MATRIX*
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as 8 linear operator on G’“ ‘hasa norm ﬂAﬂﬂrfff ?“
by P(A) =|A[|A*| she condition’ n‘nmber of n."nunsmgular matrix A. This is a
basic concept in numerical ﬂ,lgebra. and is mportanfa ﬁl ‘some other fields of numerical
analysis. Under certain circumstances, one takes the product of spectral radius
p( AVp( A1), namely the ratio |Ai|/|Xs] where Asiand Ayare the largest and smallest
pigenvalues of A4 by norm, to characterize the congdition of -4. P(4) depends on the
gelected norm f-| while p(A) p(A™t) is determ_med onljr by tha ma.trm 1t.saelf Now
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Denote by U the sot o:t' the whola of norms définied on C*. We begin with the
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'aldentﬂry matnx md o i a no:nzaro ECﬂ].H.I' P(A) =1 foﬁc ﬂ.ny norm. Otherwme wo
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" ¢ Theorem 1. ILet ACC™* be nmsmgulaf cmd AqédI :’I’ken thers is no ﬁante

upper bound of P(A4) while |+ | varies on U.
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matrix is .
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Now we divide the matrmes involved in the conﬂ_iﬁon of the theorem into two

cases: (1) at least one nonzero-eloment on - tha oﬁ‘—du.gonnl, (2)n dmgonal form with
Gutay for some ¢ due 0 A+al,
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notice of the nonsingularity of ., we can deﬁna a norm E
such ad s |
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Through calculation and from (1) We can. obtﬂ.m
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From (2), it can be seen tha.t no ﬁmte upper bound of [ A{ew exists while |s] tends
| to infinity. |
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where e is a positive Teal numHer We define |
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with a parameter s. Throngh ca.lculatmn wo have
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When £—0, there is no finite upper bound of | A|.,. With notice of ﬂA‘II ?p(A")
>0 we conclude that P(A) has no finite upper bound in both cases.
For any norm it is known tha.t ﬂA][ | A‘i | = p(A)p(A g NOW we go. fur‘l;her 130

prove the following theorem. |
Theorem 2. Let ACO™", and be nonsingular. Then

inf |4] 147 =p(4)p(47), - ®

Pmoj Let @ be the ma.tmx trahsforming 4 mto J ordan canonical form, namely,
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where J;1, due to the form (ba) of J;, is also an upper iriangular form with diegonal
elements 3.;‘1 o
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Oombining (8)-—(8b) and (9)—(gb), we have
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With notice of |A[|4[>4(4)p(A*) we obtain (4),
" For the nonsingular Héfriliflan mistrix, if is known that | AJ] A1 =p(4)p( A1)

with Etclidean norm: It mearigin tblsmsethat the infimam of P(4) can be attained.

Now we show whether or not the infimuni 6fP(4) can be attained in general case.
Theorem 3a. Let A€ O™ be nonsingular and has no Jordan book corresponding

t0 the largest and smallest eigenvdlues by norm, namely, there exists @ matris Q such that
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where | M| > |Aa| 222 | Ana| > |An| >0, Then we have
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Proof. 1In the proof of Theorem 2, it can be seen that in the case of Jordan form
(10) there exists a real mumber g>0 for the norm |2} aty = D@ )., a3 6<<s,
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hold. 8o we complete the proof. | |
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A¥*qa= ?\-1*3?14‘?&]‘92
Assume that a norm || EU mﬂkeﬂ-UAﬂ*wI?q[ It fo]lows that for a,n}r positive

integer &, -
klasl* '*‘qull—Ikil"ﬂgnﬂﬁﬂ-d"qaﬂgllﬁ !qniélhl g2l
and then
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The inequality means that the constant 2 | J.,_][]gﬂ]] / []g1|] can be bigger than any pnmtwe
integer. This falsity shows the imposmbllity Qf_ ﬂAl = A, . -

The results of Theorem 1 and Theorem 2 of thig- paper have been announced: in
s lotter form. in KEXUK TONGBO, Vol. 28, No. 7, p:668, 1981. The work of Theorem
3a and -3b was stimulated by the good queﬂtlongiqf Prof ‘Wu Wen—da, to whom: the
author wishes to express his sincere thanks. . ¢ aedf o1
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