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THE FINITE DIFFERENCE METHOD FOR THE
PERIODIC BOUNDARY ‘AND INITIAL VALUE
PROBLEM OF A CLASS OF SYSTEM, OF
GENERALIZED ZAKHAROV EQUATIONS“’ ..

LIANG J Uﬁ-—-DU (* g 5_)
(Zhongahm Unitlers#y, G mgsiou Ghm)

"t : : ,Ef:,, ol
- __.,l;,,;_._# ;- o A e JUGE L B ; Ahﬂtmot
s "This | pape:r ia mtendad to. study the finits- difference tiethod for the pencdm boundary ﬁ.nd initial

vﬂmprublamofauhmufmwmafgenerahzeﬂzakhmvethm & @ @ . i

| E 1. Introductmn o
- We conmdar the s}rstem Of genera.hzed Zakham? equa,tlona .

§8;1- 809 —a{@)ma+B(z) | 8|28 =0, o Cld)
s —Tea Y= Islm (1.2)
with the periodic boundary condﬁmns e
s(z, t)=s8(a+D, ), 9, t)nq}(a:—l-ﬂ t) Vai t}O | : -(1-.3)
and the initial conditions . . . . . -
8(z, 0)=s0(2), ‘i?(m 0) —"?o(m) m(w 0)=m($) Oﬁm‘éﬂ (1 4)

where 4=+/—1, D}O ¥ is a real constant, o) and B(w) are known functwns
which possess the period D, ﬂ(m t) is an anknown real funoction, (e, #)=(s:(e, t),

" eu(z, £))T ig an M—d_lmenamnal vector of cumplex fonction. When M=1, «(s) =1,
B(m) =0, and y=0, the equation is the model equation presented by Z,'a.lrJ::uau:iD‘\'."':'*”"t
Morales and Lee™* solved this equation by & finite difference method and obtained
many resulis. Guo Bo-ling ®® proved the exisience and aniqueness of the clagsioal
solution, and the stability of the difference scheme correspondmg to the mede]
equation. In this paper the existence, uniqueness of the difference soluhun and thB
convergence, stabllltjr of the scheme are provad 'hheoretically o b Tewpes g 0

2. Symbol and Convention. Difference Schee . |
" Let Q donote the rectangular region [0, D] [0, 7. Let Qi be & 1“"1"_ ingulak

' ‘U'=jh j“ﬁ 1 J’J. (LB B o H s i_f.fzf .3-1 i
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t=nfc n=0, 1 .

where hmD/J and k=T /N. Let o, denote 44 and 7, denote nk We sha.ll be concerned
with functions defined ‘or the lattice: Tégion Q.. For their furward a.nd ‘backward
djjference quotmnts we shall ampluy the fullowmg notatmns

‘;f’i(ﬂj t) F*-[é(ﬂ'}-]-h D) = ‘}‘S(m: rt)] """" A+¢’:

i 5 g Pk cfa;(m;t) é—[fﬁ(ﬂ{,f) '—(.b(iv—k, t)] #7{ d_’tﬁ,' ‘

& = G s)=-—-[¢£m|ﬁzs) P(w, t)],_

e, =L 10,0~ ol D1,

._; v'“' e

'.... - 1

We also introduce inner product a.nd norms apprnprmte to func.iunns dsﬁned on ths
littios Qu: (f, g).=-;f(w,>gcm,)h ﬂ,f,yw (Fo v 1fIam Ui+ 2 |5 21|,

Wl = supl @, | 7] gabd L o (5) ] The norm corrspondiig to
the space Gf square mtegra.ble fundtmns as T e -.
M -=j lf(m) Iﬂdev

where f is a vector va.lued functmn Oorrespondmg to (1 1) (1 4) , We esta.blmh the
following difference scheme, denoted by (2)* or (2)%,

o @E;+s -—n(m)n‘a‘+ﬁ(m)|s"|“s“-=0 | . (2.1)
(2)* |
g g (;, 1) =8&"(@s4a, 1), 12y ) =@y, 8), V4, 120, - - (2.3)
h(ﬂ’h 0) ==En(mf) "?’(ﬂ’:: 0)=‘?In(ﬂ’f) Ji-‘ (ﬂ’h 0)_—‘731(‘1’1) | (2.4)
or &gt oy s R B . ‘
1'3?-!.1"‘3'8; “—%ﬂ_{_d E}t+1+ka 7,Il.'|+1l. u+1_kﬁj|3?+llﬁﬁ?+1; (2-5)
kﬂ

o w=tm—art+ B w"* —k‘r(ﬂ"“ w‘)+-§-§-d ALe)s,  (2.6)

- 83=80, ﬂ?*"??u; W “?‘0 % ~ (2.7)
3?=3ﬂ(¥.§)_;- 3 =n0(®y), '{?Jg—-j‘f.?_.f +-=£59?1(m3)_-1 % (2.8)

eier Ed | T = B Y ! . e S - . :
0 eepld 3, Existence ‘and Uniqueness of Difference Solution

| Wé cﬂn mu.rd the pmblem (2)¥ a5 & nonlinear system of unknowng st and
17"*?;(,;4-3. ﬁwiﬁfmd#, /] r"(jni -, /). .are known. We shall prove the
ng tinig iguenees of the solution for tha gystem (2)¥,

’_ s g} and. {0} (j-l J) the mtg
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=5

(1) >0,
Tkenthere emestsasolut@bne“” iyt (3=1 , J3 n=1,
system (2)¥.

Proof. Let By bB an M X J —d]menslenal eomplex Euelldee.n Epa.ce and H, a
J —d;lmenslenel real Fuclidean space, H =H{ X E,..?Fer the M 4-1-dimengional vector

X,=( ) (j=1, ==, J), We construct an M-—I—l—d.lmenslonal vector W,—(frj)

e, N) of the diifference

(j'___l.: g J): ; o .,‘_E,_
'l'-Ej='ir3;" A }I: ﬁ.,.t.'l Z; ?ukﬂ;Yij LkﬁjiZj' Zﬁ, oo ¥

1 a.

. S

(3.1)

j=1, e T,
N,ﬁznu —r A g ;‘; 444 Y, 1.710(1", n~)+z;rﬁ+4_|z,|ﬂ (3.2)

| wﬁefef Aisa reu.l peremeter Wo eet Z ,=X 147, 80, That Wi=W j4s. Therefore we have
deﬁn% operators Ty: E—E. It can be easily veri?ieii that™ 7 " ¢
A1), .For any re[0,1], the operators T,,L {erg eemgletely continuous.
“(2) For any bounded set of E, T, are umfermly eentmueus fer 0%1#;1
(3) If A=0, To(E) is a definite eloment 'of B 77 -
By the Leary Seha.uder g theorem™, in order to prove the existence of the solution
ef ’ohe prehlem (9) 2”44 is enough to preve that any pemible selutlen of eq_ue tion.

R e X=Ty(X)-"
is Ilﬂlfﬂrmlj’ bounded for any Oéhﬁl - _;._: a ”; " __
;E‘er this purpose, let W, =( ) g =‘1 J) he 8 eelutlen ef equation (3.3), i.e.

iHym i8] — A 4,4 E’,+:uca;N,E,—-mﬁ,[E,]ﬂEh- - (3.4)
N2 A ﬁiﬁm_m 3.7.1:(1\7,—7;")-1-1\. ﬁ: 4.4 |E,[=
ugﬁplﬂng (3. 4) by E, and summing fer j=-1 "t',u}. we. eb’c-a.m
s AR F " F (4. A_E,) E,
; ;; § ﬁ § A ? + |
ks W E“JNJIEJIﬂ”MEB!IEJ

."]-'._

.A.‘p‘plying Iiemmﬁ 1 ﬂn(i Ej“'E’.l.;_, WwWo hﬂ.'VB ;’(A-I-A—Ell Ejrs—;lﬁ E‘flﬂ Eince &4y
By, .N : a.rem When we teke the jmagmery parls ; Yhere g

1#!

'\ ; e SRR L.:ﬂ%& 7Y E lm sl'E l‘f’gﬂ‘ﬂff .rEjl!
T _ r’g[ ’| gRB( ,) e‘*% %Lime emga

or .- - - .k-h_.q s

s aly ‘f b -t ﬁ?ilel’ "ﬂ*wﬂ
_Equu.tlen (3 eﬁ cien be ﬁritten in ' Phe for  ; ;
T EkEN NS PV

ei%euee*u TR e

R PR )
Wt i
L TN . S
et
H‘ﬁm“ [ R T
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Multiplying the above exprm:on- by N;—u} and summmg up for j=1, :---,' J, we
ha_'vn ; e 5 VAR § 3 G 35 : o B -

TE(NJ“277"+‘YJ}'"1)(N4 ﬂ")“l Eﬂ-;-f-' Ny(N;—n7)

'-*5‘«7362(1’7;-' )”'l'?'- EJM-IEJ (Ny—77)
LT s i 2l Nﬂﬂﬂ—p(m,xam o
M 3:}% E(NJ )"-I-l Ed-;--’-" IEJ'E(NF“"?")

S sl 2V -—-a—rkg(zﬂ_m’
;J-‘I- 2;15 g (A-LA-'Efiﬂ)ﬂ ghﬂ ;(N; ,qn)ﬂ

'{;l*’"!‘f

wh9r§ 5 is an a,rbltrary poaihve mnsta.nt me Ejﬂﬂj e AT R

;(MJE,PM;<|E3+1|ﬂ+2|E,|ﬂ+IE,_11=>=Q(421E,P) SO
It can be eamly varlﬁed that

;(N:—ﬂﬂ"-l-ﬂ"')(N: T!")=—;J[(N: 97") —(17" v

| ;(N,——zn-w-i)ﬂ
Thus we obtain

(rrami— S5 =< 2"‘,; 3 1412+ 3 (= 258 o

OR%
2
If v>0, we choose S{L then 1— k3

B2 AT
d L 2
d< h +i’7h L, ; then 1+27k- k 8 _:>0 ;(N;—— i have umform bounds for 0<<

JLQ 1 Therefore thare oxists a conﬂta.nt K 1ndapenden‘l: f.}f 3. such that

' IFF]§=ZIE,|“+§|N,|=-QE’ T e

s T - N

0. If 7<0 when 1+27.fc>0 we choose

E::.r ; .A_E b

y This completes $hé proof,
Th&orem 2 .Asmme fha? t?w followmg cmdmm ami oondwm of Theorem 1 are

tgdt;gsj‘ied izl T ol 8 e & e B P owy Tafl
) mxla(w)l-@ mlﬁcmn-@ﬁ, ‘“

Bedolorrey B oesmwt o3 S T oyt
S(ﬂ) O ﬂwm«arhﬁmrdygwmmmmw e P
¥ ' u:-”"u:ﬁ rrided e T =
. i . o T: tgﬂ Of (2)h 23
ip aj} pim
lutlhn of (2)#‘ qﬁﬂ? isﬁouﬁaead%@é W;
i :"# s % (0 S ;.

:ﬂ“ u
43 ?.-].‘!%" 4

*r.'!

; i

t] . - y = .- L r el EML
'.'i' |.-= e ..t 5 "\-I F B < s ..
& = . B L B e B .:'--
:-r-: : |. ‘.__'i:_ i '.f '."‘I'--."‘ s s
‘ ¥ o s
= Goem s agps o g q.tioqp o tmn Y= kA
- a F T = Z T
= v - '_‘ e ' -l F o g,,_
R 3P o™ 50 r -_:"I
i LS A Y i " . - IF
. Ly weam * T 4 Y g T LH o ;" -
=1 ] I..-- + L ks : T .|__. r '. ’r i - r:-\-'r i ". . L _.._

};". B
,; kT N s £
g U s
SR i s B
,...r
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8 b _hi-;'grjs‘*"}?i' 4,4 w!"'L“J(@JEF]'ﬁJWJ) kﬁ;“EJlﬂEJ—IEJI Efﬂ (3*7)
| | 2 | |
&=t 4,4 B, — kD, + r{; 4,4 (|E,|L]E‘,|ﬂ) g e il HE
Tembosenthat, L
= . v #w‘ﬁ-n @:“@ﬂ-:. (3.9)

Mﬂlﬂplylng (8:7) by 'W}, summing up for g é-1 ... J and then separating the
lma.gma.ry part, we obtain

fv_,\@.p',] gm*;]@] [E,] IT,I-I—E&;*;(IE,'-I‘IE!DIW:I' | B

;-1_.| - S AR i ig. 5 - o ¥ Fﬁ _jarlj; .,f 5
e <Gk E(ﬂ @] +§t-§fr1;~9*—-1;;§{;m?§m| ,
Or T "-';-'E' e r.lu-"' E}H“ Fn ."3" L o L riw _%EE:* f_ 3 j ‘

e TR ]'*Fl“ B L3 AP
Ay <—
; . k(z 'K+2%‘E{‘5’)§ e

_Mulmplymg (3 8) by tié;_, n.nd summmg for' 5===1 aee J"Y‘ from Lomma 1 a.nd (3. 9)
we have - .

$ 100< - Blagi-nFo -k _§IA*¢JIIA+(IEJI"‘-IE;P)I

Using (8.6), we have | 4,(| By |*- IE;I“)!QI(IE;HI“-IEMI D1+ 1(B P~ B!
“§2E(|wf+1|+|w1|) Hénce -~ -

;|ﬁ+@1] |4,.(| By |*— |E;iﬂ)|“€223|ﬁ+@ﬂ(|ﬂ’:+1| + | y])

.f?(a'lO)

églmjluﬁ“gtlwﬂil -+

Using kﬁﬂnnd;m?‘,ﬂ] =2]WJ|H we obta.m: PR

h
55 Hag '.'llul LR . & gy ny s
TR glcﬁ,lm ?k§ [@;PHO’K* !znl’
' o f—;\.‘; ok LR i 141 : ek ; "L '
Substltutlng (3. 10).. into tha rlght—ha.nd . ﬂu}e of rla‘}Jle u.bova expream on, we obta.m
o St KPP iy
— I'J’Ik— T , —. B3| <0 i
. 1K ferragEr) F _.
% A T T ‘Qv‘ril‘.i‘i*‘s e YR v SR SARS PSS m% RE2ON R
When 1— J’c (I'}'I +5 @ K+2,8'K+2n‘£'50“) >0, there’ iag |':I5,|“=0 Uﬂmg (3 10), '?é
o i E“‘.‘-}tif" ; - :: R -_:’ J,
" we htwe g HI"JI’—O The pl‘oof is ﬁompleted ‘iﬂ*" * v o :
cam Helt o B “Wﬁ D 30 i ﬁ} T T
- 3‘}1‘3‘\?55"%? 4 ':’( i@o ‘*55.3? STV b .' -Tnlf?l E "_T' g:: '-"*"“tgpﬁ mcls ¥ @ E her X0

G -‘ o
o {EI“%EJEEGF{QP %ﬁmkfm ﬂi‘ ﬂ’;_“h_q- f
_.' _'I'._,fqmﬁ’i ced B N s z

-i.. : 4,
|.I' LR 'l_' - =
S ol N SRy S
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e i el T S T e

E(m-‘? t)=5(mf+-ﬁ- t): '}?(mf: t)**'f?(ﬂiﬂh t) VJ: f"}o . | (4'3)
S(wh o)msﬂ(mi) ??(mj; 0) ﬂﬂ(m.f) (mh 0)=7h(mi) : (4'4)
Lemma 2. Suppose sﬂ(m)EG’[{] ‘D]. Fm'any()%th Cw Y HE Y g
ﬂBthQH ~-‘“'3+=:r”r.,.=f= 0" h‘\;ﬁo

wkcrsEnMMepMmtnfkmdh 3 -"F
Proof. We teke tho inner product of (4.1) with & a.nd then take the imagmary
prart, thus obttumng the.rela.tmn oy 'sj_,,,fL_ e B 5 s
5 ' E—cuamﬁ ﬂﬁzﬁﬂiéﬁﬂ;f =
I‘ti :E{};[_IQWH 'hhﬂ_‘[; . | ,_.,. II " T : B e ol TREE T nss
P Lemma. S (Sobolev’ g ineqality. fnr d.lﬁ"aranoe operutor)m ' Géwn c>0, there
'ﬁnuﬂ$‘;:}{} &uﬁkrﬁEG$L ;:;F¥HJ1; :,.xj- : v fnn'T?’.V:;}%.;_'hT I
ﬁu
ﬂ%ﬂ %cllqbllwa' —‘EH o
, 4% ﬂ | ﬂ f-’ﬁ ﬁ wlt
.2 |18, <tushre] L] L scn

“Lemma 4. Lot u(£) be a rionnegative function satisfying the following conditions:
G<O+0y, .q20, . .« .. . ...
. t&[t=n=ﬂo
Thm tfw«re emsts & comtmt T.;., swk ﬂmt for O«Qt*@ Tn,
s e u(d)<0s

holds, where Cj ds dspmdmt on Oy, O, q, uy ond T,
Lemma b. Suppom thcst the fallaumg cmmm are samﬁed
@ m(@) €00, DY, m(a)E€OL0, D],
A () mex |n=(m) | <a®, Il.’tax: |B(e) | <B%, >0, -

£ (4) %‘(0 O g ﬂﬂ arb@tmrily gwm posm»w comtmf \ ) E
- § IS B0 SIS e g
tkon tiiere mat a Tn, mh tkat for U-@'t*ﬂ;Tm - .
Fwgrviemies o ung . o Bt d :
__ | ' ﬂﬂiﬂ#+ﬂfiﬂ + ﬂ"?ﬂrl- ﬂ'-'?:l +!nﬁjn§E1, hﬁfh
. : ";L_Er i T EkE ey &
e Broof. (D X the d;ﬂ'ereme quotient of (4.1) with regpect, to t, and then
¢ . making* hner “pro E_Et.ﬁuf ‘the “resulting’ Fa: tic!rn‘" ﬁiﬂl 8 And-sépitating the
Gt imaginaTy e r$, we obta.in ar Ei'prémmn. m&hat%ha terms of the rlght—ha.nd md&

II:- J-_ A __:. . : i .‘_ _ _'.:.':':‘-i ; -‘I;_-:- £, : A t f 1 i 5 el
<5 i s e 34 5‘ ‘;l% P A&Flﬁg ostim e sradelnd T8 S *f*‘*éﬂﬁjjﬁ&ﬁ -----
g A e -F:JI k0 .':':'. .. ;._'__-_j_ EX 0 X z: .
' A R S R SR Lo A R TRE _ -_" . ey 1-
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k8" Elsal Iﬂ'ﬁi|h<€ou+an(ﬂaﬁ“h+"3i"

where we have applied IﬂﬂlIDﬂﬂ 2 3 a.nd -Z—QG Thus
| ¢ BIHL)E‘QOT“‘GE(Hﬂiﬂnﬂﬁ_ﬂsflﬂ-.ﬂmﬁ). | (4.5)
(2) We take the inner product of (4.1) .with gz and take the imaginary part

to obtaln the mequa-hty -
3;| R

L (lsskina’ ;lnns-sﬂlw;m s-dmlh-
<Cp+Cio( |2zl n'fl"l ﬂh‘hlgﬂn 3. | (4.6)
From (4.1) we get | B o s |
||3ﬁ"1€011+01=(ﬂﬁiﬂ +ﬂﬁiﬂn+ﬂﬂﬂa) | - (4.7)
Substltutmg (4 7) into (4. 8), we have 1 " “S?ﬂﬁ“*’ | |

e A - (ﬂBnﬂi)i‘gom'*'ou(ﬂsilgh'ui‘ﬂlﬂ‘Hﬂﬂﬁ) '; (4 8)
(8) We take the inner produot of (4 2) Wlﬂl 7 to obta.m the inequa.llty

-—(Ilmllrf-ﬂ'naﬂ"’)ﬁZIﬂhM Ih

Since [s|Zz== Ia,]‘i*—l—[s,|’+s-s.;+s 8z, it follaws tha,t

i M el Out Catlalt It leald). . (4.9)
Substituting (4.7) into (4.9), weget ~ |
(|lm||n+H?)—E“)z*€011+013(58;!] +ﬂ3aﬂn+ﬂﬂ?ﬂn+ﬁ 3. (4.10)
(4) (e [n(e) +n(E— k)]mé—[n(t)—l-'n(t k)]"-l--——(m)’ o

-w(maf{t B3 ()

W TR oE R

Honce (r)r (P2t + L (n)", or (e F) (2rf+-—(~=«az)=) Now

(IlDe<Out OssCPilnnd®s 0 . (41D
Combining (4.5), (4.8), (4.10), (4.11), we.ha.ve _? '” . T
([ szl 3+ [ 823+ |nl3 +ﬂmﬂ +ﬂ"?i”h):'€0n+om( +ﬂsmui+|ﬂiﬂn+ﬂ’?ﬂf+ﬂﬂln

1534]’-. i ‘.l

anlly, it fcllowa from Lemms 4 that =~ . ... ? | R -ﬁ
RS 1 | A
Im|f+lsaﬁ+ﬂnﬂ§+ﬂmﬂ"+ﬂv§ﬁ€E’.

A ﬁ&ﬁ it T r‘ : :
L ; qire sahﬂﬁed then we ha.ve -_5.

v*mrf' g X

aud p&r}pﬁﬁn 1 Buppme tha con _. on)

g

. ﬂfliﬁ f}nﬂ-ﬁﬂ?ﬁ" Iy ;;;:_-;. ﬂsﬂﬂlgﬂhﬁ

Rt f”'”"" 'fL

’ﬂ

are samﬁed . '.‘"‘""-"-*"
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(1) eo(e) €C[0, D],
(2) no(2) €0?[0, D], m(m)eoi[o D}

Then we have

Joli+ a2 -@E o0<t<Ty,

Proof. Making the dlﬂ'e-renee quotlant of (4. 1) Wﬂ:h respect to ¢{, and then
taking norm [«[, weget - g
|81zl a<<| ez [s+a® ﬂ(??S)ilri‘B'H(13’53)1ﬂ1'€095+ﬂ8ﬁ|h o (4.12)

Making the differénce quotlent of (4 1) twice with respect to ¢ and making the
dlﬁ'erencs quﬂtlent (4 2) with resPect‘lio §, we obtain- .

fomi+ena—a(ie)atB(|s|%)a=0," (4.18)
. m— mu+m=-lsl:.a. LU (4.14)
Tak:mg the inner product of (4 14) mth nﬁ, ,.WG get o "
3 Umli+ i<z Jelie| Il <5 Haie.aﬂ.+=——llnaﬂ
Applylng Lemmu 8 and mequallty (4. 12) 'we obtaln‘* S ol B L5
Bl siz,fn.-gomwﬂuaﬁuh. " 4

; : £ -
Therefore 5

l(ﬂmﬂﬂumu%);qog;wﬂ(nsﬁuﬂnmns)_ L (a18)

Taking the mner product of (4.18) with &g a.nd sepnra.tmg the 1ma.g1nﬂ.ry part, |
we have ,

5 (ealDr<a® 2 GreYal lsul h+87S) (lel*8)a] Loul
‘Qﬂ'au-i"om(lﬁﬁﬁ—l“ﬂ?muf***ﬂ B (4.16)
Tt follows from (4.15), (4.16) that =~ = = I

(Jeala+ |nmli+ | ﬂ”);<0m+033(ﬂsnﬂ +!-'rmﬂi+ Inzl3).
Applying Lemina- 4" we obtain w EEW & P
Nsali+ nali+ 9= iéEﬁ,--' 0t < T, .
Deduction 8. Suppose the conditions for Lemma 6 are satisfied, we have
P S ﬂaiﬂﬂh'@Eﬁ I’?ﬁli'@Eﬂ, {}‘QiﬁTu. |
Deductmn 4. Suppose the conditions for Lemmu 6 are aatmﬁed we h&’VB
L8 S ey, Ia.alwéEm, OﬁtﬁTm e
| . | Vosw (VLG ot t B et e
S, | fﬁ*ﬁn‘ ) 5 Convmen&b a:nd Stabili

LU il 1-'_'.‘ £ " . *
: Le? gy ,r n t“é"il 'I:he solution of Ibr’tjb’lem (2)Fil ﬂﬂ 3 i’ denote the"'ﬂoltﬁ:iﬂ

”;:

S u.-... :.'.,l‘_ '-g-i- Y g
SR “Them Sins "i”" ﬂl&t tﬂ!‘ﬂ ﬂw M ga s e ¥ "

s g ':-'}‘..’ oy "ﬁ, ‘.. 4, N DL R e ”}i £
(1.4), I PR fm‘m aolutwn ofprobhn ( ) .Bhe  followony conds
b Tt .‘-' e .a-.-..‘f-'?:*'-r et g “ o L oy Ol T R R U
Wﬁﬂ ilJ_" '_.{ : L ﬁlr,_‘i‘m-“:,- _1,_1 "-'-l {'- ; } ?_"'E"l_ j.-. i'"iuij_} ‘Jﬁl r ﬁ = -LJ:J.:"' H_?:; -:1 qrr : ;_: " Pl i F
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(1) En(ﬂl) E Oi [0; -D]: | | |
(2) mo(=) €C?[0, D], m(e) €00, DY, ©0
(8) max |a(2)|<a®, max |B(m) | Q_B 7}0

O I} Oy
(4) —ﬁ-g(} O e mzygwm gamm constam%

I 1?#!; ;ti =

Then the difference sohwwn of problﬂm (2)* cmwrgss to the classical smooth mlutfwn of
problem (1.1)— (1 4) and there eisis the astemmt@m

i hdPE ﬁ‘ﬂ”-i-, s;ﬂ.+ﬂs=—a;| ;!-ﬂm—mllﬁlln -3
+ [me— i Do bl L0+ Y™,

Proof. 8uba‘l:1tut1ng a(m £), @, 1) il}tu?d:he dlﬂ’eranca equations (2. 1) (2 2),

| ‘E‘FE mke the Taylor exp anﬁmn 1o tha.m
g ; e A4

w;+sﬂ——mys+ﬁla[ s-G(k-f-h“), - - (B.1)
e 'nﬂ+‘m=|8 dﬁﬁiﬁb) -t " (5.2)
Lot n—nt=¢, '8~ 8=, Then = -~ wr‘#miﬁg!;f‘” T |
e b BB R P0G+, (B8
b — bzt rvPe=| 8|2 —Is‘lﬁ+0(k+h“) (5.4)
b2y, §) =P(@is, 1), (o, f)=“¢'(m1+:, t£), Vi, =0, (5.5)
¢l 0)=0, P(z;, 0)=0, | (5.6)

(1) Ma,kj ng the inner product of (5.4) mth tﬁ; we have
3 (ﬂ‘ibtﬂh + | a)iﬁgJ b:(| et |3‘]ﬂ)lh+§{¢;0(k+h“)] h,

It is easy to see that, from
IISIﬂ—IS“IﬂI‘QI%I(IB=I+I8sI)+I¢zI(IB=I+Isal)+2lﬂ|Itﬁwl+2l¢|Isﬂl

it fﬂﬂqws that

| BlenClelz— 1M z)|h<ai(ﬂ¢fﬂ F IR+ Iald).

' Here the uniformly bounded estimations | sz} lﬂh,;ﬂ*;,_' and || &f;, §é:)s are applied.
In addition, from Lemma 8, ] is replaced by ¢ and fyr.fs. Since

;\M(HH)IM—HMH (0G4

" hence '

(ﬂ‘ﬁ’!ﬂrl-ﬂ‘ﬁr"n):ﬁgn(wrﬂ +E‘H +l¢mﬂn)+[0(k+hﬂ)]’ (6.7)
By (5:8) it follows that iy A s 5 2
W'm"iﬂoa(llﬂrl'lllnln+:|¢ﬂi)+o(k ‘l'lhﬂ) (5.- 8)

_Sﬂbﬂ'ﬁl'ﬁﬂﬁng (B.8) into (5.7), we have

I i i +I¢vi=+v14rﬁ;_.,, ne [ock+hﬂ)]=* ®. 95

:;,..:s Y TR

b Y

Lfﬂ*ﬁ‘gi(lﬂ—lﬂ‘l)(l I+1a’*l)a" ¢Ih+§:l¢ 0(k+hﬂ)lk

i‘t-ﬁﬁ e - rfi..i.".iif-'ll‘.l-_.;+ ‘-v"' ﬁph' 2 E_”] ‘!'-'

L<ou(ﬂ¢l +Mﬂz)+[0(k+h=)]= e 4-1(5‘-1@9-?
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e e

(3) In a way aumla.r 1o tha.t of (4) in Sectlon 4, we get

etpsoeti+iald. G 11}

(4) Making the dlﬁ'eranca quotmnt of (56.8) with respect to ¢, takmg the inner
product of the resulting rela.tmn with zp; and sepmtmg the 1ma.g1nar5r pa,rt we can
oblain b 5 ,

i

(lh"iﬁh)i‘ﬁﬂ'zl(ﬂlﬁ)i ¢i|h+ﬂ? 2] (&*p)s ¢,|h+ﬁ'§](|s|%), Ui | B
> [(].B.[; )5+ '

; ‘r

<O$lHglFWi+IRD. (G2
Oomblmng (6.9), (5.10); (E 11);-(5.12), we have o

(1B 13+ Iel i+ 1gald+ o 3+ el
SO+ LlE 1T+ i+ OGO,

,,, —-—l-tldu e,

ﬂ¢[|n+ll¢rﬂ +Ids "n+H'I’HH'ﬂ¢rﬂa<[0(k+hﬂ)]“eﬂﬂ

Combining the above reﬂult mﬁh (5 8) ‘and Temms 8, we Obtain the conelution of
Theorem 3.

Theonem’ 4. Suppose ths comi@tm of Theorem $ are sﬂmﬁed then the da_ﬁ’erm
solutions s*(w, ), P (a, t) are stable with norm |+ ]a,s and [ {1,» respactmly

Proof. 'The proof is similar to that of Theorem 8. =~ -

The conditions (1), (2).of Theoroms 3, 4 can be weakened 10 &o(z) EH"' (0, D)
ne(®) EH?*(0, D), m(e) E.Hi(O D). In fact, we can make {e3(w)}CO*[0, D],
{n‘o(rb)}CO"[{} D], {A(z)} <00, D] convergs to su(m) (@), m(z), contained in
H* (9, By H "3(0 D), H(0, D) respectively. Let &?, %' be the difference soluiion
Gorrespnndlng to'the initial values s§(a), 7§(@), 7i(w). We can see that the estimations
of Sectlon 4 and Theorems 8, 4 of Section 5 for &' and 9 still hold. By the limit
procgﬂs Wlth §—>00, We'can obta.m 'l'.he same results as in Theorems 3, 4

i 6. Numerlcal Expenments

| Py 1 b .
We have made n.umencal computahon Gf the scheme (2)" with the conditions:

7=0 T a(m)-—l B(m)=-2 D=4'k=0,001, h=0. 04, s(a: §)= (51(51: t) sﬂ(m t))"
1) 'l‘he ﬁrst 1111131&.1 functmn was computed from

L._..._ ,..' e ﬂgﬁ{i 4 2 G{iﬁgd:
61(51* ﬂ -
4+5@ - 14<0<2.6;
W 0  OI<e<l.g, 2. B-(m-@é
o ea(e, 0)=
e 2 5+3:r w.nmmgz 6
A el T e .;amm o fa emes .

B g 3 ;- PRI AR g
E Tt 11’-3&- a }- frh 'E'i'-'} setE S "'Lr...-l i ok

-—~._,:;--m~1m ex xza,ﬂa-w ey
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. ol Te A i ! :
160 - kel EEHGEY o f"l'-‘l‘ y $=304 t=404 (=424
| . - .l': R - -, | | r
'Iﬁllﬁ-!-l-ﬂ:i’ ‘ 7y Eﬁ-{j * e sl T
il _
40.~
0
F“'.ll;.}"'
.'I h 1 |
(2) The second initial functmn was: mmPuted from |
o, 0) =t SR T,
sﬂ(m 0)=3 53111* ”ff +1.3 ind ‘T’,
. w(m 0) s __120/(6—{=+H+E ;::—B)ﬂ
S 71(a, 0~=o0, " .
The numenca.l rosulis are deplc‘bed in Fag 2 KT
. 180 .,
Im_ ]E}]‘,'I'lsilf :
. o '
69 il ; .
it 5 t_-*,?]"'ﬂ
l
" .
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