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Abstract

This paper is concerned with a priori error estimates of a finite element method for
numerical reconstruction of some unknown distributed flux in an inverse heat conduction
problem. More precisely, some unknown distributed Neumann data are to be recovered
on the interior inaccessible boundary using Dirichlet measurement data on the outer ac-
cessible boundary. The main contribution in this work is to establish the some a priori
error estimates in terms of the mesh size in the domain and on the accessible/inaccessible
boundaries, respectively, for both the temperature u and the adjoint state p under the
lowest regularity assumption. It is revealed that the lower bounds of the convergence rates
depend on the geometry of the domain. These a priori error estimates are of immense
interest by themselves and pave the way for proving the convergence analysis of adaptive
techniques applied to a general classes of inverse heat conduction problems. Numerical
experiments are presented to verify our theoretical prediction.

Mathematics subject classification: 35R30, 66N30, 65N15.
Key words: Distributed flux, Inverse heat problems, Finite element method, Error esti-
mates.

1. Introduction

Inverse heat conduction problems are frequently encountered in engineering and industrial
applications. In this paper we address a priori error estimates of a finite element method
for numerical reconstruction of some unknown distributed flux in an inverse heat conduction
problem. More precisely, the unknown distributed Neumann data, called fluzes in the sequel,
are to be determined on the interior inaccessible boundary using Dirichlet measurement data
on the outer accessible boundary.

The flux distribution is of paramount practical interest in heat conduction processes, e.g., the
real-time monitoring in steel industry [1], the visualization by liquid crystal thermography [9],
and estimating the freezing front velocity in the solidification process [24]. But its accurate
distribution is rather difficult to obtain on some inaccessible boundary, such as the interior
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boundary of nuclear reactors and steel furnaces. Engineers seek to estimate them from accessible
outer boundary measurements, which naturally gives rise to the inverse problem of estimating
the distribution of fluxes. The most difficult issue in solving and analyzing the inverse heat
problem of recovering the distributed flux lies in the strong instability with respect to the
errors in the measurement data, i.e., small perturbation in the measurement data may lead to
significant amplification of error in the identified flux. It is well-known that the inverse problem
under investigation here is essentially lack of continuous dependance on data, thus ill-posed in
Hadamard’s sense [12].

In order to achieve a reasonable and practically acceptable numerical reconstruction of the
flux, one may have to resort to some regularization techniques to transform the unstable ill-posed
heat flux reconstruction process into a stable mathematical one. Several numerical methods
have been proposed for the distributed flux reconstruction problem, among which the least-
squares formulation [23-25] has received intensive investigations and it has been implemented by
means of the boundary integral method [25] and finite element method [23]. Recently, adaptive
techniques are introduced in this field for efficiency consideration [16], which, guided by the
a posteriori error estimates, refines automatically the mesh to better approximate the local
but potentially very important features of the distributed flux, e.g., non-smooth boundaries,
discontinuous fluxes, or singular fluxes with spikes or abrupt sign changes. The computational
cost is significantly reduced since fine resolution is only necessary in the place that local features
lie in. Subsequently, the convergence analysis of the adaptive algorithm is established in [17],
which requires an important a priori error estimates to develop an estimate for the quasi-
orthogonality of the the discretization error with respect to the energy norm, which explain the
coupling relation of errors on two successive meshes.

In this work, we will fill in the gap aforementioned by establishing some important a priori
error estimates of finite element solutions to the heat flux reconstruction problems, which are of
immense interest in numerical analysis of FEMs. Furthermore, they pave the way for proving the
convergence analysis of adaptive techniques applied to a general class of inverse heat conduction
problems. The detailed convergence analysis is reported in a separate work [17]. Here we derive
the convergence order by using the piecewise linear continuous finite elements in terms of the
mesh size by assuming the least regularity of solutions to the PDE system associated with the
inverse problem, which is of practical use for reconstructing distributed fluxes of salient features.

The paper is organized as follows. In Section 2, we briefly recall the mathematical description
of our flux reconstruction problem by an output least-squares formulation plus some Tikhonov
regularization term. Some relevant properties are shortly recalled without proof. In Section 3,
the finite element discretization is described in detail for purpose of analysis. In Sections 4 and
5, we derive the a priori energy and L? norm error estimates in detail, respectively, under the
least assumption of regularity. In Section 6, numerical results of two-dimensional problems on
a square and an L-shaped domain are presented to demonstrate the theoretical convergence
order from analysis. We conclude the work in Section 7 and point out some future work.

We end this section with some notations and conventions. Throughout the paper we adopt
the standard notation W™P(D) for Sobolev spaces on an open bounded domain D in R
and write H™(D) = W™2(D) for p = 2. The norm and semi-norm of H™(D) are denoted
respectively by ||« ||;m.p and |- |;n.p. We use (+,-)p to denote the inner product in L?(D). When
no confusion is caused, we may simply drop D in the notation | - ||,,p and (-, -)p. In addition,
we will often use ¢ or C' to denote generic positive constants which are independent of mesh
size h and functions involved.
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2. Mathematical Formulation

Let Q be an open and bounded domain in R? (d = 2,3) with some smooth boundary T
consisting of two disjointed parts, namely I' = I'; UT';. The boundaries I'; and I', refer,
respectively, to the part of the boundary I' that is inaccessible or accessible to experimental
measurement devices. The steady-state heat conduction problem could be described by the
elliptic PDE:

-V 'éa(z)vu(fﬂ)) = f(z), T €Q,
oz(ac)—z + E(u(z) —uq(z)) =0, x €T, (2.1)
a(z)a—z +q(x) =0, x ey,

where the given data include the heat source f, the ambient temperature u,, the heat transfer
(Robin) coefficient k& and the heat conductivity «. The distribution of the Neumann data, or
flux, ¢(x) on T'; is the quantity of interest in this work.

The inverse problem that we are concerned with is to recover the distributed fluz q(x) on the
interior inaccessible part T';, given the partial measurement data z(x) of temperature u(x) on
the outer accessible part I'y,.

Due to the severe ill-posedness (see, e.g., [23, Theorem 2.2]), the reconstruction is carried
out through the output least-squares formulation combined with an Tikhonov regularization
term to determine ¢(x) by minimizing the stabilized cost functional

1 B
J(@) = lua) = 2B, + Sllalir, (22)

over q € L?(T;), where f3 is the regularization parameter. Here u(q) : L*(T';) — H({2) represent
the solution operator of the direct problem (2.1), which maps the parameter ¢ to the solution
u to the PDE (2.1).

Following [23, Theorem 2.2], one can see that the reconstruction process of the distributed
flux ¢ is stabilized in the sense that the solution to (2.2) is stable with respect to the perturbation
of noisy data. By the linear dependence of u on ¢, (2.2) can be viewed as a convex quadratic
functional over the infinite linear space L?(T';), which immediately implies the existence and
uniqueness of the stabilized solution ¢* € L*(T;).

The necessary and sufficient optimality conditions of the regularized formulation (2.2) are
characterized by the following theorem (see [16, Theorem 2.1] and its associated proof).

Lemma 2.1. The optimization problem (2.2) admits a unique solution q. Moreover, q is the
minimizer if and only if there is a costate p € HY()) such that the triplet (u,p,q) satisfies the
following optimality conditions:

(OLVU, V¢) + (kua d))f‘a = (fa QS) + (kua; d))f‘a - (Qa ¢)Fi) V(b € HI(Q)a
(aVp, Vo) + (kp,v)r, = (v — 2z,v)r,, Vo € HY(R), (2.3)
J'(q)(w) = (Bg — p,w)r, =0, Vw € L2(T;).

For later analysis, we define the energy norm by
11T = @V, V) + (k- )r,s

which is obviously equivalent to H'-norm || - ||; due to Friedrich’s inequality.
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3. Finite Element Discretization

In the next few sections we will investigate the finite element approximations of the Tikhonov
regularization system (2.1)—(2.2) formulated in Section 2 and their a priori error estimates in
terms of the mesh size. For purpose of preparation, we introduce in this section a triangulation
of the domain and some finite element spaces associated with the triangulation. We triangulate
the polyhedral domain using a quasi-uniform mesh 7" consisting of simplicial elements of mesh
size h (see [6]) such that Q = U, cpn7. Associated with T" is the continuous piecewise linear
finite element subspace V" of C(Q):

vh = {Uh € HY(Q) | vpl, € Pi(7), VT € Th},

which is used for the spacial discretization in the next few sections, where P;(7) is the space of
polynomials of degree one in an element 7.

The natural restriction of 7" on the boundary of  forms the triangulations of I'; and Ty,
denoted by I’f and ', respectively. Let F” be the set of all faces of the triangulation 7" and
Fl be the set of all faces which are not on the boundary of , namely, F" = Fl | J(TF UTh).
Let h, denote the diameter of the element 7 in 7", and h; the diameter of the edge [ in 9T".
Then we take the feasible approximation space for fluxes ¢ to be the natural restriction of V"
on the boundary I';, denoted by VFhi.

Then the discrete counterpart of the continuous problem (2.2) can be formulated as:

. 1 3
min Jy(qn) = 5llun(gn) — 215 v, + 5 lanlldr,, (3.1)
anevi 2 2

where up(q) € V" is the finite element discretization of (2.1), whose variational form reads as:
Seek uy, € V" such that

(aVun, Von) + (kun, én)r, = (f, én) + (kua, én)r, — (qn, on)r,, Yon € V" (3.2)

As in Theorem 2.1, the discrete optimality conditions can be obtained by simply replacing
(u,p,q) with (up,pn,qn) and continuous spaces with finite element spaces, respectively (cf. [16,

Eq. (2.6)]).

(Oév’l,t}“ v¢h) + (kuha ¢h)1“a = (fa ¢h) + (k/”U;a, ¢h)1“a - (qh7 ¢}1)Fia v¢h S Vha
(aVpn,Von) + (kpn, on)r, = (un — 2, én)r, Vor € VM, (3.3)
J} (qn)(wn) = (Bgn — pr>wn)r, =0, Vwy € V.

Before ending this section, let us recall some classical interpolation error estimates, which
will be frequently used in the analysis afterward. For a given finite element space V", let Iy
be the quasi-interpolation operator introduced in [7,22], which is well-posed even for the L?()
function and has the following error estimate:

H’U — IhU||L2(Q) + hHU - I}l'UHHl(Q) < Chsll’UHHs(Q), Voe HS(Q) s (34)

for any s € (1,2]. Some other projection operator like the one defined in [4, Cor. 5.3] is another
proper candidate by obtaining the H' estimate in light of the commuting diagram property.
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4. A Priori Energy Norm Error Estimate

In this section, we first derive the a priori energy norm error estimate of the finite element
approximation of the inverse problem. The key issue lies in the L?-norm error estimates of both
u and p on the boundary.

The following lemma concerning the relationship between the L? error estimate on the
boundary and the energy norm error estimate of both v and p, which will play a key role in the
subsequent analysis.

Lemma 4.1. Let (u,p,q) and (up, P, qn) be the solutions of (2.3) and (3.3), respectively. Then
there exists a constant C' > 0 depending only on the minimum angle of the mesh such that

lu = unl e, + lp = palid.e, < B (Ilw = wnll + lip = palll3). (4.1)
with the constant v € (0,1] depending on the geometry of the domain.
Proof. Let (u(qp),p(qn)) be the solution pair of two auxiliary PDEs

(avu(qh)vvv) + (ku(Qh)av)pa = (fa ) (kua; ) (Qh, )Fi? Vv € HI(Q)a (42)
(aVp(gn), Vv) + (k:p(qh),v)Fa = (ulqn) — z,v)Fa, Yo € HY(Q). (4.3)

First of all, since uy, can be regarded as a Galerkin solution of the elliptic problem (4.2), it
follows from [6] the standard L? error estimate

[ugn) = unllo < Ch™[[[u(gn) = unll1, (4.4)

with a constant 41 € (0,1] depending on the geometry of the domain. Next, we have by the
trace inequality

lu(an) — unllg p,
< [lulgn) — unli3 r (4.5)
< c1flu(gn) — unllollu(gn) — unlly < Ch [[|u(gn) — unll?,
from which we infer that
lu = unl3r,
< 2l|u — u(gn) 5 r, + 2llulgn)
< 2|lu — u(an)llf r, + Ch* [[lulan) — unll?
< 2(1+ Ch™)llu = w(an) g r, + Ch ||lu — unlll3.

(4.6)

It remains to estimate the term ||u — u(gn)||§ p,. By subtracting (4.2) and (4.3) from (2.3),
respectively, we have

(aV( u), v) (u ) (¢ — qn,v)r,, Yo € HY(Q), (4.7)
(@V (p(gn) — p), Vw) + (k(p(qn p),w w(gn) —u,w)r,, Vo€ HY(Q). (4.8)

Then by taking v = p(qn) —p i ( 7) and w = u(gn) — u in (4.8), we obtain
(

lu

=(q— qh,p(qh) —p)r, =B~ (p — pr,p(an) — p)r,
= =87 p(an) = pll5 r, + B~ " (p(an) — pn, p(an) — P)r;, (4.9)
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which implies directly that

Ju(an) =l x, + 55 1p@) = pli v, < 55lp(0) = puli, (1.10)
To bound ||p(gp) — T, let us introduce another auxiliary PDE:
V. (aVé) =0, i,
+ ko =0, on I'y, (4.11)

200
9 .
as- =p(qn) —pn, onTy.

It follows from [6] that there exists a constant v2 € (0, %] depending on the geometry of the
domain such that the above problem has the following regularity result

[6ll14+42 < Clllp(gn) = palllo.r,, (4.12)

with its variational problem reads as: Seek ¢ € H'(Q)
(av¢a VU) + (k(bav)Fa - (p(Qh) - phav)Fiv Vv € HI(Q) (413)

We put v = p(gn) — pp, in (4.13) then by (4.3) and the second equation in (3.3),

Ip(an) —
= (anZ% Vp(an)) + (k¢7p(¢Ih))pa — (aV¢,Vpn) — (ké, pn)r,

= (ul(an) = 2,9)y, — (un — 2, Ind)r, — (aV (¢ — 1n0), Vir) — (k(¢ — Ind), p1)r,
= (ulgn) — un, ¢ ) A (un =20 = o) — (aV(d — 1n9), Von) — (k(d — In¢), pn) .
= (ulgn) — un, ). +(Uh*Z,éf)*Ihéf))paJr(Oév(éf’*fhéf)),v(p*ph))
+ ( (¢ —Ind),p *ph)pa — (aV(¢ = In¢), Vp) — (k(¢ — Ihfﬁ)ap)pa
(ulan) —un, &) + (un —u, ¢ — Ind) .
+ (@V(6— 116), V(b — pn)) + (k(6 — 1n6).p — pu)p,
= Ay + Az + Az + Aa. (4.14)

In the following, we estimate the A;’s (i = 1,2,3,4) term by term. Firstly, by the Cauchy-
Schwarz inequality, the trace inequality, the estimates (4.5) and (4.12), we derive

dllor

s = | (wlan) = uns @)y, | < llutan)
< Ch 7 |ulan) = unl1l|$ll1 1+,
< Ch# | |u(gn) — unlll1llp(n) = pallo.r,
< Ch ¥ (Jllugn) = ullls + Il = unllls ) Ip(an) = pallor. (4.15)

The bound of the term |||u(gn) — ul[|1 can be obtained by setting v = u(gp) — u in (4.7),
ll(qn) — ull?

= (q— qn,ulqn) — U)Fi

u(gn) u(gn) — ull1, (4.16)
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then we can infer from the above two inequalities (4.16) and (4.15) that

1] < Ch# (1lg = anllox, + Il = wnlll1) Ip(an) = pulo.r.. (4.17)

By the Cauchy-Schwarz inequality, the trace inequality, the interpolation error estimate of
the linear operator (3.4) and (4.12), Ay can be bounded as follows:

(Aol = | (urn =6 = 10y, | < llu=wnllor, 6 = Iug)

0,0, 16 — Indligllo — Ind||}

< Chet2 lu— uplo,r, || 6]l 1542

< Ch=2 | [u — up[|1|p(an) — pal

o,r

< Cllu — up)

0,1 - (4.18)
Likewise, A3 can be estimated by
4] = | (a¥(6 — 110), V(p — p1)|
< Ch2*|lp = pullx[p(an) = prllo.r,- (4.19)

Concerning Ay, from the Cauchy-Schwarz inequality and the interpolation error estimates of
the linear operator (3.4), it can be estimated as

Ad = |(k(& = 1nd).p = pn)y | < CH2lp = pallsllplan) = pallor,.  (4.20)

A combination of (4.14), and (4.17)-(4.20), we arrive at the desired error bound for p(gp)—ps
on the inaccessible boundary I';:

o,n), (4.21)

with v = min{2v2,71}. Finally, by the triangle inequality, (4.6), (4.10), (4.21) and a proper
Young’s inequality, we can derive

lp(an) — pallo.r; < Ch? (HIU —unllls + [P = pullls + 512 — pal

1 2
mﬂu— unllo,r,
1
< lulgn) = ullg.r, + ggllp(an) = pligr, + O™ [l —unlly

1 1
+ %Hp(%) - ph||c2>,ri - EHP - ph||(2),1“i

1 1
< Zlp(an) = pullgr, + CR [|lu — unl|[ - Ellp —pullg.r,
< 0 (Jljw = unl 2 + llp = pll13). (4.22)
and
1
Zlp =l
1
< llp = planlis.r, + Ip(an) = pullgr, = lp = Prlcr,

1
<2llp(gn) = pllg.r, = 71 = Pallir,
< ORY (Jllu = wnlI + lllp = palll?). (4.23)

which imply the desired results of this lemma. Thus the proof is completed. O
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Theorem 4.2. Let (u,p,q) and (up,pn,qn) be the solutions of (2.3) and (3.3), respectively.
Then there exists a constant C' > 0 depending only on the minimum angle of the mesh such
that

I = unlll} + llp — a7 §C< inf |||u—wn|[} + inf |||pwh|||§)~ (4.24)
v €V, wp €Viy

h 2

with the constant v € (0,1] depending on the geometry of the domain.
Proof. Firstly, by the triangle inequality,
e = unl ¥ < 2[|Ju = w(gn)[I[F + 2] [u(gn) — unlllF, (4.25)

with u(gp,) defined by the variational equation (4.2).
In order to bound the term |||u —u(gs)|||%, subtracting (4.2) from the first equation of (3.3)
and setting v = u — u(qp), we get

[l = w(gn)lIF = —(q — qn,u — u(gn))r,
<Ilg = aqnllo,r;[lw — ulgn)llo,r, (4.26)
< Cllg = aqnllo,r:[llu — u(gn)lll1,

which, together with Lemma 4.1, implies that

llu—ulan)lllf < Clla —anllgr,

(4.27)
< R ([[|lu = unl |7 + llp = pallID)-

Since up, can be viewed as the direct finite element solution of the single elliptic equation (4.2),
it follows from the well known error estimate

llu(gn) —unllli < C inf |[lu(gn) — vnl|?
v €VY

< C< inf |[|u—walll? + [lJu(gn) u|||§> (4.28)
VR EVR
< C inf |lu—wnll?+CR ([ = unlll} + o — pall})-
v €V

We next consider ||[p — pn|||?. For this purpose, we define p(uy,) € H*(2) as the solution of
(aVp(up), Vo) + (k;p(uh),v)ra = (up — z,v)ra, Vv e HY(Q). (4.29)
The triangle inequality still gives
e = palllF < 2lllp = p(an)l[IF + 4lllp(an) — p(un)llI + 4lllp(un) — palli- (4.30)
Substituting v with p — p(gn) in (4.8), we obtain

Ilp = plan)ll} = (u—u(gn),p — p(gn))r,
< [Ju —ulgn)llo,r.llp — pan)llo,r. (4.31)
< Ollfu —ulgn)|ll1lllp — p(an)lll1,

which, together with (4.27), yields

e = plan)ll} < Cllfu — ulan)ll1?

(4.32)
< CRY(|[fu — unll| + I lp — palll?)-
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Subtracting (4.29) from (4.3) with v = p(qn) — p(up), we have
l1p(an) —pCun)llI¥ = (w(an) — un, p(an) — p(un))r,
< llulgn) — unllo,r, lIp(an) — p(un)llo,r, (4.33)
< Cllfulgn) — unlll1lllp(gn) — p(un)lll1,

which combined with (4.28), yields

1p(gn) — p(un)|lIF < Cllfulan) — unl|?

. 4.34
<C inf flu—vall + CR llu—wnll? + o —pull. 43

Concerned the last term |||p(up) — pu|||?, noticing that p; can be regarded as the finite element
approximation of the single equation of (4.29), then there holds

Ilp(un) — palll}
<O i B 2
<C it lp(m) ~ will
< . . 2 _ 2
<o iut, I wnll2 + lpun) - ol (435)
< infllp— wnll + CCllp — planlI + lp(an) — p(wo)l1)

h

sc( inf [lp— wnll? + inf ||u—vh|||%)+cm<|||u—uh|||%+|||p—ph|||%>7
wp €V v EVY

where we have used (4.32) and (4.34) in the last step. Lastly, a collection of (4.25), (4.27),
(4.28), (4.30), (4.32), (4.34) and (4.35) can yield the desired result (4.24). Hence the proof is
completed. 0

A straightforward consequence of Theorem 4.2 is the following a priori energy error estimate.
Theorem 4.3. Let (u,p,q) and (up,pn,qn) be the solutions of (2.3) and (3.3), respectively.

Suppose that u € H'(Q) and p € H'T9(Q) with the constant 6 € (0,1]. Then there exists a
constant C' > 0 depending only on the minimum angle of the mesh such that

=l + o = pall? < CH (Jult s + Ips). (4:36)

Proof. The proof is trivial and we only need to use the well-known approximation error
estimate of the linear finite element space, see, e.g., [6]. 0

5. A Priori L? Norm Error Estimates

In this section, we derive the L? error estimates of the quantity ¢ — ¢, on the boundary T';
and on the domain €2, respectively, which are of more interest from the viewpoint of practice.

The following theorem concerning the L? error estimate of the quantity ¢ — ¢, on the
boundary I'; is a straightforward corollary of Lemma 4.1 and Theorem 4.3.

Theorem 5.1. Let (u,p,q) and (up,pn,qn) be the solutions of (2.3) and (3.3), respectively.
Suppose that uw € H'*F9(Q) and p € H'T(Q) with the constant § € (0,1]. Then there exists a
constant C' > 0 depending only on the minimum angle of the mesh such that

=B, + o= Pl e, + g — anlr, < CH (ull s + s (5.1)

with the constant vy € (0, 1] depending on the geometry of the domain.
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Proof. A combination of (4.1) in Lemma 4.1 and (4.36) in Theorem 4.3 gives us

lu = unliy e, + lIp = palid.r, < O (Juldys + Ipf ), (5.2)
and this implies (5.1) by noticing that ¢|r, = p|r,/f and qx|r, = pulr,/5- 0
The following theorem concerning on the L?-norm error estimate in the entire domain.

Theorem 5.2. Let (u,p,q) and (up,pn,qn) be the solutions of (2.3) and (3.3), respectively.
Suppose that uw € H'*9(Q) and p € H'T9(Q) with the constant § € (0,1]. Then there exists a
constant C' > 0 depending only on the minimum angle of the mesh such that

lu—unly +lp—pallf < CROmO22 (02 il ). (5.3)
with the constants v, v3 € (0,1] depending on the geometry of the domain.

Proof. We consider the following auxiliary problem: Seek ¢ € H'(2) such that

-V (aVY) =u—up, inQ,

o
a% + kv =0, on Iy, (5.4)
8— =0 on I';
an - bl 1

From [6] we know that there exists a constant 3 € (0, 1] depends on the geometry of the domain
such that the above problem have the following regularity result

[9ll14vs < Cllu = unllo - (5.5)
The variational problem of (5.4) reads as
(aV, Vo) + (k,v)r, = (u —up,v), Yo € HY(Q). (5.6)
Putting v = u — uy, in (5.6), we have from the first equation in (2.3) and (3.3),

llu — unlf5

= (aVe, V(u—up)) + (k,u— “h)ra
= (aV( = InY), V(u —un)) + (k(¢ — Inv),u — uh)Fa

+ (aVIm/), V(u— uh)) + (kIm/), U — uh)ra
= (aV(¥ — In¥), V(u—up)) + (k(¢ — Inp),u — Uh)ra — (¢ — qn. In¥)r,
= (aV(¥ = ), V(u —up)) + (k@ — Int),u — up) .

—(@—an, InY —P)r, — (¢ — an, ¥)r,
< Cllll e (W22 Nl = unl s + lla = anllor, )

< Cllu = unllo (W*llu = unllls + lla = anlorr, ), (5.7)
which, together with (4.36) and (5.1), yields
= unll3 < € (R llw = unlll2 + g = anl r,)

< O 22 (uf} s+ pf? ). (5:8)
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Then we only need to estimate the term ||p—ps||3 in the left. Similarly, we consider the auxiliary
problem: Seek ¢ € H'(Q2) such that

~V-(aVy) =p—pp, inQ,

Iy
a% + ko =0, on Iy, (5.9)
A r
o _ on T
an b 19
with its variational form
(aVp,Vv) + (ko,v)r, = (p — pn,v), Vv e HY(Q), (5.10)
and a priori regularity result
[ell14+s < Clllp = pallo, (5.11)

with a constants v3 € (0, 1] depending only on the geometry of the domain. Setting v = p — py,
in (5.10), by the second equation in (2.3) and (3.3), we have

Ilp = pull3
= (aVe,V(p —pn)) + (ke.p = pn)y,
= (aV(p = Inp),V(p — pn)) + (k¢ — Inp),p = pn) 1.,
+ (aVIne,V(p —pn)) + (kIng,p — ph)ra
= (aV(p = Inp), V(p —pn)) + (k¢ — In®),p — p1) .
+ (u—un, Inp — )r, + (u—un, @)r,
< Cllglhns (Rl = pall + 1w = wnllor,

O,Fa>, (5.12)

< Cllp = pallo (Al = palll + llu = sl

which, together with Lemma 4.1 and Theorem 4.3, implies that
Ip =l < CHm=02525 (uff s+ ol ) (5.13)
Therefore the proof is completed. 0O

Remark 5.3. It is remarked that all the theoretical error decay rates derived in the current
and previous sections are the lower bounds under the least regularity assumption of the PDE
solutions, which could be improved along with higher regularities of the true solutions of the
PDE system (2.3) under concerned. It is therefore not a surprise that one can obtain signifi-
cantly better convergence rates than predicted on convex domains and smooth data, which is
still consistent with our theory.

6. Numerics Tests and Discussions

In this section, we present some numerical examples to verify the decay rates of our theoret-
ical prediction of the error estimates. We will consider two typical domains, namely a square
(—1,1)% and a L-shaped region (—1,1)?\ (—1,0)2, which are triangulated using an unstructured
meshes as shown in Fig. 6.1. Five uniform refinements are done to investigate the decay rates
of the finite element approximation error.
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Fig. 6.1. Example 1. Unstructured meshes on computational domains. Left: square; Right: L-shaped

region.

In the following, we fix the parameters as follows: the heat conductivity @ = 1, the heat
source f = 0, the robin coefficient £ = 1, the ambient temperature u, = 0, the regularization
parameter 5 = 1072 and the noise level § = 1072. It is remarked that once the parameters are
fixed, the error decay rates depend only on the geometry of domain and given fluxes. For any
given flux on I';, specified data aforementioned and the computational domain, it is in general
impossible to obtain the explicit formulae for the true solutions u and p. Therefore, we refine
the mesh up to 3,400,000 DOF’s to yield the approximate true solutions, which are compared
with those finite element solutions on coarser meshes to investigate the error decay rates. Since
the energy norm is equivalent to the H'-norm. The latter is used instead for convergence tests
in the sequel.

In the tests, the numerical decay rates are obtained by linear regression of the last four
groups of data, which are shown right below the convergence history plots and the red lines
with specified decay rates are plotted for purpose of reference.

Example 1. Square domain.

In this example, the observation part is chosen to be the bottom boundary (—1,1) x {—1},
and the unknown flux lies on the top boundary (—1,1) x {1}, while the left and right boundaries
{—1,1}x(=1,1) are set to be heat isulated, namely homogeneous Neumann boundary conditions
are used there. We choose a smooth flux data given by the explicit formula g. = sin(rz). It
is pointed out that the true flux identified from the system (2.3) is different from g, due to the
regularization effect. The convergence tests are compared with a sufficiently fine finite element
solution instead of this exact one.

Since this domain is a convex polygonal, together with smooth flux data, full regularity of
the true solutions u and p to the system (2.3) are obtained. We observe in Fig. 6.2 that the decay
rates of finite element approximation errors for both u and p are, respectively, close to 1 and 2
in H'- and L?-norms. Moreover, we show the decay rates of finite element approximation errors
for v and p, respectively, on the measurement boundary I', and interior inaccessible boundary
I'; in the last row of Fig. 6.2, from which we see clearly second order convergence rates.

On the other hand, we observe that second order of the L?—norm error decay rates on the
inaccessible boundary I'; and in the domain, respectively, are optimistic and better than our
theoretical prediction in Theorems 5.1 and 5.2. More precisely, the numerical rates outperform
the theoretical lower bounds of the convergence order, which is mainly due to the fine property
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Fig. 6.2. Example 1. Convergence tests for u and p.

of the geometry of domain and smooth data.

Example 2. L-shaped domain.

The computational domain is non-convex. We choose the observation part to be the top and
right outer boundaries {1} x (—1,1)U(—1,1) x {1}, and the unknown flux is to be determined
on the inner boundaries {0} x (=1,0) U (—1,0) x {0}, while the other two boundaries {—1} x
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Fig. 6.3. Example 2. Convergence tests for u and p.

(0,1) U (0,1) x {—1} are set to be heat isulated, namely homogeneous Neumann boundary
conditions are used there. Since this domain is a non-convex region. The exact flux data is
given by the explicit formula ¢, = (1 — z)? + y%. We observe in Fig. 6.3 that the decay rates

of finite element approximation errors for both « and p in H'- and L?-norms, respectively, are
significantly reduced from the best case and diverges from the reference red lines. Moreover,
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we show the decay rates of finite element approximation errors for u and p, respectively, on
the measurement boundary I, and interior boundary I'; in the last row of Fig. 6.3, from which
we see clearly second order convergence rates are no longer obtained for the system on such a
L-shaped region.

The decay rate for the L?-norm error of the adjoint state p demonstrates clearly around
order of about 1.2, which is mainly due to the non-convexity of the computational domain.
While the L2-norm error decay rate of u on I'; is is also affected due to the geometrical issue
and thus reduced to about 1.45.

7. Conclusion

In this work, we established some a priori error estimates for the heat flux reconstruction
problem using the continuous linear finite element discretization. These a priori estimates play
a key role in proving the convergence analysis of adaptive finite element methods for a general
class of inverse heat conduction problems, see, e.g. [17] for the heat flux reconstruction problem.
The lower bounds of the convergence order in the L2-norm are obtained for both u and p in
the domain, which is sufficient for an elegant convergence proof of AFEM. Numerical examples
are presented to verify our theoretical prediction. Further work on the convergence analysis
of adaptive techniques applied to other inverse heat conduction problems will be reported
elsewhere.
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