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Abstract

Based on the work of Shu [SIAM J. Sci. Stat. Comput, 9 (1988), pp.1073-1084], we
construct a class of high order multi-step temporal discretization procedure for finite vol-
ume Hermite weighted essential non-oscillatory (HWENO) methods to solve hyperbolic
conservation laws. The key feature of the multi-step temporal discretization procedure
is to use variable time step with strong stability preserving (SSP). The multi-step tem-
poral discretization methods can make full use of computed information with HWENO
spatial discretization by holding the former computational values. Extensive numerical
experiments are presented to demonstrate that the finite volume HWENO schemes with
multi-step discretization can achieve high order accuracy and maintain non-oscillatory
properties near discontinuous region of the solution.
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1. Introduction

In this paper, we construct a class of high order multi-step temporal discretization proce-
dure for finite volume HWENO (Hermite weighted essential non-oscillatory) methods to solve
hyperbolic conservation laws:

{ ur + V- F(u) =0, a

u(z,0) = up(x).

In recent years, WENO (weighted essentially non-oscillatory) schemes have been designed as
a class of high order finite volume or finite difference schemes to solve hyperbolic conservation
laws with the property of maintaining both uniform high order accuracy and an essentially
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non-oscillatory shock transition. WENO schemes were designed based on ENO (essentially
non-oscillatory) schemes in [8,21,22]. In [12], the first WENO scheme was proposed for a third-
order finite volume version in one space dimension. Third and fifth-order finite difference WENO
schemes in multi-space dimensions were constructed in [9], with a general framework for the
design of the smoothness indicators and nonlinear weights. Higher order finite difference WENO
schemes were constructed in [1], and finite volume WENO on unstructured and structured
meshes were constructed in [4,7,11,13,19]. WENO improves upon ENO in robustness, better
smoothness of fluxes, better steady state convergence, better provable convergence properties,
and more efficiency.

Finite volume Hermite WENO schemes were proposed in [3,14,15,26,27] and also successfully
applied in solving Hamilton-Jocobi equation [16,17,28,29]. Hermite WENO schemes improve
the dissipation properties of a WENO scheme due to reducing its stencil width. In fact, the
compactness of a numerical stencil owes many advantages: the first, boundary conditions and
complex geometries are easier to solve; the second, for the same formal accuracy, compact
stencils are known to exhibit more resolution of the smaller scales by improving the dispersive
and the dissipative properties of the numerical scheme, [10,23].

WENO/HWENO is a spatial discretization procedure, namely, it is a procedure to approx-
imate the spatial derivative terms in (1.1). The time derivative term there must also be dis-
cretized. In [25], strong stability preserving (SSP) high order temporal discretizations keeping
the maximum principle are used. The SSP temporal discretization methods were first pro-
posed in [20,21], and were termed TVD (Total Variation Diminishing) temporal discretizations
because the method of lines is about solving an ordinary differential equation (ODE) in time
and its Euler forward version satisfy the total variation diminishing property when applied to
scalar one dimensional nonlinear hyperbolic conservation laws. A class of second to fifth order
SSP Runge-Kutta temporal discretizations was developed in [21]. Shu proposed a class of first
order Runge-Kutta temporal discretization which have large CFL number, as well as a class of
high order multi-step SSP methods in [20]. In [5], Gottlieb and Shu performed a systematic
study of Runge-Kutta SSP methods, showing the optimal two stage second-order and three
stage third-order SSP Runge-Kutta methods. Moreover, they proved the non-existence of four
stage fourth-order SSP Runge-Kutta methods with non-negative coefficients. In [6], Gottlieb
et al. reviewed and further developed SSP Runge-Kutta and multi-step methods. The new
results in [6] include the optimal explicit SSP linear Runge-Kutta methods, their application to
the strong stability of coercive approximations, a systematic study of explicit SSP multi-step
methods, and the study of the strong stability preserving property of implicit Runge-Kutta and
multi-step methods.

Multi-step temporal discretization methods can make full use of given information with
spatial discretization, however, the conventional multi-step temporal discretization which is
based on equal time step is not suitable for nonlinear conservation laws, for time step is variable
with fixed CFL number. In this paper, we generalize the optimal few stages multi-step methods
to variable size version to solve nonlinear conservation laws.

The paper is organized as follows. A brief description of the semi-discrete finite volume
Hermite WENO schemes and a class of high order SSP variable step multi-step temporal dis-
cretization methods are presented in Section 2. Numerical examples are shown in the Section
3 to demonstrate the advantages of maintaining high order accuracy, the resolution and cost
effective of the constructed schemes. Finally concluding remarks are given in Section 4.
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2. High Order SSP Variable Step Temporal Discretization

In this section, we will first briefly review the HWENO schemes, then we present a class of
high order SSP variable step multi-step temporal discretization methods.
2.1. Semi-discrete finite volume HWENO schemes

The following is the general framework of semi-discrete finite volume HWENO schemes
in [14,15,26]. Taking the gradient of (1.1), we have

(Vu)I + VT(V - F(u)) =0, (2.1)

thus
(Vu)I' +V - (V& F(u)) =0. (2.2)

For using a Hermite interpolation procedure, both the function and its derivative are needed
to evolved in time. Then the governing equation of finite volume HWENO schemes is:

Uy +V-HU) =0, (2.3)

= () 1= (oL )-

We integrate the system (2.3) on a control volume €2;, which is an interval in one dimensional

where

case or a rectangle in two dimensional cases, to obtain the semi-discrete finite volume scheme
as :

d— 1
—Ugqg, = —— H(U) - nds, (2.4)
e 1951 Jaq,

where |;| is the volume of the control volume ;. The line integral in (2.4) is typically

discretized by a g-point Gaussian quadrature on each side of 992; = Ule Qjs.

S q
H(U) -nds =~y \anjs S wH UGy, 1)) -, (2.5)
s=1 =1

a9
where G and w; are Gaussian quadrature points and weights, respectively. The flux H(U (G, t))-
n at Gaussian quadrature point is replaced by a numerical flux (approximate or exact Riemann
solvers). For scalar equations the numerical flux can be taken as any of the monotone fluxes.
For example, one could use the simple Lax-Friedrichs flux, which is given by

H{U(Ggq,t))-n

1

~5 (H(U*(Gsl, £) + H(U*(Gy, t))) n— a(m(Gsl, t) — U™ (G, t)), (2.6)
where « is taken as an upper bound for the eigenvalues of the Jacobian in the n direction, and
U~ and U™ are the values of u inside the volume §; and outside the volume Q; at the Gaussian
point Gy;. The procedures of finite volume Hermite WENO reconstruction of U+ (Gsi,t) in one-
dimensional and two-dimensional cases are given in detail in [14,26], respectively. Finally, the
semi-discretization HWENO scheme (2.4) can be written in the following ODE form:

d—
ZUa, = LO)g,- (2.7)

High order strong stability preserving multi-step temporal discretization methods maintaining
essentially non-oscillatory property in (2.7) will be demonstrated in the following subsection.
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2.2. SSP multi-step temporal discretization for nonlinear problems

We briefly review the SSP theory for explicit multi-step methods which approximate the
solution of the ODE (2.7). For convenience, we rewrite (2.7) as

ug = L(u), (2.8)

with suitable initial conditions, where the spatial discretization L(u) is chosen so that

u™t = u" 4+ AtL(u"), (2.9)
satisfies the strong stability requirement [[u"*!|| < ||u™|| in some norm || - ||, under the CFL
condition

At S AtFE(u"). (210)

In [20], explicit TVD multi step methods:

k

k
un+1 = Z (Oéiunij + AtﬁjL(unij))v @ > Ov Zaj = (2]‘1)

=0 =0

are conveniently easy to manipulate into convex combinations of forward Euler steps. Just as
in the Shu-Osher representation of Runge-Kutta schemes, since > a; = 1, it follows that u"*!
is given by a convex combination of forward Euler solvers, with suitably scaled At’s. So such
multi-step methods have the TVD property.

Some multi-step methods were proven optimal in [6]. For instance

11 12
(u" n SAtL(u”)) + 5 (u”3 n HAtL(u"3)> (2.12)

16
n+1 _ -
b 27

with the CFL coefficient ¢ = % However, adding steps increases the CFL number, without

requiring additional computation, only additional storage. For example,

25 25 7 5

ntl = 22 2O A ) 4 —— it AL (" 2.13

" 5ot g ALY+ gput A g AL, (2.13)
108 36 17 6

ntl 220 DAL (™) 4 —— 5 4 AL (00 2.14

“ o5t g ML)+ g A pE AL, (2.14)

though not proven optimal, increase the CFL to ¢=1/2 and ¢=0.567, respectively.

For hyperbolic conservation law, in order to keep the stability of numerical methods, the
time step At is controlled by CFL condition, that is At = CFLAxz/C, where C' is the maximum
speed of wave which is depended on the solution at t,,. The maximum speed of wave is usual
variable according to t,,, that is time step is variable. We will generalize high order SSP multi-
step methods to nonuniform temporal step version in the next subsection.

2.2.1. A class of multi-step with variable time step and SSP discretization

Similar to (2.11), we define (k 4 1)-step finite difference method with variable time step for the
first order ODE (2.8) as:

k

utth =3 (O‘j(tmh otk U A Byt atn—k)L(un_j))v (2.15)
j=0
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with
‘Oék(tn—‘rla"' 7tn—k’)| + |ﬂk(tn+17"’ 7tn—k')‘ > 07

where t,, are temporal grid points and At,,_; =t, —t,_1, n =1,2,--- are temporal steps.
We define the truncation error T'[u(t,)] of the method (2.15)

M?r

Tlu(tn)] = wltasr) = 3 (@(bnsts s+ taw)ultn )+ Bitns1, st i) L(ultay) ). (216)

Jj=0

If we assume that w is sufficiently smooth, use Taylor expand we have

Tlu(tn)] = coultn) + cru®(t,) + -+ cquD(t,) + -,

where
co=1—(ag+a;+-+ ag),
k k
cr = (tng1 —tn) — Zaj(tn)(tn—j —tn) — Zﬁj(tn)>
j=1 7=0
1 . 1< 1
Cqg = — ( n+l — Zaj n ty— j tn) T Zﬂj(tn)(tn—j — tn) .
q! (@—-D=
If u(t) € CPTY(I), we choose k and «j, B;, such that co = ¢; =+ = ¢, = 0 and ¢,41 # 0,
we obtain

Tlu(tn)] = cpr1u® D (tn) + O(RPF?),

where h = max?_,(t; — t;—1), then the method (2.15) is called as a linear p-order (k+1)-step
method.

2.2.2. A optimal three order variable step size SSP multi-step method

We generalize the third order SSP multi-step method (2.12) to a nonuniform temporal step 3-
order 4-step method. In order to keep SSP (strong stability preserving) property, the parameters
o, a1, a2, as, Bo, B1, Be2, B3 should satisfy:

ag+ a1 +as+az =1, (2.17&)
3 3

Z j(tn—j —tn) — Zﬂj =tpyr = ln, (2.17b)

j=1 j=0

I > 1

5 2 (tny = t)* = 3 By (tumy = tn) = 5 (tuss = 1), (2.17c)
j=1 j=0

i 1< 1

6 2 (g = t)® = 5D Bylty — 1)’ = Sltwpr — 1)’ (217d)
j=1 7=0

Letting oy = ae = 81 = P2 = 0, we solve v, as, fo, 83 from the system (2.17) to get

3 g — Btn_gt2 | — 3t2_gtn + 6tntn_stngr — 3tpt2 4 + 263 r

un+1 _
(tn—S - tn)g
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gt —th _gtat1 + 2taath 1 — 2tate_statn Ftathig — oo I

u’I’L
(tn—3 - tn)Q ( )
3tp—3t2 —t3 + 3ty_st2 1 — Olplp_stpi1 + 3t — 263 4 n—d
(tn73 - tn)S
gty 4 tn_3t2 — 2ptp_gtypr — 2lpyr — 5 + 2082, o
- 5 L(u™°).
(tn73 - tn)

Let hl = Atn_g, hg = Atn_g, h3 = Atn_l, h4 = Atn7 and AQ = %, Ag = hs A4 = M. We
obtain
u (1+)\2+/\3—2/\4)(1—|—/\2+)\3+/\4)2 n (1+)\2+/\3+)\4)2

= L n
(14 Ao+ Ag)3 ut (14 Ao + Ag)2 hal(u”)

)\i(?) +3X2 +3X3 + 2)\4)’11,”_3 )\4(1 4+ Ao+ A3 + )\4)
(1+)\2+)\3)3 (1+)\2+)\3)2

haL(u™™3).  (2.18)

We rewrite (2.18) as:
u™t = ag(Ag, Az, M) u™ 4 70 (A2s Az, Aa)ha L(u™) + az (Ao, Az, Aa)u™ 2
+73()\2,)\3,)\4)h4L(u"_3). (219)
with

(14 X2+ A3 — 200) (1 + A2 + A3 + \g)?

a0(Aay Mg, M) = T dot he)? ’

(1+>\2+)\3 +)\4)2

Yo(A2; Az, Ag) = 0+ tr)?

)\2(3 +3X2 +3A3 +2)\y)
a3(Az, Az, ) = = LT+ + 233

)\4(1 + Ao+ A3 + )\4)
(T4 Xy + X3)?

73()\27 A37 A4) -

Proposition 2.1. If the forward Euler method combined with the spatial discretization L in
(2.9) is strongly stable under the CFL restriction (2.10),

[u" + Atn L(u™)|| < fu”|
and Ay € (0, 22223 then the multi-step method (2.19) satisfies
lu < max{([|u"]]), (Ilu" )},
under the CFL restriction

At,, < min {O‘OAtFE(un), O‘?’AtFE(u"—3)} . (2.20)
Yo 73

Proof. For convenience, we write (2.19) as

u"t = (u" + %AtnL(u”)) + as (u”?’ + %AtnL(ung)) . (2.21)
(o)) a3
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Since A4 € (0, %), all coefficients «y, 70, as and 73 are greater than 0. Under the CFL
restriction (2.20), we have the CFL restriction

0< LAt <tpp), 0< 2At, <tppu™?). (2.22)
(o)) as

Then we obtain the following results under CFL restriction (2.22),

‘un

Let g =0 and az = 0. Then ap + a3 = 1. From (2.21) we have

+ LAt L™)|| < [Ju]], |2 + 2 At, L™ 3)|| < "3
(o) %]

(7)) a3

<ag ([Ju"]l) + as (JJu"~3])

< max{(|u"[]), (Ilu"~?I1)}-

Hence the proposition is proved. O

Remark 2.1. In order to choose time step At,, such that

Atn = min {aOAtFE(un), aSAtFE(un_g)}.
o V3
Let Athhp = min{Atpp(u™), Atpp(u™3)}. Then we solve At, by AAtZ”E = min{%, %}, ie.
solving A4 from
At,,_
Ay tT,l 8 = min{ao()\4) a3(A4)}.
At

Obviously, such At,, satisfy (2.20) since

(2.23)

Aty = min {aoAtlFEv %At/FE} < min {aoAtFE(un)a %AtFE(Ung)} .
7o 3 7o Y3

The A4 can be determined by (2.23). For implementation convenience, we borrow the CFL
number from (2.12) and choose a smaller CFL to design At,, = CFLAtpg(u™) = CFLAz/C
(u™), where C'(u™) is the maximum speed of wave at time ¢" in this paper, because this propo-
sition generalizes the results of (2.12). Our numerical experiments in this paper show such time
size At,, works well.

Remark 2.2. We can generalize scheme (2.13)-(2.14) to a nonuniform temporal step version,
respectively.

oy (T4 X2+ A3+ Ay —205) (1 + A2 + A3 +>\4+)\5)2un
(T4 X+ A3+ M\y)3

(1+ X+ A3+ A+ X5)2
(1+>\2+)\3 +)\4)2

As(L4+ Ao+ As + A+ As)
(T+ X+ A3+ Ay)?

A2(3 432 + 3A3 + 3Ag + 2)s5)
(14 X2+ A3+ Ag)?

n—4

h5L(u") +

hsL(u"™%), (2.24)
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where hy = Aty 3, hg = Aty_g, hg = Aty 1, hy = Aty, hs = Abyyq, and g = 2, Ag =

R
hs )\4_’1

s A5 = Z—f Moreover,

ha
hy?
W — (1+)\2+>\3+)\4+>\5—2)\6)(1+>\2+)\3+)\4+)\5+)\6)2un
(T4+ A2+ A3+ A+ X5)3

(L+ X2+ A3+ As + X5 + Xg)? heL(u™) + MN(B+3A+3X3+ 3\ +3X5+2X) 5
T+ A+ ds+Aa+A5)2  ° (14 X2 + A3 + g+ Xs)3
A6(1+ A2+ A3+ Ag + A5 +/\6)h6L(un_5)7 (2.25)

(14 A2+ A3+ X+ X5)2

where h1 = Atn_4, hQ = Atn_g, h3 = Atn_g, h4 = Atn_l, h5 = Atn, h6 = Atn+1, and
Ao =12, A3 = 2, A= 34, A5 = 12, N6 = 8.

Remark 2.3. For multi-step method, we require that the starting procedure to be the same
accuracy as multi-step method and also be strong stability preserving. For example, we can
use the following third order SSP Runge-Kutta method [21] to compute the starting steps with
suitable reduced time steps.

uV = u" 4+ AtL(u"), (2.26a)
1
u? = %u" + Z(u(l) + AtL(u(l))), (2.26b)
1 2
ut = §un + §(u(2) + AtL(u(2))). (2.26¢)

3. Numerical Results

In this section, we perform numerical experiments to test the performance of the fifth-order
HWENO schemes with the third-order multi-step method (HWENO5-multi3), and compare
the results with that of the fifth-order HWENO schemes with the third order SSP Runge-
Kutta temporal discretization (HWENO5-RK3) for one-dimensional conservation laws. For
two-dimensional conservation laws, we present the results of our numerical experiments for the
fourth-order HWENO schemes with the third-order multi-step method (HWENO4-multi3), and
compare the results with that of the fourth-order HWENO schemes with the third order SSP
Runge-Kutta temporal discretization (HWENO4-RK3).

For CPU time comparison, the computations of one-dimensional tests are performed on a
personal computer, Intel(R) Core (TM) i3-2310M CPU @ 2.10 GHz with 2.00 GB ram, while
the computations of two-dimensional tests are performed on a cluster, Intel(R) Xeon(R) CPU
E5405@ 2.00GHz. A uniform mesh with N cells is used for all the test cases, the CFL number
is taken as 0.3 for HWENO5-multi3 and 0.2 for HWENO4-multi3, and 0.8 for HWENO5-RK3
and 0.6 for HWENO4-RK3.

3.1. One-dimensional test cases

Example 3.1. We solve the linear convection equation
Up + Uy = O, (31)

with initial condition ug(z) and periodic boundary conditions.
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Table 3.1: HWENO5-multi3 and HWENOS5-RKS3, for the linear equation with initial data uo(z). Az =
~ and At = CFLAz%.

HWENO5-multi3 HWENO5-RK3

L1 error Order Lo error Order | Ly error  Order Lo error Order
uo(z) = 0.5 + sin(27x)

10 1.58E-02 2.48E-02 1.58E-02 2.47E-02

20 5.93E-04 4.73 1.14E-03 4.44 5.91E-04 4.74 1.14E-03 4.44

40 1.76E-05 5.08 3.39E-05  5.08 1.75E-05  5.07 3.38E-05  5.08

80 5.42E-07 5.02 1.09E-06  4.96 5.41E-07 5.02 1.09E-06 4.95

160 | 1.69E-08 5.01 3.29E-08  5.05 1.68E-08 5.01 3.28E-08  5.05

320 | 5.26E-10  5.00 9.77E-10  5.07 5.24E-10  5.00 9.73E-10  5.08

uo(z) = 0.5 + sin (27x)

10 2.17E-01 3.23E-01 2.16E-01 3.23E-01

20 4.60E-02 2.24 9.59E-02 1.75 4.58E-02 2.24 9.53E-02 1.76

40 3.74E-03  3.62 7.99E-03  3.59 3.73E-03  3.62 7.96E-03  3.58

80 3.94E-04 3.24 1.47E-03  2.44 3.91E-04 3.25 1.46E-03  2.44

160 | 1.20E-05 5.04 6.12E-05  4.59 1.19E-05 5.04 6.08E-05  4.59

320 | 3.09E-07 5.28 1.50E-06 5.35 3.06E-07 5.28 1.49E-06 5.35

uo(z) = 0.5 + sin®(27x)

10 2.18E-01 3.21E-01 2.17E-01 3.21E-01

20 9.08E-02 1.26 2.65E-01 0.28 9.05E-02 1.26 2.64E-01  0.28

40 1.06E-02  3.09 3.49E-02  2.93 1.06E-02 3.10 3.46E-02  2.93

80 9.65E-04 3.46 2.34E-03  3.90 9.56E-04  3.46 2.32E-03  3.90

160 | 3.41E-05 4.82 1.05E-04 4.48 3.38E-05  4.82 1.04E-04 4.48

320 | 1.09E-06 4.96 3.74E-06  4.81 1.08E-06 4.96 3.71E-06 4.81

N

Three smooth initial conditions ug(z) = 0.5+sin(27x), ug(z) = 0.5+sin* (27x) and ug(z) =
0.5 + sin®(27x) are used to show the accuracy, the computational domain is [0, 1] with periodic
boundary conditions. In Table 3.1, the L' and L® error for the cell averages at time t = 1.0
by HWENO5-multi3 and HWENO5-RK3 methods are shown for comparison, respectively. In
this example we take At = O(Axg) for the purpose to guarantee that spatial error dominates,
and we can see that both schemes achieve their designed accuracy order.

Another accuracy tests of the finite volume HWENO scheme with maximum-principle-
preserving (MPP) limiter which refers to [2] for details are shown in Table 3.2. The accuracy of
HWENObA-RK3 with MPP limiter degenerates clearly in very refined mesh, while the normal
order was observed in HWENO5-multi3 with MPP limiter. To see how many MPP limiters
were actually used in this example, we recorded the number of cells where the MPP limiter
was activated. We list the average percentage of the limited cells in each stage in HWENO-
RK3 and that of the limited cells in each time step in HWENO-multi3. The less percentage of
HWENO-multi3 is observed, compared with that of HWENO-RKS3.

Example 3.2. We solve the Burgers’ equation

ug + (“;)I =0 (3.2)

with the initial condition u(z,0) = 0.5 + sin(7z),and a 2-periodic boundary condition. When
t = 0.5/7 the solution is still smooth.
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Table 3.2: HWENO5-multi3 and HWENOS5-RK3 with MPP limiter, for the linear equation with initial
data uo(z) = 0.5 + sin(27z). Az = & and At = CFLAz5. t=0.1. L; and Lo, error.

HWENOS5-multi3 with MPP limiter
N Ly ertror  Order Lo error  Order  Upmin  Umae limited (%)
20 | 6.47E-05 1.11E-04 -0.5 1.5 14.00
40 | 1.84E-06 5.14 3.58E-06 4.96 -0.5 1.5 8.55
80 | 5.52E-08 5.06 1.13E-07 4.98 -0.5 1.5 3.41
160 | 1.69E-09 5.03 3.44E-09 5.04 -0.5 1.5 1.01
320 | 5.26E-11 5.01 9.64E-11 5.16 -0.5 1.5 0.00
HWENO5-RK3 with MPP limiter
N Ly error  Order Lo error  Order  Umin  Umar limited (%)
20 | 5.97TE-05 1.20E-04 -0.5 1.5 16.5
40 | 1.77E-06 5.08 4.42E-06 4.76 -0.5 1.5 8.93
80 | 6.81E-08 4.70 4.84E-07 3.19 -0.5 1.5 4.73
160 | 2.99E-09 4.51 4.92E-08 3.30 -0.5 1.5 2.43
320 | 1.39E-10 4.43 4.75E-09 3.37 -0.5 1.5 1.23

Table 3.3: HWENO5-multi3 and HWENOS5-Rk3. Burgers’ equation u; + (u?/2), = 0 with the initial
condition u(x,0) = 0.5 + sin(wz) ,t = 0.5/7. L1 and Lo errors. Uniform meshes with N cells.

N HWENO5-multi3 HWENO5-RK3
Ly error  Order Lo error Order | Ly error  Order Lo, error  Order
10 4.89E-03 1.77E-02 5.06E-03 1.79E-02

20 4.93E-04 3.31 3.34E-03 241 4.93E-04 3.36 3.33E-03  2.43
40 3.65E-05 3.76 3.25E-04  3.36 3.65E-05 3.76 3.24E-04  3.36
80 1.61E-06 4.50 1.51E-05 4.43 1.61E-06 4.51 1.51E-05 4.43
160 | 6.25E-08 4.68 5.49E-07  4.78 6.25E-08  4.68 5.49E-07  4.78
320 | 1.86E-09 5.07 2.06E-08 4.74 1.86E-09  5.07 2.06E-08  4.74

In Table 3.3, the L' and L error for the cell averages at time t = 0.5/7 by HWENO5-
multi3 and HWENO5-RK3 are displayed for comparison. We can see that the fifth order are
achieved for both HWENO5-multi3 and HWENOS5-RK3 schemes, and they produce similar
numerical errors and orders of accuracy.

In Fig. 3.1, we give the L' and L® numerical errors for (3.2) and CPU time when space
points numbers are N = 20, 40, 80, 160, 320. We can see that the efficiency of HWENO5-multi3
is similar to that of HWENO5-RK3.

Example 3.3. We solve the following nonlinear system of Euler equations
wi+ f (u), =0 (3.3)
with -
u=(p,pv, B)", f(u) = (pv,pv* +p,v(E+p)) .

Here p is the density, v is the velocity, E is the total energy, p is the pressure, which is related
to total energy by E = p/(y — 1) + 1/2pv? with v = 1.4. The initial condition is set to be
p(x,0) = 1+ 0.2sin(mzx),v(x,0) = 1,p(z,0) = 1, with a 2-periodic boundary condition. The
exact solution is p(z,t) = 14 0.2sin(mw(x —t)),v(z,t) = 1, p(x,t) = 1. We compute the solution
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Fig. 3.1. Numerical errors and CPU time by HWENO5-multi3 and HWENO5-RK3 with N =
20, 40, 80, 160, 320 for the 1D Burgers’ equation. Left: L' errors. Right: L° errors.

up to t = 2. The errors and numerical orders of accuracy of the density p for the HWENO5-
multi3 and HWENO5-RK3 schemes are shown in Table 3.4. We can see that both scheme
achieve their designed order of accuracy.

Table 3.4: HWENOS5-multi3 and HWENO5-RK3 using N equally spaced cells. Euler equations.
p(z,0) =1+ 0.2sin(nz),v(z,0) = 1,p(x,0) = 1. t = 2. L1 and L errors of density p.

N HWENOS5-multi3 HWENO5-RK3
Ly error Order Lo error Order | Ly ecror  Order Lo error Order
10 3.12E-03 4.94E-03 3.13E-03 4.94E-03

20 1.17E-04 4.73 2.27E-04 4.44 1.17E-04 4.73 2.27E-04 4.44
40 3.47E-06  5.08 6.68E-06  5.08 3.47E-06  5.08 6.69E-06  5.08
80 1.07E-07 5.02 2.11E-07  4.98 1.07E-07  5.02 2.11E-07  4.98
160 | 3.28E-09 5.02 5.94E-09 5.15 3.29E-09 5.02 5.94E-09 5.15
320 | 9.83E-11 5.06 1.68E-10 5.14 9.84E-11 5.06 1.69E-10  5.14

In Fig. 3.2, we give the L' and L> numerical errors for (3.3) and CPU time when space
points numbers are N = 10, 20, 40, 80, 160, 320. We can see that the efficiency of HWENO5-
multi3 is similar to that of HWENO5-RKS3.

Example 3.4. We solve the same nonlinear Burgers equation (3.2) as in Example 3.2 with the
same initial condition u(z,0) = 0.5 + sin(7z), except that we now plot the results at ¢ = L3
when a shock has already appeared in the solution. In Fig. 3.3, the solutions of HWENOS5-
multi3 and HWENO-RK3 with N=80 cells are shown. The solid line is the exact solution. We
can see that both schemes give nonoscillatory shock transitions for this problem.

Example 3.5. We solve the nonlinear non-convex scalar Buckley-Leverett problem

e () o -
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Fig. 3.2. Numerical errors and CPU time by HWENO5-multi3 and HWENO5-RK3 with N =
10, 20, 40, 80, 160, 320 for the 1D Euler equations order test. Left: L' errors. Right: L* errors.
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Fig. 3.3. Example 3.4 with N=80 cells. Solid line: exact solution; Squares: computed solution of
HWENO5-multi3; Pluses: computed solution of HWENO5-RK3.

with the initial data v = 1 when —% <z < 0and u = 0 elsewhere. The solution is computed up
to t = 0.4. The exact solution is a shock-rarefaction-contact discontinuity mixture. In Fig. 3.4,
The solutions of HWENO5-multi3 and HWENO-RK3 with N = 80 cells are shown. The solid
line is the exact solution. We can see that both schemes give good resolution to the correct
entropy solution for this problem.

Example 3.6. We solve the Euler equations (3.3) with a Riemann initial condition for the Lax
Problem

(p,v,p) = (0.445,0.698, 3.528) for x <0, (p,v,p) = (0.5,0,0.571) for = > 0.

The computed density p is plotted at t = 1.3 against the exact solution. In Fig. 3.5 we plot
the solutions with N = 200 cells by HWENO5-multi3 scheme and HWENO5-RK3 scheme. We
also also show the variable time step. We can see that both schemes give good non-oscillatory
shock transitions for this problem.

Example 3.7. The previous examples contain only shocks and simple smooth region solutions
(almost piecewise linear), for which shock resolution is the main concern and usually a good
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Fig. 3.4. The Buckley-Leverett problem. ¢t = 0.4, N = 80 cells. Solid line: exact solution; Squares:
computed solution of HWENOS5-multi3; Pluses: computed solution of HWENO5-RK3.
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Fig. 3.5. The Lax problem. t=1.3. N=200 cells. Left: Solid line: exact solution; Squares: computed
solution of HWENOS5-multi3; Pluses: computed solution of HWENOS5-RK3. Right: time step.

second-order non-oscillatory scheme would give satisfactory results. There is little advantage
in using higher order schemes for such cases. We have been using them in the numerical
experiments mainly to demonstrate the non-oscillatory properties of the high order schemes.
A higher order scheme would show its advantage when the solution contains both shocks and
complex smooth region structures. A typical example for this is the problem of shock interaction
with entropy waves [22]. We solve the Euler equation (3.3) with a moving Mach=3 shock
interacting with sine waves in density, i.e. initially

(p,v,p) = (3.857143,2.629369, 10.333333) for = < —4,
(p,v,p) = (1 +esin(52),0,1) for x > —4.

Here we take ¢ = 0.2. The computed density p is plotted at ¢ = 1.8 against the reference
solution, which is a converged solution computed by the fifth-order finite difference WENO
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Fig. 3.6. The shock density wave interaction problem. ¢ = 1.8, N = 300 cells. Density p. Solid
line: “exact solution”; Squares: computed solution of HWENOS5-multi3; Pluses: computed solution of
HWENO5-RK3.

scheme [9] with 2000 grid points. In Fig. 3.6 we show the results of the HWENO5-multi3 scheme
and the HWENO5-RK3 scheme with N = 300 cells. We can also see that the computational
result by HWENOS5-multi3 is similar to that by HWENOS5-RK3.

Exact
o HWENOS5-multi3
HWENO5-RK3

Density

IS
L L L L B B |

i — i - n
0 0.2 0.4

Fig. 3.7. The interaction of blast waves problem, 400 cells, t = 0.038, Density p. Solid line: “exact
solution”; Squares: computed solution of HWENO5-multi3; Pluses: computed solution of HWENOS5-
RKS3.

Example 3.8. We consider the interaction of blast waves of Euler equation (2.21) with the
initial condition
(p,v,p) = (1,0,1000) for 0 < z < 0.1,

(p,v,p) = (1,0,0.01) for 0.1 <z < 0.9,
(p,v,p) = (1,0,100) for 0.9 < z.
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Table 3.5: Example 3.9 with T = 0.5/7. L'and L errors.

N HWENO4-multi3 HWENO4-RK3
Ly error Order Lo error Order | Li error  Order Lo error  Order
10x10 4.98E-03 1.42E-02 5.10E-03 1.44E-02

20x20 8.46E-04 2.56 3.66E-03  1.96 8.53E-04 2.58 3.67TE-03 1.97
40x40 5.98E-05 3.82 4.39E-04  3.06 5.97E-05 3.84 4.36E-04  3.07
80x80 3.42E-06 4.13 3.41E-05  3.69 3.42E-06 4.13 3.45E-05  3.66
160x160 | 2.09E-07 4.03 3.36E-06  3.35 2.09E-07 4.03 3.38E-06  3.35
320x320 | 1.0TE-08 4.28 2.02E-07  4.06 1.08E-08 4.28 2.02E-07  4.06

A reflecting boundary condition is applied to both ends. See [8,24]. The computed density
p is plotted at ¢t = 0.038 against the reference “exact” solution, which is a converged solution
computed by the fifth-order finite difference WENO scheme [9] with 2000 grid points. In Fig.
3.7 we show the results of the HWENOS5-multi3 scheme and the HWENO5-RK3 scheme with
300 cells. We can also see that the computational result by HWENOS5-multi3 is similar to that
by HWENO5-RK3.

3.2. Two-dimensional test cases

Example 3.9. We solve the following nonlinear scalar Burger’s equation in two dimensions:

g + (f); (u;)y =0 (3.5)

with the initial condition u(z,y,0) = 0.5+ sin(n(z+y)/2) and a 4-periodic boundary condition
in two directions. When ¢ = 0.5/, the solution is still smooth. The errors and numerical orders
of accuracy for the HWENO4-multi3 and HWENO5-RK3 are shown in Table 3.5. We can see
that the designed order is obtained.

In Fig. 3.8, we give the L! and L> numerical errors for (3.5) and CPU time when space
points numbers are N = 10, 20,40, 80, 160, 320. We can see that the efficiency of HWENO4-
multi3 is similar to that of HWENO4-RK3.

> 107
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10° = ‘ _—— mﬂgﬁi%‘“ I = T HWENOI RIS
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5 . 510
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—
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CPU time CPU time

Fig. 3.8. HWENO4-multi3 and HWENO4-RK3 with N = 10,20, 40, 80, 160, 320 for the 2D Burgers’
equation order test. Left: L' errors. Right: L* errors.
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Table 3.6: 2D Euler equations: initial data p(x,y,0) = 1+ 0.2sin(w(z+vy)), u(z,y,0) = 0.7,v(z,y,0) =
0.3,p(x,y,0) = 1. Periodic boundary conditions in two directions. T'= 2.0. Ly and Le errors.

I HWENO4-multi3 HWENO4-RK3
ces L1 error Order Lo error Order | L error Order Lo error Order
10x 10 1.35E-02 2.31E-02 1.35E-02 2.31E-02

20x 20 7.29E-04 4.21 1.45E-03 4.00 7.32E-04 4.21 1.45E-03  3.99
40x 40 2.56E-05 4.83 4.99E-05 4.86 2.60E-05 4.82 5.06E-05 4.84
80x 80 1.02E-06 4.65 1.78E-06 4.81 1.06E-06 4.61 1.86E-06  4.76
160x 160 | 4.91E-08 4.37 7.84E-08  4.51 5.39E-08 4.30 8.60E-08 4.44
320x 320 | 2.75E-09 4.16 4.41E-09 4.15 3.30E-09  4.03 5.27E-09  4.03

Example 3.10. We solve the Euler equations

p pu pv
o | pu 0 pu? 4+ p 0] pUv
— — — =0. 3.6
ot | pv *ow puv + oy | p?+p (36)
E u(E +p) v(E +p)

In which p is density, u is z-direction velocity, v is y-direction velocity, E is total energy, p is
pressure. The initial conditions are: p(z,y,0) = 14-0.2sin(7(z+vy)), u(z,y,0) = 0.7,v(z, y,0) =
0.3,p(x,y,0) = 1, periodic boundary conditions in two directions. We compute the density
solution up to t = 2.0. The exact solution is p(x,y,0) = 1+ 0.2sin(w(x +y — t)). In Table 3.6,
we show the errors and numerical orders of accuracy by HWENO4-multi3 and HWENO4-RK3
and we also can see that the designed order is obtained.

In Fig. 3.9, we give the L' and L> numerical errors for (3.6) and CPU time when space
points numbers are N = 10, 20, 40, 80, 160, 320. We can see that the efficiency of HWENO4-
multi3 is similar to that of HWENO4-RK3.

Example 3.11. 2D Euler equations for Riemann problem [18]. We solve the Euler equations

E —5— HWENOd.multS
g F — +— - HWENO4.RK}

1 MR Ll il i L a L 1 1
10° 10' 10° 10° 10* 10’ 10' 10° i 10° 10°
CPU time CPU time

Fig. 3.9. HWENO4-multi3 and HWENO4-RK3 with N = 10, 20, 40, 80, 160, 320 for the two-dimensional
Euler equations order test. Left: L' errors. Right: L° errors.
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Fig. 3.10. 2D Euler equations for Riemann problem with 400x400 cells. Left: HWENO4-multi3;
Right: HWENO4-RK3. From top to bottom. Initial condition (1) 7' = 0.25. 30 equally spaced density
contours from 0.54 to 1.70; Initial condition (2) T' = 0.25. 30 equally spaced density contours from 0.50
to 1.96; Initial condition (3) 7' = 0.3. 30 equally spaced density from contours 0.55 to 1.22.

(3.6) in a computational domain of [0,1] x [0,1] and set the initial conditions as:

0.5313,0,0,0.4)T, x> 0.5,y > 0.5,
1,0.7276,0, )T, 2 < 0.5,y > 0.5,

1 T—

( ) (p7uavap) 0.870,07 1)T’ T < 057y < 057
1,0,0.7276, )T, x> 0.5,y < 0.5,
1.1,0,0,1.1)T, x> 0.5,y > 0.5,

0.5065,0.8939,0,0.35)7, =z < 0.5,y > 0.5,
1.1,0.8939,0.8939,1.1)7, z < 0.5,y < 0.5,
0.5065,0,0.8939,0.35)7, x> 0.5,y < 0.5,

2 (pu,v,p)" =

N N N N N N N
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Fig. 3.11. 2D Euler equations for Riemann problem with 400x400 cells. Left: HWENO4-multi3; Right:
HWENO4-RK3. From top to bottom. Initial condition (4) 7' = 0.2. 30 equally spaced density contours
from 0.52 to 0.99; Initial condition (5) T' = 0.3. 30 equally spaced density contours from 0.25 to 3.05.

(1,0.1,0,1)7, z > 0.5,y > 0.5,
0.5313,0.8276,0,0.4)" r<0.59>05

3 T —_ ( ) s Uy ) ) )

(3) (pyuv,p) (0.8,0.1,0,0.4)7, z < 0.5,y < 0.5,
(0.5313,0.1,0.7276,0.4)7, 2 < 0.5,y < 0.5,
(0.5313,0.1,0.1,0.4)T, x> 0.5,y > 0.5,
1.0222,-0.6179,0.1,1)7, 2 < 0.5,y > 0.5

4 T _ ( ) ) ) ) ) )

@ (pw,0.p) (0.8,0.1,0.1,1)7, 2 < 0.5,y < 0.5,
(1,0.1,0.8276, 1)T, x> 0.5,y < 0.5,
(1,0.75,.0.5, 1), 2> 0.5,y > 0.5,
2,0.75,0.5,1)7 x <0.5,y>05

5 T — ( ) ) ) ) ) 9

(5) (o u,v,p) (1,-0.75,05,1)7, < 0.5,y <0.5,
(3,-0.75,.0.5,1)7, 2> 0.5,y <0.5.

In the Figs. 3.10- 3.11 the computational densities by HWENO4-multi3; Right: HWENO4-
RK3 schemes for the Riemann problems are shown. We can observe that most of the flow
features are captured well for all these Riemann problems.

Example 3.12. Double mach reflection problem. We solve the Euler equations (3.6) in a
computational domain of [0,4] x [0,1]. A reflection wall lies at the bottom of the domain
starting from x = %,y = 0, making a 60° angle with the z-axis. The reflection boundary
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Fig. 3.12. Double Mach refection problem, 30 equally spaced density contours from 1.5 to 22.7,
2400x600.HWENO4-multi3 (Top), HWENO4-RK3 (Bottom).

Fig. 3.13. Zoom-in pictures around the Mach stem for Double Mach refection problem, 30 equally
spaced density contours from 1.5 to 22.7, 2400x600, HWENO4-multi3 (Left) and HWENO4-RK3
(Right).

condition is used at the wall, which for the rest of the bottom boundary (the part from z = 0 to
x = 6), the exact post-shock condition is imposed. At the top boundary is the exact motion of
the mach 10 shock. The results shown of HWENO4-multi3 with h = ﬁ and HWENO4-RK3
with h = 55 [26] are at t = 0.2. We present both the pictures of region [0,3] x [0,1] and
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.

Fig. 3.14. A mach 3 wind tunnel with a step problem, 30 equally spaced density contours from 0.32 to
6.15, 1200x400 cells. HWENO4-multi3 (Top), HWENO4-RK3 (Bottom).

the blow-up region around the double mach stems in Figs. 3.12 and 3.13 respectively. All the
pictures are the density contours with 30 equal spaced contour lines from 1.5 to 22.7. It is clear
that HWENO4-multi3 with h = ﬁ has qualitatively the similar resolution as HWENO4-RK3
with h = ﬁ for the fine details of the complicated structure in this blown-up region.

Example 3.13. A mach 3 wind tunnel with a step. The setup of the problem is as follows: the
wind tunnel is 1 length unit wide and 3 length units long. The step is 0.2 length units high and
is located 0.6 length units from the left end of the tunnel. Initially, a right going mach 3 flow
is used. Reflective boundary conditions are applied alone the walls of the tunnel and in flow
and out flow boundary conditions are applied at the entrance and the exit. The computational
densities by HWENO4-multi3 and HWENO4-RK3 schemes are plotted at ¢ = 4.0 in Fig. 3.14
with 30 equally spaced density contours from 0.32 to 6.3. We can observe that most of the flow
features are captured well by both HWENO4-multi3 and HWENO4-RK3 schemes.

4. Concluding Remarks

In this paper, we construct a class of variable step size multi-step type SSP high order
temporal discretization, and we simulate the one-dimensional and two-dimensional hyperbolic
conservation laws by high resolution finite volume HWENO schemes with SSP multi-step meth-
ods. We compare the numerical results with those obtained by finite volume HWENO schemes
using the third-order SSP Runge-Kutta temporal discretization by addressing CPU time, ef-
ficiency and resolution. We can see that both methods have similar CPU time, efficiency,
resolution and non spurious oscillatory numerical solutions.

Acknowledgments. The research is partly supported by NSFC grants 11372005, 11571290
and 91530107.
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