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Abstract

A cascadic multigrid method is proposed for eigenvalue problems based on the multilevel
correction scheme. With this new scheme, an eigenvalue problem on the finest space can be
solved by linear smoothing steps on a series of multilevel finite element spaces and nonlinear
correcting steps on special coarsest spaces. Once the sequence of finite element spaces and
the number of smoothing steps are appropriately chosen, the optimal convergence rate
with the optimal computational work can be obtained. Some numerical experiments are
presented to validate our theoretical analysis.
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1. Introduction

The cascadic multigrid method proposed by [4,6] and analyzed by [17] is based on a hierarchy
of nested meshes. Going from the coarsest level to the finest one, in each level, the discrete
approximation obtained from the previous level acts as the starting value of a simple iterative
solver (a smoother) like conjugate gradient. It is well known that for some certain linear systems
(e.g., descretized by finite element method), a smoother can not eliminate the error effectively,
and the part of error hard to be reduced is called algebraic error, which has been motivating the
research on multigrid method. Therefore, to achieve the desired accuracy, the algebraic error on
each level must be small enough. In cascadic multigrid method, this is achieved by increasing
the number of smoothing iteration steps on coarser levels. Fortunately, the smaller dimensions
of the problems on the coarser levels lead to the optimality of the complete algorithm. Requiring
the number of operations which is proportional to the number of unknowns on the finest level,
the algebraic error of the final approximation solution is of the same order as the discretization
error of the finite element method. For more information about the cascadic multigrid method,
please refer to [4,6,11,17,18,20] and the references cited therein.
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In modern science and engineer, eigenvalue problems appear in many fields such as Physics,
Chemistry, mechanics and material sciences. Recently, a type of multilevel correction method
is proposed to solve eigenvalue problems in [13,22]. In this multilevel correction scheme, the
solution of eigenvalue problem on the final level mesh can be reduced to a series of solutions of
boundary value problems on the multilevel meshes and a series of solutions of the eigenvalue
problem on the coarsest mesh. Then it is natural to use the efficient linear solvers such as
multigrid method and algebraic multigrid method to design the corresponding efficient eigen-
value solvers. It is well known that the cascadic multigrid method is simple and easy to be
implemented. Therefore, the aim of this paper is to construct a cascadic multigrid method
to solve the eigenvalue problem by transforming the eigenvalue problem solving to a series of
smoothing iteration steps on the sequence of meshes and eigenvalue problem solving on the
coarsest mesh by the multilevel correction method. Similarly to the cascadic multigrid for the
boundary value problem, we also only do the smoothing steps for a boundary value problem by
using the previous eigenpair approximation as the start value. As same as the cascadic multi-
grid method for boundary value problems, the numbers of smoothing iteration steps need to be
increased in the coarse levels. The final eigenpair approximation has the same order algebraic
error as the discretization error of the finite element method by organizing the suitable number
of smoothing iteration steps on different levels. The original version of this paper is [9]. After
that, there also have appeared a different cascadic multigrid method in [19] which is based on
the shifted-inverse power iteration [8,10, 16].

The rest of this paper is organized as follows. In the next section, we introduce the finite
element method for the eigenvalue problem and the corresponding error estimates. A cascadic
multigrid method for eigenvalue problem based on the multilevel correction scheme is presented
and analyzed in Section 3. In Section 4, three numerical examples are presented to validate our
theoretical analysis. Some concluding remarks are given in the last section.

2. Finite Element Method for Eigenvalue Problem

This section is devoted to introducing some notation and the finite element method for
the eigenvalue problem. In this paper, we shall use the standard notation for Sobolev spaces
W#P(Q) and their associated norms and semi-norms ([1]). For p = 2, we denote H*(2) =
W2(Q) and H(Q) = {v € HY(Q) : v|ga = 0}, where v|g = 0 is in the sense of trace,
II“lls.0 = Il - lls.2,0- In some places, || - ||s,2,0 should be viewed as piecewise defined if it
is necessary. The letter C' (with or without subscripts) denotes a generic positive constant
independent of mesh size which may be different at its different occurrences through the paper.

For simplicity, we consider the following model problem to illustrate the main idea: Find
(A, u) such that

u =0, on 09, (2.1)

where A is a symmetric and positive definite matrix with suitable regularity, 2 C R%(d = 2, 3)
is a bounded domain with Lipschitz boundary 92 and V, V- denote the gradient, divergence

{ -V - (AVu) = A, in €,

operators, respectively.

In order to use the finite element method to solve the eigenvalue problem (2.1), we need to
define the corresponding variational form as follows: Find (A, u) € R x V such that b(u,u) =1
and

a(u,v) = Ab(u,v), Yv eV, (2.2)
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where V := H}(Q2) and

a(u,v) = / Vu - AVudS), b(u,v) = / uvdS. (2.3)
Q Q
The norms || - ||, and || - ||p are defined by
lolla = a(v,0)"2 and  olly = b(v,v)"/2.

It is well known that the eigenvalue problem (2.2) has an eigenvalue sequence {\;} (cf. [3,7]):

O< A <AL <A<, lim Ap = o0,

k—o0

and associated eigenfunctions
UL, U2yt r 5 Uyt

where b(u;,u;) = 0;; (6;; denotes the Kronecker function). In the sequence {\;}, the \; are
repeated according to their geometric multiplicity.

Now, let us define the finite element approximations of the problem (2.2). First we generate
a shape-regular triangulation 7 of the computing domain Q € R? (d = 2,3) into triangles or
rectangles for d = 2 (tetrahedrons or hexahedrons for d = 3). The diameter of a cell K € Ty, is
denoted by hx and the mesh size h describes the maximum diameter of all cells K € 7;. Based
on the mesh 7j, we can construct a finite element space denoted by V}, C V. For simplicity, we
set V}, as the linear finite element space which is defined as follows

Vi ={on € C(Q) | wnlic € Py, VK € To 1 H(Q), (2.4)

where P; denotes the linear function space.
The standard finite element scheme for eigenvalue problem (2.2) is: Find (A, 1) € R x V4,
such that b(ay,an) = 1 and

a(ﬂh,vh) = S\hb(ﬂh,vh), Yoy, € V. (25)
From [2,3], we have the following Rayleigh quotient expression for \j:

< a(up,up)
Ap = Dain, an)’ (2.6)

and the discrete eigenvalue problem (2.5) has eigenvalues:
0<Ah<dopn < < Apn < < ANy s
and corresponding eigenfunctions
UL s U2 Byt 5 Uk,hy " UNy Ry

where b(t; p, Ujn) = 0;5,1 < 4,7 < Nj (N, is the dimension of the finite element space V},).
Let M()\;) denote the eigenspace corresponding to the eigenvalue A; which is defined by

M) = {w € HJ(Q) : w is an eigenfunction of (2.2) corresponding

to A\; and b(w,w) = 1}, (2.7)
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and define

Oon(N) = sup inf |Jw—v,. (2.8)
wGM()\i)UEV”'

Let us define the following quantity:

Na(h) = sup inf |Tf —a, (2.9)
FEL2(Q), ] fllp=1VEV

where T': L?(Q) — V is defined as
a(Tf,v) =b(f,v), VfeL?*(Q) and YveV. (2.10)

Then the error estimates for the eigenpair approximations by the finite element method can be
described as follows.

Lemma 2.1. ([2Lemma 3.7, [3,7]) For any eigenpair approzimation (A, p, @i p) (¢ =1,--- , Np)
of (2.5), there exists an exact eigenpair (A;,u;) of (2.2) such that b(u;,u;) =1 and

lwi — @i nlla < Cidn(Ni), (2.11)
lui — @i nllo < Cina(h)llwi — @i plla; (2.12)
INi — Nin| < Cis2(N). (2.13)

Here and hereafter C; is some constant depending on i but independent of the mesh size h.

The following Rayleigh quotient expansion of the eigenvalue error is the tool to obtain the
error estimates of the eigenvalue approximations.

Lemma 2.2. ([2]) Assume (X, u) is an eigenpair of the eigenvalue problem (2.2). Then for any
w € H(Q)\{0}, the following expansion holds:
a(w,w) a(w —u,w — u) (w—u,w —u)
— A= —\
b(w, w) b(w, w) b(w, w)

(2.14)

3. Cascadic Multi-level Correction Scheme for Eigenvalue Problem

In this section, we propose a type of cascadic multigrid method for eigenvalue problems.
The main idea is to approximate the underlying boundary value problems on each level by some
simple smoothing iteration steps. In order to describe the cascadic multigrid method, we first
introduce the sequence of finite element spaces and the smoothing properties of appropriate
smoothers.

In order to do multigrid scheme, we first generate a coarse mesh Ty with the mesh size
H and the coarse linear finite element space Vg is defined on the mesh 7. Then we define
a sequence of triangulations 75, of @ C R¢ determined as follows. Suppose T, (produced
from Ty by regular refinements) is given and let 73, be obtained from 7, _, via some regular
refinements (produce 3¢ subelements) such that

1

thﬁB

hie_1, (3.1)
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where the positive number S denotes the refinement index and is larger than 1. Based on this
sequence of meshes, we construct the corresponding nested linear finite element spaces such
that

VHthICVhQC“'CVh .

n

(3.2)

The sequence of finite element spaces V3, C Vj,, C --- C V},, and the finite element space Vg
have the following relations of approximation accuracy

1
%(H) 2 On, ()‘%)’ Ohy, O‘i) ~ Eéhk—l O‘i)a k=2 n (3'3)
Remark 3.1. The relation (3.3) is reasonable since we can choose 0, (\;) = hy, (k=1,---,n).

Always the upper bound of the estimate dp,, (A;) < hy holds. Recently, we also obtain the lower
bound result dp, (\;) 2 by (cf. [15]).

For generality, we introduce a smoothing operator Sy, : Vj, — V;, which satisfies the following
estimate
IS5 walla < sea g llwnllo,
ISz wlla < lwnla. (3.4)
155" (wn + vn)lla < [1SFwhlla + 1S5 0n]las

where C' is a constant independent of h and « is some positive number depending on the choice
of smoother. It is proved in [8,16,20] that the symmetric Gauss-Seidel, the SSOR, the damped
Jacobi and the Richardson iteration are smoothers in the sense of (3.4) with parameter o = 1/2
and the conjugate-gradient iteration is the smoother with o =1 (cf. [17,18]).

Then we define the following notation
wp, = Smooth(Vy, f, &, m, Sp) (3.5)
as the smoothing process for the following boundary value problem
a(up,vn) =b(f,vn), Vop € W, (3.6)

where £, denote the initial value of the smoothing process, Sj, denote the chosen smoothing
operator, m the number of the iteration steps and wj, is the output of the smoothing process.

Now, we come to introduce the cascadic multigrid method for the eigenvalue problem (2.2).
To state it more clearly, we assume the desired eigenvalue is simple and the computing domain
is convex. Then we have the following estimates

Ne(H) ~ H, nq(hr)~=h, and dp,(N)=~=hg, k=1,---,n (3.7

Assume we have obtained an eigenpair approximation (A u*) € R x V. Now we
introduce a cascadic type one correction step to improve the accuracy of the current eigenpair
approximation (A" u"*) € R x V,, .
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Algorithm 3.1. Cascadic type of One Correction Step

1. Define the following auxiliary source problem: Find @+ € V},, 1 such that
a(@* 1 op, ) = ANb(u* on, L), Yon,,, € Vi, - (3.8)

In order to solve (3.8), perform the smoothing process (3.5) to obtain a new eigenfuc-
tion approximation @™+ € Vj,, ., by

a1t = Smooth (Vi ™ u™  u™  myiq, Spy s (3.9)

2. Define a new finite element space VHthrl = Vi + span{ua/*+1} and solve the following
eigenvalue problem: Find (Ab+1 yhe+1) € R x VI];’““ such that b(ul*+1 ule+1) = 1
and

ol ) = B ), Wl eV @0
Summarize the above two steps by defining

(N1 yhee1y = SmoothCorrection(Vr, Viesrs Nk e g, Shiir)-

Based on the above algorithm, i.e., the cascadic type of one correction step, we can construct
a cascadic multigrid method as follows:

Algorithm 3.2. Eigenvalue Cascadic Multigrid Method

1. Find (A1, u") € R x V},, such that

a(u vp,) = Nb(uh vy)), You, € Vi,

2. For k=1,--- ,n — 1, do the following iteration

(At k1) = SmoothCorrection(Vig, Vi oy, A, u™  myi, Sy )

Finally, we obtain an eigenpair approximation (A= u"n) e R x V}, .

In order to analyze the convergence of Algorithm 3.2, we introduce an auxiliary algorithm
and then show its superapproximate property.

Similarly, assume we have obtained an eigenpair approximations (thﬂhk) € R x V. We
introduce the following auxiliary one correction step.

Algorithm 3.3. Auxiliary One Correction Step
1. Define the following auxiliary source problem: Find uy,,, € V4, ,, such that

a‘(ahk+17vh1«+1) = }v‘hkb(ahwvhk+1)ﬂ Vvhk+1 € th+1' (311)
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1. Define a new finite element space 17H}hk+1 = Vi + span{an, ., } + span{@"+1} and
solve the following eigenvalue problem: Find (A, Uny,,) € R X Vg, such that
b(ahk+17ﬂhk+l) =1 and

a(ahkﬂ)%H,hkﬂ) = Ahk+1b(ahk+l’5H7hk+1)7 V:JHythrl € VH7hk+1' (3'12)
Summarize the above two steps by defining

(Mprs Uny ) = AuailiaryCorrection(Vir, Vi, y s Ay » Uy » Hh’““).

Algorithm 3.4. Eigenvalue Auxiliary Multilevel Correction Method
1. Find (Ap,,@p,) € R x Vi, such that
a(ﬂhl,vhl) = Xhlb(ahlavhl), Yop, € Vp,.

2. For k=1,--- ,n — 1, do the following iteration

(Nhpi1s Ungyy) = AugiliaryCorrection(Vig, Vi1 s Muys Ung, U50).

Finally, we obtain an eigenpair approximation (Xh”,ﬂh") ERXW,, .

Before analyzing the convergence of Algorithm 3.2, we show a superapproximate property
of uy, obtained by Algorithm 3.4.

Theorem 3.1. Assume up, (k = 1,---,n) are obtained by Algorithm 3.4 and up, (k =

1,---,n) the standard finite element solution in V. If the sequence of finite element spaces
Viys-+, Va, and the coarse finite element space Vi satisfy the following condition
Cno(H)B? < 1, (3.13)

the following estimate holds
”ﬂhk - ﬂhk ”(l < C’r]a(hk’)ahk ()‘)7 k=1,---,n, (314)
||ahk _ﬂthb < Cna(H)Ua(hk)5hk(/\)7 k=1,---,n, (315)

where C' is a constant only depending on the eigenvalue A. The eigenvalue approrimations th
and \p,, have the following estimates

M = M| < N, — )12, k=1,---,n. (3.16)
Proof. Define €, = |th — M|+ [, — @n, o, k=1,--- ,n. It is obvious that e, = 0.
From (2.5) and (3.11), we have
1y is = Tni lla = @(@hy s = s Tnr = Ty
= M Dy 1> Uy = Tiesy) = My D@m= T,
= DMy T 1y — Mg s Uhgepy — Uhysy)

< C|‘5\hk+lahk+l - Ahkﬁhk|‘b||ahk+l - ahk+1 ”a’ (317)
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where Poincaré’s inequality is used in the last inequality above. Note that the eigenvalue
problem (3.12) can be regarded as a finite dimensional approximation of the eigenvalue problem
(2.5). Similarly to Lemma 2.1 (see [2,13]), from the second step in Algorithm 3.3, the following
estimate holds

||ﬂhk+1 - ahk+1 H(l

<C inf~ Hahk+1 - aH,thA ”11 < C||ahk+1 - ahk+1 Ha' (318)

Vit s1 EVit g 1
Then combining (3.17) and (3.18) leads to
[,y = Tnps lla < Cl A g = AT [

= ClAi iy = MW+ A T, = M

< C(|;\hk+1 — Xl + Nng, — ﬂthb)

< C(|5\hk+1 — Ml + A = M| + sy — g llo + N, — ﬂthb)

< C(Ans = Al + s = gl + eny )- (3.19)
From the properties of Vi, C Vi, .., Vi n, C Vi,, Lemma 2.1 and (3.3), we have

[@hysr = Unilla < Cn, (N),

@k yy = U llo < Cna(hi)[tn,,, — Ung llas

M = Anie| < Cllang,, = an, |2 < Cony (N)? < Cnja(bis) oy (M)
[an, = tn,llo < Cna(H)[Un, — tny,|[a;

A = An| < Clan, = n, 13-

Substituting above inequalities into (3.19) leads to the following estimates

Hﬂhk+1 - ﬂhk+1 Ha < C<5}2Lk (>‘) + Ua(hk)(shk (/\) + Ehk)

< O (ma (), () + 1 (B[, — in, ). (3.20)

When k = 1, since @y, := @ip, and Ay, = Ap,, we have
s — inalla < Ol (). (3.21)

Based on (3.3), (3.20), (3.21) and recursive argument, we have the following estimates:

k
tn,, — tnylla < CZCk*jn’(f*j(ﬂ)na(hj—l)%_l(>\)

Jj=2

k
< O Oy (H)B T i (ha)BE T8, (V)
=2
k .
< 02 (> (Cna()B) " Jna(ha)on, (V)
j=2
Cp?

< Wm(hk)% () (3.22)
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Therefore, the desired result (3.14) holds under the condition Cn,(H)* < 1. Furthermore,
(3.15) and (3.16) can be obtained directly from Lemmas 2.1 and 2.2, respectively. Then the
proof is completed. 0

Note that V}}}’“ C VH,hk, then we can obtain the following estimates which play an important
role in our analysis.

Lemma 3.1. ([2]) Let u*, V¥ and uy, X~/H1hk be defined in Algorithms 3.1 and 3.3. Then
the following estimates hold:

[ =y |la < Clltn, — " |la, (3.23)
Huhk - ahk ”b < Cna(H)Huhk - ahk Ha7 (3'24)
A% — A | < Jlu — T, |12 (3.25)

Proof. Since Vj* C Virn,., according to (3.10) and (3.12), u™* can be viewed as the spectral
projection of @iy, (cf. [2]). Then from Lemma 2.1 and the definitions of Vi ,, and V}i*, we have

liin, —u" e <€ inf [iin, — ol
1’f}keVHk

<C inf (@, = il < Cllan, -, (3.26)

v P EV, B
which is the desired result (3.23). Similarly, we also have (3.24) by the following argument
[, = u™ [l < Cna(Vi) an, — u"*|la < Ca(H)|[in, — u"*|la,
where

Na(ViF) = sup inf | Tf—vla < na(H).
FEL2(Q)]fl=1 veVH

Furthermore, (3.25) can be obtained directly from Lemma 2.2 and the proof is completed. [

Remark 3.2. Since Vg C VI}}’“ and Vg C ‘~/H,h,€, from Lemma 2.1, we have

[ =, Jla < [[u™ = ulla + u = @n, lla < COH(N). (3.27)

Now, we come to give error estimates for Algorithm 3.2.

Theorem 3.2. Assume the eigenpair approzimation (A" u~) is obtained by Algorithm 3.2,
(th,ﬂhn) is obtained by Algorithm 3.4 and the smoother selected in each level V},, satisfy the
smoothing property (3.4) for k =1,--- ,n. Under the conditions of Theorem 3.1, we have the
following estimate:

fin, — oo < 030 UFCRUIDT 0 ) (3.28)

and the corresponding eigenvalue error estimate

|An, — N| < Cllan, —ul|2. (3.29)
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Proof. Define ej, := uh*

Lemma 3.1, the following inequalities hold

—up,, for k=1,--- n. Then it is easy to see that e,, = 0. From

lens i lla = llu"+* =T,y lla < Clltin, .y — 7"
< Oy = @ o + @+ = @, ). (3.30)
For the first term in (3.30), together with (3.8), (3.11), Lemma 3.1 and (3.27), we have
[Tny,, — @4 [|o < CIN ™ — Xy G, Lo

< O (I =, 2+ I = n, o) < Cna(ED = in, o = Cna(EDlen, e (331)

For the second term in (3.30), due to (3.4) and (3.31), the following estimates hold

[ R P S O TR |
< Syt @t —an, )l + [Shett (@ny, — w"™)la
< NSyt @t —Tng e + 19505 @heyy = @) lla + n, — ™ la
C 1
~ ~h ~ ~ ~ h
< tn,, —u" o + e m”“hkﬂ = Up b + [[tn, —u"*a
C 1 .

— - . 3.32
mg_H hk+1 ||uhk+1 Uhy, Hb ( )

< (1+ Cna(H) ) llen, lo +
According to Lemma 2.1, (3.3), Theorem 3.1 and its proof,

Hahk+1 - ﬂhk Hb < ||ahk+1 - 'Bhk+1 ”b + ||ﬂhk+1 — Up, ”b + ||ﬂhk - ﬁthb
< Cna<hk+1>6hk+1()‘>' (3'33)

Combining (3.30), (3.31), (3.32), (3.33) and (3.7), we have
C
Hehk+1 Ha < (1 + Cna(H)) Hehk ||a + T(Shk+l()\)7 k=1,---,n—1 (334)
Mpt1
Based on (3.34), the fact e, = 0 and the recursive argument, the following estimates hold

C
< (1 CnalH) e, la + 1, (V)

n

c c
< (14 Ona(H)) llen, o lla + (14 Cna(H) —2—0n,_ (N) + 00, ()

len.,

«
n—1 n

This is the desired result (3.28). The estimate (3.29) can be obtained from Lemma 2.2 and
(3.28). O

Corollary 3.1. Under the conditions of Theorem 3.2, we have the following estimates:

n n—k
_ 1 + Cna
|n,, —u" o < C(na 2)0h, (A) + Z )) On, ()\)), (3.35)
k=2
A, = A < g, —u"[f3. (3.36)
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Now we come to estimate the computational work for Algorithm 3.2. Define the dimension
of each linear finite element space as

N :=dim V,,,, k=1,---,n.

Then we have

Ny, ~ (%)_dwn - (%)d(”_k)zvn, k=1, n (3.37)

From Theorem 3.2, in order to control the global error, it is required that the number of
iterations in the coarser spaces should be larger than the fine spaces. To give a precise analysis
for the final error and complexity estimates, we assume the following inequality holds for the
number of iterations in each level mesh:

hg\¢ _ m hi\ ¢S

(5) =Zh<o(32) k=20 n-1, (3.38)

hy, me hy,

where m = m,,, 0 > 1 and ¢ > 1 are some appropriate constants.
Now, we give the final error and the complexity estimates for Algorithm 3.2.

Theorem 3.3. Under the conditions (3.3), (3.38) and B*~¢(1+ CH) < 1, for any given ~y €
(0,1], the final error estimate satisfies

a < Yhn (3.39)

Jut

if we take

> (%) (3.40)
v
where Ce = 1/(1 — B1=¢(1 + CH)).

Assume the eigenvalue problems solved in the coarse spaces Vi and Vi, need work My and
My, , respectively. If (/o < d, the total computational work of Algorithm 3.2 can be bounded by
O(Nyp+ Mp, + My log(Ny,)) and furthermore O(N,,) provided My < Ny, and My, < Ny; while
if (/o = d, the total computational work can be bounded by O(N, log(N,,)+ Mp, + My log(N,))
and furthermore O(N,, log(N,)) provided My < N, and My, < N,,.

Proof. By Theorem 3.2, together with (3.1), (3.7), (3.28) and (3.38), we have the following
estimates:

[

= Ci(l * C"a(H))nfk#CShk(/\) < Czn:(l - C’H)”*k% (@)_Chk

k=2 k k=2 i
nk(nk)(l()h hn 5 1=¢(
<CZ +CH)" %3 m—Zﬁ (1+CH)"
hn 1

SOz B1=¢(1+CH)’ (3.41)

When 81=¢(1+ CH) < 1, (3.41) becomes
CC<

H’LL " —uh ||a <

(3.42)
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Then it is obvious that we can obtain |[u"" —y, ||, < vh, when m satisfies the condition (3.40).

Let W denote the whole computational work of Algorithm 3.2, wj, the work on the k-th level
for k = 1,--- ,n. Based on the definition of Algorithms 3.1 and 3.2, (3.1), (3.38) and (3.37),
the following estimates hold

W = Zwk < My, + kaNk + My logg(Ny)
k=1 k=2
1>(n*k)(d*5/a)

n
< My, + CMylog(Ny) +mo'/*N, > ( 3

k=2

Then we know that the computation work W can be bounded by O(Mp, + My log(N,) + N,)
when d — (/a > 0 and by O(Mp, + My log(N,,) + Ny log(N,,)) when d — (/a = 0. It is also
obvious they can be bounded by O(N,,) and O(N, log(N,,)), respectively, if Mg < N, and
My, < N,, are provided. O

Corollary 3.2. Under the same conditions of Theorem 3.3 and (3.40) holding, if Ch, < 7,
then we have the following estimate

[un — i, |la < 27ha. (3.43)

If we choose the conjugate gradient method as the smoothing operator, then o = 1 and the
computation work of Algorithm 3.2 can be bounded by O(N,, + M}, + M log(N,,)) or O(N,,)
provided My <« N, and My, < N, for both d = 2 and d = 3 when we choose 1 < { < d.

When the symmetric Gauss-Seidel, the SSOR, the damped Jacobi or the Richardson it-
eration act as the smoothing operator, we know o = 1/2. Then the computation work of
Algorithm 3.2 can be bounded by O(N,, + My, + My log(N,)) (O(N,,) provided My < N,
and My, < N,,) only for d = 3 when we choose 1 < ¢ < 3/2. In the case of « = 1/2 and d = 2,
from Theorem 3.3 and its proof, we can only choose ( = 1 and then the final error has the
estimate

[u* — @, lla < Challog(hy)l
and the computational work can only be bounded by O(N,log(N,) + My, + My log(N,))
(O(N,, log(Ny,)) provided My < N,, and My, < N,.
4. Numerical Tests

In this section, three numerical examples are presented to illustrate the efficiency of the
cascadic multigrid scheme (Algorithm 3.2) proposed in this paper. Here, for all three examples,
we choose the conjugate-gradient iteration as the smoothing operator (aw = 1) and the number
of iteration steps by

my=[ox26""M] fork=2---,n

with o = 2, ( = 1.01 and [r] denoting the smallest integer which is not less than r.
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4.1. Model eigenvalue problem

Here we give the numerical results of the cascadic multigrid scheme for the Laplace eigenvalue
problem on a two dimensional domain Q = (0,1) x (0,1). The sequence of finite element spaces
are constructed by using linear element on the series of mesh which are produced by regular
refinement with § = 2 (connecting the midpoints of each edge). To investigate the convergence
behaviors with different initial meshes, we take two meshes generated by Delaunay method as

the initial mesh: one is coarser, the other is finer (see Figure 4.1).

Algorithm 3.2 is applied to solve the eigenvalue problem. For comparison, we also solve the
eigenvalue problem by the direct finite element method.

1

0.9r

0.8f

0.7p

0.6r

05

0.4f

0.3r

0.2

0.1r

0

1

0.9

0.8

0.7

0.6

05

0.4

03

0.2

01

0

0.2 0.4 0.6 0.8

1

0

0

0.2

0.4 0.6 0.8 1

Fig. 4.1. The coarser and finer initial meshes for Example 1

Figure 4.2 gives the corresponding numerical results for the first eigenvalue A; = 272 and
the corresponding eigenfunction on the two initial meshes illustrated in Figure 4.1.
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Fig. 4.2. The errors of the cascadic multigrid algorithm for the first eigenvalue 272 and the corresponding
eigenfunction, where w1, and A1, denote the eigenfunction and eigenvalue approximation by Algorithm
3.2, and u‘fffb and )\Cffz denote the eigenfunction and eigenvalue approximation by direct eigenvalue
solving (The left figure corresponds to the left mesh in Figure 4.1 and the right figure corresponds to
the right mesh in Figure 4.1)

From Figure 4.2, we find the cascadic multigrid scheme can obtain the optimal error esti-
mates as same as the direct eigenvalue solving method for the eigenvalue and the corresponding
eigenfunction approximations. Furthermore, Figure 4.2 also shows the computational work of
Algorithm 3.2 can arrive the optimality.
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Fig. 4.3. The errors of the cascadic multigrid algorithm for the first six eigenvalues on the unit square,
where \;; denotes the eigenvalue approximation by Algorithm 3.2, and /\‘jj,; denotes the eigenvalue
approximation by direct eigenvalue solving (The left figure corresponds to the left mesh in Figure 4.1
and the right figure corresponds to the right right mesh in Figure 4.1).

We also check the convergence behavior for multi eigenvalue approximations with Algorithm
3.2. Here the first six eigenvalues A\ = 272, 572, 572, 872, 1072, 1072 are investigated. We
also adopt the meshes shown in Figure 4.1 as the initial mesh and the corresponding numerical
results are shown in Figure 4.3. Figure 4.3 also exhibits the optimal convergence and complexity
of the cascadic multigrid scheme.

4.2. More general eigenvalue problem

Here we give the numerical results of the cascadic multigrid scheme for solving a more
general eigenvalue problem on the unit square domain Q = (0,1) x (0,1): Find (A, u) such that

— V- AVu+ ¢u = Apu, in, (4.1a)

u=0, on 0}, (4.1b)

/ putdQ =1, (4.1c)
Q

where
_ L+ (21— 3) (21— 3)(2—3)
A_<($1—é($22—;) 1+(2$2—%)22 ),

p=e@=2)@2=3) and p =1+ (21 — D(ze - 1).

In this example, we also use two coarse meshes which are shown in Figure 4.1 as the ini-
tial meshes to investigate the convergence behaviors. Since the exact solution is not known,
we choose an adequately accurate eigenvalue approximations with the extrapolation method
(see, e.g., [12]) as the exact eigenvalues to measure errors. Figure 4.4 gives the corresponding
numerical results for the first six eigenvalue approximations. Here we also compare the numer-
ical results with the direct algorithm. Figure 4.4 also exhibits the optimality of the error and

complexity for Algorithm 3.2.

4.3. Model eigenvalue problem in three dimensional

In order to present the complexity of the proposed numerical method in this paper. Here we
give the numerical results of the cascadic multigrid scheme for the Laplace eigenvalue problem
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Errors by cascadic multigrid method Errors by cascadic multigrid method
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Fig. 4.4. The errors of the cascadic multigrid algorithm for the first six eigenvalues on the unit square,
where \;; denotes the eigenvalue approximation by Algorithm 3.2, and )\‘;’iﬁ denotes the eigenvalue
approximation by direct eigenvalue solving (The left figure corresponds to the left mesh in Figure 4.1
and the right figure corresponds to the right right mesh in Figure 4.1)

Fig. 4.5. The initial mesh for Example 3
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Fig. 4.6. The errors and CPU time of the cascadic multigrid algorithm for the first eigenvalue 372,
where A1 p,u1,n denotes the eigenpair approximation obtained by Algorithm 3.2

on a three dimensional domain €2 = (0,1) x (0,1) x (0,1). The sequence of finite element spaces
are constructed by using linear element on the series of mesh which are produced by putting
some regular refinements on the following initial coarsest mesh (see Figure 4.5). Algorithm 3.2
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is also applied to solve the eigenvalue problem.

The numerical results are illustrated in Figure 4.6: the left gives the error for the first
eigenvalue A; = 372 and the corresponding eigenfunction, while the right gives the CPU time
cost by the cascadic multigrid method (Algorithm 3.2).

From Figure 4.6, we can also find the cascadic multigrid scheme can obtain the optimal error
estimates for the eigenvalue and the corresponding eigenfunction approximations. Furthermore,
the CPU time results in Figure 4.6 shows the computational work of Algorithm 3.2 can really
arrive the optimality.

5. Concluding Remarks

In this paper, we present a type of cascadic multigrid method for eigenvalue problems based
on the combination of the cascadic multigrid for boundary value problems and the multilevel
correction scheme for eigenvalue problems. The optimality of the computational efficiency has
been demonstrated by theoretical analysis and numerical examples. As shown in the numerical
examples, the cascadic multigrid method can also be used to obtain the multiple eigenpair
approximations of the eigenvalue problem (cf. [21,22]). Furthermore, the proposed cascadic
multigrid method can be extended to more general eigenvalue problems and other types of
nonlinear problems. The methods based on the multilevel correction technique only needs
the same regularity of the nonlinearity as the finite element method which is different from the
classical methods which depend on higher nonlinear regularity [11,14,16]. Also the extrapolation
methods can be used to accelerate the smoothing steps as in [16, Section 4.7] and [5]. These
will be our future work.
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