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Abstract

Recently, Bai proposed a block-counter-diagonal and a block-counter-triangular precon-

ditioning matrices to precondition the GMRES method for solving the structured system of

linear equations arising from the Galerkin finite-element discretizations of the distributed
control problems in (Computing 91 (2011) 379-395). He analyzed the spectral properties
and derived explicit expressions of the eigenvalues and eigenvectors of the preconditioned

matrices. By applying the special structures and properties of the eigenvector matrices of

the preconditioned matrices, we derive upper bounds for the 2-norm condition numbers

of the eigenvector matrices and give asymptotic convergence factors of the preconditioned

GMRES methods with the block-counter-diagonal and the block-counter-triangular pre-

conditioners. Experimental results show that the convergence analyses match well with

the numerical results.
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1. Introduction

Preconditioning technique as an efficient tool has been widely applied in Krylov subspace
methods for solving linear systems arising from discretizations of partial differential equations.
In [3], Bai considered using the preconditioned Krylov subspace methods to solve the linear

system emerging from the following distributed control problem

1
min ¢ [Ju —us |3 + B f113,
u,f 2

subject to —V?u=f inQ,

ou

with u=g¢g on 0Q; and — =

where the domain Q C R? or R? , 9Q; and 09 are distinct, 02, UIQs = 0N and 90, NN, = 0,
u, is the known desired state. This problem was first introduced by Lions in [10]. We need to
find u which satisfies the PDE problem (1.1)-(1.3) and is as close to u, as possible in Ls-norm

sense. A recent reference on this topic can be found in [9)].

By adopting the discretize-then-optimize approach and employing the Galerkin finite ele-
ment method in the discretization, the PDE-constrained optimization problem (1.1)-(1.3) can
be transformed into a discrete analogue of the minimization problem. By applying the Lagrange

g on €,

* Received August 27, 2013 / Revised version received November 6, 2013 / Accepted January 15, 2014 /

Published online May 22, 2014 /



On Block Preconditioners for PDE-Constrained Optimization Problems 273

multiplier technique to the minimization problem, we find that f and u can be defined by the
following linear system

26M 0 -M f 0
Ax = 0 M K7* ul|l=[b|=g (1.4)
-M K 0 A d

where M € R™*™ ig the symmetric positive definite mass matrix, K € R™*™ is the symmetric
stiffness matrix (the discrete Laplacian), d € R™ contains the terms coming from the boundary
values of the discrete solution, b € R™ is the Galerkin projection of the desired state u, and
A is a vector of Lagrange multipliers, see also [7]. (1.4) is a saddle point problem if we write
it in a 2-by-2 block form, see, for instance, [1,2,6]. Due to the finite element discretization,
M and K are very large and sparse, the matrix A is large and sparse, too. By making use
of the easiness of matrix-vector multiplications and linear computation in Krylov subspace
methods, many preconditioned Krylov subspace methods have been proposed for solving (1.4),
see, for instance, [3,5,8,11-13]. Specifically, Bai applied the preconditioned GMRES method
to solve the system (1.4) in [3]. He introduced two efficient preconditioners Pgcp and Pper
to accelerate convergence rates of the GMRES method. Ppcp is a block-counter-diagonal
preconditioner of form

0 0 -M
Pgcp=| 0 M o |, (1.5)
-M 0 o0

and Ppcr is a block-counter-triangular preconditioner of form

0 0 -M
Psor = 0o M K" |. (1.6)
-M K 0

It is clearly to see that the computation of Pgocp or Pgcor only requires to solve three lin-
ear sub-systems with the same coefficient matrix M, and does not need to solve any linear
sub-system with coefficient matrix K. Therefore, the implementations of the preconditioned
GMRES methods with these preconditioners for (1.4) are easy and effective.

In [3], the author also gave the spectral properties of the preconditioned matrices Pgé pA
and PgarA.

Theorem 1.1. (Theorem 2.1 in [3]) Let A € R3™*3™ be the coefficient matriz of the saddle-
point problem (1.4) and Pgcp € R3™X3™ be the block-counter-diagonal preconditioner of A
defined in (1.5). Assume that vy is an eigenvalue and x() € C™ is the corresponding eigenvector
of the matric M~ KM 'K* ¢ R™*™ 1 =1,....m, where v; >0 (l=1,...,m). Then

1. the eigenvalues of the preconditioned matrix PEéDA are
(2k+ 1)
AV =1 = B, k=0,1,2, 1=1,...,m,
where 1 denotes the imaginary unit;

2. the eigenvectors of the preconditioned matriz PEéDA are

x 0 0
0 A —MIKTXO and 0 , l=1,....,m.
0 0 x
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Theorem 1.2. (Theorem 3.1in [3]) Let A € R3™*3™ be the coefficient matriz of the saddle-
point problem (1.4) and Pcr € R3™3™ be the block-counter-triangular preconditioner of A
defined in (1.6). Assume that vy is an eigenvalue and x() e C™ is the corresponding eigenvector
of the matric M KM 'KT ¢ R™*™ [ =1,...,m, where v; >0 (I=1,...,m). Then

1. the eigenvalues of the preconditioned matriz P];éTA are 1 with algebraic multiplicity 2m,
and 2Bv;+1,1=1,2,...,m;

2. the eigenvectors of the preconditioned matric Pggp A are

0 —ux®
y |, Vy,zecC™\{0}, ~MKTx® ) 1=1,...,m.
Z X(l)

Based on Theorems 1.1 and 1.2, the following remarks can be easily obtained.

Remark 1.1. Let M, K € R™*™ be the block matrices of the saddle-point problem (1.4).
Assume that v; is an eigenvalue and x() € C™ is the corresponding eigenvector of the ma-
trix M KM 'K ¢ R™*™, | = 1,2,...,m, where vy > 0 (I = 1,2,...,m). Let A =
diag(vi, va, -+ , ), and X € C™*™ be an eigenvector matrix of M *KM 'K’ that is,
the Ith column of X is x() (I = 1,2,---,m). Then M KM 'KT can be diagonalized as
M 'KM K" = XAX .

Remark 1.2. Since M KM 'KT ¢ Rmxm g diagonalizable, the preconditioned matri-
ces PEéDA and PEéTA € R3*3™ can be diagonalizable, too. And if the eigenvalues of
M KM KT are clustered or if § is small, then the eigenvalues of PEéDA and PEéTA
are clustered, too.

Remark 1.3. The splittings A = Pgep — Rpep and A = Pger — Rper of the saddle-point
matrix A € R3*3™ induced by Pecp and Pgcr, are convergent if and only if the matrix
286M KM 'K is convergent. Moreover, it holds that

p(PgépReep) < €/2ﬁp(M_1KM_1KT),
p(PgérReer) <28p(M KM 'KT),

with p(-) representing the spectral radius of the corresponding matrix.

When we apply the GMRES method to solve a linear system with a nonsingular coefficient
matrix B € R3™*3™ it is well known that if B is diagonalizable with its eigenvector matrix
E, then the 2-norm k-th residual of the GMRES method is bounded from above as

[l7&ll2 < k2(E) min max | pr(A) |, (1.7)

RES =
[roll2 pEPy,,p(0)=1 A€E(B)

where r2(E) is the 2-norm condition number of matrix E, Py is the set of polynomials of degree
not greater than k, and E(B) is a set containing the spectra of matrix B, the details can be
found in [4,14]. The convergence of GMRES is therefore essentially bounded by quantity

E(B)) = i R
pr(E(B)) pepﬁlﬁfﬁ)):u&%ﬁ)'p’“( ) |
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The corresponding asymptotic convergence factor (see [15]) is defined by

Bl

p(E(B)) = (pr(E(B)))

In this paper, we focus on the estimations of k2(E) and p(E(B)) for the preconditioned matrices
B = PE._.é pAand B = PEéTA, respectively.
p(E(B)) can be estimated by utilizing the following corollary.

Corollary 1.1. Let B be a diagonalizable matriz; i.e., B = EAE™!, where A = diag(A1, A2,
..y An) i the diagonal matriz of the eigenvalues of B. Assume that all eigenvalues of B
are located in the ellipse E(a,b,c,d) with center d, foci d =+ c¢ and semi-azis a and b, where
c? = a?—b2. Note that the ellipse €(a, b, c,d) has either real or complex conjugate foci depending
on the sign of a —b. Then the asymptotic convergence factor of the GMRES method on this

ellipse can be bounded by
a+b
E(B)) = ———.
p(E(B)) TP
We refer the readers to [4,14] for details.

The outline of this paper is as follows. In Section 2, we give convergence analyses for the
preconditioned GMRES methods with the block-counter-diagonal preconditioner Ppcp and
the block-counter-triangular preconditioner Pper for solving (1.4), respectively. In Section 3,
numerical examples are performed to illustrate the theoretical results. Finally, in Section 4, we
use a brief conclusion to end the paper.

2. The Convergence Analysis for the Preconditioned GMRES

We consider the convergence properties of the preconditioned GMRES methods when solving
(1.4) with preconditioners Pgcp and Ppcr, respectively.
2.1. Convergence for the Preconditioned GMRES with Pgcp

Firstly, we focus on analyzing the preconditioned matrix P};é pA. For simplicity, we denote
Appcp = PEéDA. From Theorem 1.1 and Remark 1.1, the eigenvector matrix X pgcp of
the preconditioned matrix Apgcp can be written as

Xppep = diag(X,-M'KTX, X). (2.1)
Remark 1.2 shows that the preconditioned matrix Appep is diagonalizable, i.e.,
Appep = XpeopApeep Xppon

with Appep being a diagonal matrix whose diagonal elements are the eigenvalues of the

preconditioned matrix Appcp defined in Theorem 1.1. The following lemma shows that there
1

exists an eigenvector matrix X such that Mz X is orthogonal.

Lemma 2.1. Let M, K € R™*™ be the block matrices of the saddle-point problem (1.4), then

M KM 'KT"M™2 is similar to M~ KM 'K". In addition, there exists an eigenvector
’ 1 ’

matrizc X € C™™ of M YKM KT such that M2 X is orthogonal.
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Proof. Let P be an orthogonal eigenvector matrix of the symmetric matrix M KM KT
M~ 2. Since
M*(M 'KM 'K")M * =M KM 'K"M 3,
the matrix M2 KM 'KTM ™7 is similar to M 'KM 'K” by M?, and X = M *P
is an eigenvector matrix of M KM KT it easily follows that M X' is an orthogonal
matrix. g

For the condition number of the matrix X pgcp with matrix X = X' defined in Lemma
2.1, we have the following theorem.

Theorem 2.1. Let A € R3*3™ pe the coefficient matriz of the saddle-point problem (1.4),
Pgcp € R3™X3™ be the block-counter-diagonal preconditioner of A defined in (1.5), and
Xpacp € R3X3™ be the eigenvector matriz of the preconditioned matrix P];éDA defined
in (2.1). Assume that v is an eigenvalue of M1'KM'KT ¢ R™m>™ [ =1,2,...,m, and
A = diag(vy,ve, -+ , V), where v; > 0. Then

k2(Xppep) = | Xpeep 2| Xppepll2

< -1 11, )
< n2<M>\/1gllg>;l {or, 1} max {v!, 1} (2.2)

Proof. Let
R = diag(M? ,M>K "M,M?), C=RAppcpR "
Then C is similar to Apgcp and
C = RXppcpApsepXphopR ' = YAppepY ™,

where
Y = RXppep = diag(M?X,-M?>X,M?X).

From Lemma 2.1, M 2 X is an orthogonal matrix, we immediately know that Y is also orthog-
onal and Xpgep = R7'Y. Therefore,

I Xpeepnl3 = p(XpBeD X fpcp) = P(RTYYTR™T) = RT3,
—1 -T —1 T—
”XPBCDHg = p(XppcpXpBCD) = P(RTY Ty IR) = ||R||§

Consequently,
IXpaopll2| Xppeplz = r2(R). (2.3)
By direct computations we have
R"R=WU,
where
W = diag(M, M, M), (2.4)
and U can be expressed as
U = diag(I, K "MK "M, I) = diag(I, XA ' X' 1), (2.5)

based on Remark 1.1, I € R™*™ is the identity matrix. As it holds that

IWllo = [[M]]2, (2.6)
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we have
IRI3 = IR R|l2 = WU |2 < | M||2| U2, (2.7)
IR =IRTR |2 = [UT W |2 < U |2 M2
From (2.3), (2.7) and (2.8), it is easy to obtain
IXpBepl3IXppepli < r2(M)ra(U). (2.9)
It follows from (2.5) that
ko (U) = maX{HXAX_ng7 1} maX{HXA_lX_lﬂg7 1}

< 2 12 -1 )
< X313 max {1} max (v, 1}

Note that the matrix D = M2 X is orthogonal, and X = M :D. So

IX[3 =p(M 2DD"M %) = p(M~") = [M |5, (2.10)
IX7Y3 = p(M2 D~ "D M?) = p(M) = | M|, (2.11)
We have
ko (U) < k2(M) 1r§nlag)§n{vl, 1} 1?12{71{%_1’ 1}. (2.12)
The desired result (2.2) then follows from (2.9) and (2.12). O

Now we consider the asymptotic convergence factor of the GMRES method on the ellipse
containing the eigenvalues of the preconditioned matrix Pgé pA. We have shown in Theorem
1.1 that the eigenvalues of the preconditioned matrix are enclosed in the rectangle

[17% 1+Q] X [7% Q]a

where

g = max |v/28v],

1<i<m
see also [4]. To estimate the asymptotic convergence rate of the preconditioned GMRES method
based on Corollary 1.1, we compute an ellipse £(ay,b1,c1,d1) of the estimated smallest area
containing this rectangle. Because the center of the rectangle is (71,0), where 73 = 1, and the
lengths of the sides of the rectangle are x1 = 2¢ and wy = 2¢. The ellipse £(aq, b1, ¢1,d1) which
has the smallest area of all ellipses and encloses the rectangle is given by

V2 V2 3
-7

_ _ 2 2 _
a = X1, bi=-—7wi, ¢ lwi —Xx3l, di=T11.

2 2
Hence L
p(E(PptpA)) AL = V2. (2.13)

VI V21 DG - W

It follows from (2.13) that when

)
0<gq< g ~ 0.7071,

the asymptotic convergence factor py (E(PEéDA)) < 1. By substituting (2.2) and (2.13) into
(1.7), we have the k-th 2-norm residual of the preconditioned GMRES with preconditioner
Ppcp as

712 K -
E = < 2 M 1 1}.
RBSpsop = - < (V20) sl )\/ g v 1 e o 1)
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2.2. Convergence for the Preconditioned GMRES with Pgcr

Now we focus on analyzing the preconditioned matrix PEéTA. For simplicity, we de-
note Apger = PEéTA. Theorem 1.2 and Remark 1.2 show that the preconditioned matrix
Appcr can be diagonalized as

1
Appct = XpcrAPBecT XpROT)

with Appcr being a diagonal matrix whose diagonal elements are eigenvalues of the precondi-
tioned matrix Apgcr defined in Theorem 1.2, and X ppcr is the corresponding eigenvector
matrix. By using Remark 1.1, the eigenvector matrix Xppcr of the preconditioned matrix
AppceT can be expressed as

0 0 -M'KM'KTx
Xpeecr = | Oz Oz ~-M'K'X , (2.14)
O31 O3 X

where X, A are defined in Remark 1.1, Os1, Oss, O31 and O3y € C™*™ are the matrices which
are determined in the second part of Theorem 1.2.

For the condition number of the matrix X pgcr with matrix X = X " defined in Lemma
2.1, we have the following theorem.

Theorem 2.2. Let A € R3™X3™ be the coefficient matriz of the saddle-point problem (1.4)
and Pgocr € R3™X3™ pe the block-counter-triangular preconditioner of A defined in (1.6),
Xpeer € R3¥X3™ be the eigenvector matriz of the preconditioned matriz PEéTA defined
in (2.14). Assume that v; is an eigenvalue of M KM K" ¢ R™™ [ = 1,...,m, and
A = diag(vy,va, - ,Um), where v; > 0. Then

rk2(Xpeer) = | Xpeor|l2| Xpperll

2 —2 1
< (24 V3)ra(M) \/lréll%n{vl ,u, 1} 1%2%};1{”1 ;v 1} (2.15)
Proof. Let
L =diagM*K "MK "M, M>K "M, M?).
By defining
I 0 O
Q= -1 1 o
I 0 1I

with I € R™*™ being the identity matrix, we let

MK TMK M 0 0
S=QL=| -M*K"MK'M MK ™™ o0 (2.16)
MK TMK 'M 0 M=

and
F=SAppcrS™t.

F is similar to AppcT and can be written as

F= SXPBCTAPBCTXE}BCTS_1 =ZAppcrZ ',
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where
0 0 -M:X
Z=SXppcr=| 02 O 0 , (2.17)
O3 O3 0

X is defined in Remark 1.1. Hence, we have

021 = M2K TMOy;, O =M:K TMO,,,

O3 :M%OSI; 632:M%032.
Under the restrictions of Theorem 1.2 for (2.14), we select matrices

Oy =M 'K"X, 05=0, 03 =0, O3=2X.

O 622> M:X 0
721 U — ! , 2.18
( O31 O3 < 0 M=2X ) ( )

By substituting (2.18) into (2.17), we easily know that the matrix Z is orthogonal. Since

Then

Xpper = S™'Z, we have

| Xpeerlz = p(XpeerXpaer' ) = p(S™1S™T) = ||IS7Y3, (2.19)
I Xpperls = XpporXpper)”) = p(SST) =||S|3. (2.20)

It follows from (2.16), (2.19) and (2.20) that
| Xpsorl| Xpherlz = 15 [2l1S]l: < r2(Q)ra(L). (2.21)
It follows from straightforward computations that
L'L =WV,
where W is defined in (2.4) and
V =diag(K "MK 'M)?* K ‘MK "M,I).
From (2.6), we obtain

IZII3 = LT Lll2 = [WV |2 < [ M]2]|V]|2,
ILTHE = LT L7 e = (VT W o < [ M2 V2.

Consequently,
KQ(L) S KQ(M) Iig(V). (2.22)

Based on Remark 1.1, we know that
V=XNX"1

where
X = diag(X,X,X) and N =diag(A 2, A1 1).
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Hence,
Vi=XNT'X"1

By using (2.10) and (2.11), we have

ka(V) = [ XNX o[ XNTIX T,
<IXBNXHBIN I N7 2 = s2(M) N[N 72
< fa(M) max{[|A72 2, |A7" 2,1} max{||A%]l2, [ A2, 1}

= Ko(M) lrgllzi)in{vf,vl, 1} 113122)21{%_2’ v 1) (2.23)

Through direct calculations, we get k2(Q) = 2+ +/3. Finally from (2.21), (2.22) and (2.23), we
obtain (2.15). O

Now we consider the asymptotic convergence factor of the GMRES method on the ellipse
containing the eigenvalues of the preconditioned matrix PEéTA. We have shown in Theorem
1.2 that the eigenvalues of the preconditioned matrix are enclosed in the rectangle

(1, 14p] x [0, 0],

where

= max 20
p 1<I<m B,

see, for instance, [4]. To estimate the asymptotic convergence rate of the preconditioned GM-
RES method based on Corollary 1.1, we compute an ellipse € (az, b, ca, d2) of the smallest area
containing this rectangle. Because the center of the rectangle is (72,0), where 72 = 1+ 0.5 p,
and the lengths of the sides of the rectangle are x2 = p and ws = 0, the ellipse £(ag, be, ca, d2)
which has the estimated smallest area of all ellipses and encloses the rectangle is given by

V2 V2 3
-7

_ _ 2 2 _
as = X2, ba=-—wa, ¢ w3 —x3], do =To.

Hence,

_ X2 + w2
V2 4+ /272 — X2 — w?|
- p

= (2.24)

V2(1+0.5p) + /2 + 2p — 0.5p%

po(E(PgarA))

It follows from (2.24) that when

0<

24+ V24 16v2
p< V2 4+ V2 1 sou0,
the asymptotic convergence factor pi(E(PgapA)) < 1. By substituting (2.15) and (2.24) into
(1.7), we have the k-th 2-norm residual of the preconditioned GMRES with preconditioner
Ppcr as

(2+V3)pFra (M) \/maX1gl§m{’Ul2fUla 1} maXlglgm{”vaUfla 1}
(V2(1 + 0.5p) + /2 + 2p — 0.5p2)k

RESppcT <
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3. Numerical Results

In this section, computations are performed for the example adopted from [3] to compare the
convergence behaviors obtained from the numerical outcomes and the theoretical results shown
in the previous sections. The experiments are run in MATLAB(version 7.8) with a machine
precision 10716,

Example 3.1. [3] Let Q = [0, 1]? be a unit square and consider the distributed control problem
(1.1)-(1.3), with 002 =0, g = u. and

W [ 1Py i () e 0,3,
0, otherwise.

In [3], the system of linear equations (1.4) resulting from Example 3.1 is solved by using
preconditioned GMRES with preconditioners Pgcp and Pgcr, respectively. The computing
results show that when the proposed preconditioners are used in GMRES for solving (1.4), the
iteration steps and computing times are greatly reduced. In addition, the numbers of iteration
steps are almost independent of the mesh step-size h when the value of 5 is small.

For the sake of simplicity, we define the estimated upper bounds for k2(X ppep) in Theorem
2.1 and k2(XppoT) in Theorem 2.2 as

1<i<m

A = K,Q(M)\/ max {v, 1}11<nlzix {vfl, 1},

_ 2 -2 -1
Ay = (2+ V3)ro (M) \/ggnggn{vz vo 1y max {o% v 1

respectively. Note that the estimated uppers bounds A; and A, are dependent on the mesh
step-size h and independent of 8. Tests for different step-size h = 273,274 275 are completed
in our experiments. We show the estimated bounds A; of k2(Xppep) in the first row of Table
3.1, and the conditioner numbers ko(Xppcp) are shown in the second row of this table. The
third row shows the ratio between A; and ko(Xppcop) given by

Ay

O —
! k2(XpBCD)

Table 3.1: Ay and k2(XpBep) for the preconditioned matrix P};éDA.

h 273 274 275

Ay 1.0136 x 10*  5.1065 x 10*  2.1680 x 10°
ke(XpBcD) | 3.5472 x 10°  2.3125 x 10*  1.8704 x 10°

1 2.8574 2.2082 1.1591

Table 3.2: p(E(PgapA)) for the preconditioned GMRES.

h 273 24 273
B=10"10 1.0217 x 1071 2.7218 x 10~ * 6.9573 x 10~*
B=10"12 2.2011 x 1072 5.8639 x 102 1.4989 x 107!

Table 3.1 shows that the values of A; become closer to k2(Xppep) when h decreases. If
h =273 and h = 274, the ratio r; is greater than 2. But for h = 275, 7 is just 1.1591, which is
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close to 1. So A; is close to k2(Xppcop). So the estimated value of k2(Xppep) in Theorem
2.1 is a good upper bound for k2 (X ppcp). The asymptotic convergence factors (2.13) for the
preconditioned GMRES method with Pgcp for 3 = 107101072 and h = 273,274,275 are
calculated and shown in Table 3.2. We find that the factors are small for very small values of
B, which demonstrates that the preconditioned GMRES method proposed in [3] is very efficient
for solving (1.4) especially when the value of f§ is very small.

Table 3.3: Az and k2(XpacT) for the preconditioned matrix P};éTA.

h 273 24 27°

Ao 5.1940 x 10° 1.1378 x 10°  1.9741 x 10'°
ke(XppoT) | 4.8704 x 10°  1.3806 x 10°  3.8203 x 10°

o 10.6644 8.2413 5.1674

Table 3.4: p(E(PggrA)) for the preconditioned GMRES.

h 273 2-4 275
8 =10"1° 1.333 x 107* 2.5115 x 1073 3.9794 x 102
B =10"12 1.333 x 107° 2.5203 x 107° 4.2071 x 107*

For the preconditioned matrix PEéTA, the estimated upper bounds of ko(XpperT) are
calculated and shown in the first row of Table 3.3, the conditioner numbers ko(XppeT) are
shown in the second row of this table. And the third row shows the ratio between A, and
k2(XpBoT) given by

Ay

g = ——°
2 k2o(XpBCT)

Table 3.3 also shows that the values of Ay become closer to ko(Xpper) when h decreases.
However, the approximation between Ay and k2(Xpper) in this table is not as good as the
approximation between A; and k2(Xppep) in Table 3.1. For example, when h = 275, the
ratio ro = 5.1674, which is greater than r1 = 1.1591. Hence, the estimation for k2(XpperT) in
Theorem 2.2 still need to be improved. On the other hand, the values of Ay and k2(XppeT)
are about 10% times greater than the corresponding values of A; and kg (X pBeDp), 80, T2 shown
in Table 3.4 could also be considered as a suitable measure for judging the proximity between
large Ay and k2(XppeT). The asymptotic convergence factors (2.24) for the preconditioned
GMRES method with Pger for 8 = 1071°,107'2 and h = 273,274,275 are calculated and
shown in Table 3.4. We also find that the factors are very small for small values of 8, which
further demonstrates that the proposed preconditioned GMRES methods are very efficient for
solving (1.4) especially when S is very small.

4. Conclusion

We have considered convergence properties of the preconditioned GMRES methods using
block-counter-diagonal Ppep and block-counter-triangular Ppor preconditioners proposed
in [3] for solving the elliptic PDE-constrained optimization problems. Condition number of an
eigenvector matrix which can diagonalize the preconditioned matrix is estimated and an upper
bound is derived for P];é pA and P];éTA, respectively. Experimental results have shown that
the theoretically estimated bounds can indicate the real condition numbers of the eigenvector
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matrices. In future work, we will focus on improving the upper bound of x2(XppcT) to obtain

its more accurate estimates.
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