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REGULARITY OF BIRKHOFF INTERPOLATION*Y
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Abstract

A comparison theorem concerning the regularity of Birkhoff interpolation is
given. As an application of this theorem the regularity of (0,1, ---,p — 1,p +
1,---,M — 1, q) interpolation (0 < p < M < q) is characterized.

‘1. Introduction

The following definitions and notations are taken from [1, pp. 2-3]. ‘
Let G = {g0,91,**,gn} be a system of linearly independent, m times continuously
differentiable functions on [—1,1]. A matrix

E=leg; $=1,2- ;0 k=0,1,-,m], n21 m>0 (1.1)

is called an interpolation matrix if its elements e;; are 0 or 1 and if the number of 1’s
in E is equal to N+ 1, |E| = Y e;x = N + 1. Let X denote a set of knots

12z1>22> >z 2 1. (1.2)

A Birkhoff interpolation problem E, X (with respect to G) is, given a set of data c;;
(defined for e;; = 1) to determine a polynomial P = Z;-\LO ajg; (if any) such that

P(k)(:l?,) = c,k, e =1 eix € E. (1.3)

The pair F, X is called regular if the system of equations (1.3) has a unique solution for
each given set of c;;; otherwise the pair F, X is singular. The matrix E is called order
regular if the pair F, X is regular for any ordered set of knots X. Since the system
(1.3) consists of N + 1 linear equations with N + 1 unknowns a;, a pair E, X is regular
if and only if the determinant of the system

D(E,X) := D(E, X; g0, -+, gn) = det [g{ (), -+, %) (2:); e =1, e € E] (1.4)

is nonzero; or équiva,lently, a pair E, X is singular if and only if some nontrivial poly-
nomial P €span G is annihilated by E, X, i.e., P satisfies the homogeneous equations
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P®)(z;) = 0 for e, = 1. We order the pair E, X in (1.4) lexicographically [1, p.3]. By
A(E, X) we denote the (N +1) x (N + 1) matrix that appears in (1.4).

A function Py = Zé\;o a;jg; with e;x =1 and e;, € F is said to be a fundamental
function for the pair E, X if

'P'L(kl:-‘)(zl’) - 5ill6ky., eyp, = 1, CV“ (= E, (1.5)

Clearly the determinant (1.4) is often very complicated; it is difficult to claim
whether or not D(E,X) vanishes. Thus simplification of D(E,X) is of important
interest. ’

One of the objects of this paper is to establish a comparison theorem, which makes it

possible to decrease the order of D(E, X ) and to simplify D(E, X) (Section 2). Then, in

Section 3, we apply this theorem to (0,1,+--,p—1,p+1,--+, M -1, q) interpolation (0 <
p< M < qg< N-n+1). (Here we agree that such a interpolation is (0,1,---, M —2,9)
interpolation when p = M — 1.) That is the problem E, X, where E is the n X (N+1)
matrix with
{ 1, i=1,2,:--,n, k=0,1,---,p-1,p+ 1,---,M —1,q,
ik = : (1.6)
0, otherwise .

In what follows we restrict ourselves to the case when span G = Py, the set of
algebraic polynomials of degree at most N. In this case we can assume that m < N,
and by adding zero columns if necessary, we can make m = N. Such a matrix we shall
call normal.

In the following we have to apply a theorem several times proved by Atkinson and
Sharma [1, Theorem 1.5, p. 10]. For the sake of convenience we shall state it here. To
this end we need some further definitions from [1, pp. 7-9].

For normal matrices the condition

s

n
Y Y ex>s+1, s=01,---,N (1.7)
k=01i=1
is called the Pélya condition. A sequence of 1’s of the ith row of E is supported if
that (i,k) is the position of the first 1 of the sequence implies that there exist two 1’s:
€iy k1 = Cigjky = 1 with 41 < @ < i, k1 <k, and kz < k. Then we have :
Theorem A. A normal interpolation matriz is order regqular for algebraic inter-
polation if it satisfies the Pélya condition and contains no odd supported sequences.

2. A Comparison Theorem

Let E, Ey, and E3 be n x (N + 1) matrices, not necessarily normal, the elements
in which take 1 or 0. We write E = E; + E» if it stands for the ordinary addition of
matrices. The main result in this section is the following theorem, a special case of
which can be found in [1, Theorem 8.1, p. 101].



