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Abstract
Jacobi polynomial approximations in multiple dimensions are investigated. They are
applied to numerical solutions of singular differential equations. The convergence analysis
and numerical results show their advantages.
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1. Introduction

The spectral method has high accuracy. However, it might be destroyed by the singularity
of genuine solutions. Guo [1], and Guo and Wang [2] developed Jacobi approximations to
singular differential equations. But so far, there is no work in multiple dimensions. This paper
is devoted to Jacobi spectral method for multiple-dimensional singular differential equations.
We first recall some basic results on Jacobi approximation, and then give the main results
of this paper. They are used for numerical solutions of singular differential equations. The
convergence analysis and numerical results show the efficiency of this approach.

2. Some Basic Results on Jacobi Approximations

Let © C R? be an open bounded domain, z € R? and x(z) be certain weight function. We
define the weighted space L% (?) and its norm |[v|[z» in the usual way. Denote the inner product
and the norm of the space L2 () by (u,v)y and [|v||y. We define the weighted Sobolev space
H(Q) as usual with the inner product (u,v);y, the semi-norm |v|,. , and the norm |[v]|, .

We recall some basic results on the Jacobi approximations. Let d = 1,2 = A = (—1,1) and
X (z) = (1 —2)*(1+2)°. For o, 3 > —1,

(T D) =Py, AP = 2001 + o+ DI(L + B+ 1) _

(21+a+ﬂ+1)F(l+1)F(l+a+ﬁ+1)( )

2.1

Let N be the set of all non-negative integers. For any N € N, Py stands for the set of all

algebraic polynomials of degree at most N. Further let Py = {v|v € Pn,v(—1) = 0} and

PY = {v|v € Py,v(—1) = v(1) = 0}. Denote by ¢ a generic positive constant independent of
any function and N.

Lemma 2.1. (Lemma 3.7 of [2] and Lemma 2.4 of [1] ). If -1 < «,8 < 1, then for any
vE Héyx(&,ﬁ) (A)v

V][ (a-2.8-2) < clv]y s (2.2)
Moreover, ifa > —1,4=0 or a =0, > —1, then
[0l x(emr < clvly yiem - (2.3)
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Lemma 2.2. (Theorem 2.2 of [1]). For any ¢ € Py and r > 0,
18]l xt200 < N[l (2.4)
If, in addition, o, 3 > r — 1, then
ol xS eN[|@]]y(a=rs—r)- (2.5)

We now turn to some orthogonal projections. For any r € N, let (see [1])

H o5 4(A) ={v | vis measurable and |[v]], \(a.5) 4 < 00}

X
where
[Z54]
r_ —k 1
V]] x4 = (kz 11 = 2*) 27 0 0|3 sy + 10115 o) 2
=0

For any real » > 0, the space H;(Q‘B)7A(A) is defined by space interpolation. Next, for any
peN,

Hip ,,(A) ={v]0fve H s (M)} Hiws on(A) ={v]v € Hlwp , ((A),0< k< p}

with the following norms

"
1
O 175 RN NN o o 1 LIPRPI 3
k=0

For any real pu > 0, the spaces H;(Q,B)’*’M(A) and H" (A) are defined by space interpo-

X (@B ok
lation. In particular, ||v]], \@.) « = [[V]]; 08 41

Let Pn,a,6 1 L2 5 (A) = Pn be the L2, 5 (A)—orthogonal projection.

Lemma 2.3. (Theorem 2.3 of [1]). For any v € H;(aﬁ)’A(A) and r >0,

1PN, = 0ll (@) < eN7T[v]], (2 - (2.6)
Lemma 2.4. (Theorem 2.4 of [1]). Ifa+r > 1or B+r > 1, then for anyv € H' , 5 .. H(A),r >

X
land0<pu<r,
1PN 80 = 0l yetr < NPT [0]] 3 (0080 e (2.7)

In particular, for any o = 8 > —1,

||PNyOKﬂ’U - U||u,x(’—“ﬁ) S CNJ(M’T)||v||r,x(’—“ﬁ),**,u (28)
where o(u,r) =21 — 1 — % for u>1, and o(u,r) = %,u—r for0<pu<1.

Now let o, 8,7v,6 > —1. We define Hg,g,y,a

(A) = Li(%s) (A), and
Héﬂm&(A) = {v | v is measurable and ||v||1,a,3,y,s < 00}
where
ol ,a,8,7.6 = (1017 yamr + ||U||i(7.5))%'

For 0 < p < 1, the space H(f:,ﬁ,'y,d(A) is defined by space interpolation.
Let

Aa,B,7,6(Uy V) = (O, 0x0), (0) + (Uy V) 0v.8) -
The orthogonal projection Py , 5 5 H) 5. 5(A) = Py is a mapping such that

aaﬂy%fs(PI{T,a,B,'y,dU -0, ¢) = 0; V¢ € 7DN-



