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QUADRATURE WITH CHEBYSHEV WEIGHT*Y
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Abstract

The main purpose of this paper is to derive an explicit expression for Fourier-Chebyshev

1
2 dx

coefficient Ay, (f) = = / f(@)Tin(r) ——, k,n € Np, which is initiated by L.Gori and
L V1-—z?

C.A .Micchelli.

Key words: Fourier-Chebyshev coefficient, Gauss-Turdn quadrature

1. Introduction

Throughout this paper let z,---,x, be zeros of the Chebyshev polynomial of first kind
T, (z) = cos(narccosz),|z| <1 and A the set of the natural numbers. Let the points &, ..., &,
be arbitrary and Py, the space of all polynomials of degree < k,then there exist weights Ay, ..., A,
such that the numerical quadrature of the type

| f@as =3 nr6) 0

is exact for f € P,_1. But it is exact for f € Py, 1 if the points &, ..., &, are the zeros of the
Legendre polynomial of degree n. Moreover, there is no quadrature using a linear combination
of n values of f such that Eq.(1) holds for all polynomials of degree 2n. This classical result
is the well-known Gauss-Legendre quadrature. Because of the above theorem of Gauss it is
natural to ask whether the points &1, ..., &, can be chosen so that quadrature rules of the form
1 n 2s
[ f@uis =YY x50 )
-1 i=1 j=0
will be exact for all f € Py(541)5—1,Where w(z) is a weight function. In his interesting paper
[13],Turdn showed that the answer is positive. Moreover he showed that the n zeros &, ..., &,
of the monic polynomials of degree n minimizing the expression

/ o) 2+ 2w()de 3)

-1
over all such polynomials gives a quadrature of maximum degree of accuracy,

[ reulds =3 Af@), 1€ P ()

As Turédn pointed out in [14],particularly interesting is the case when
w(z) = (1-2°)73. (5)
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In 1930, S.Bernstein [1] showed that 2'~"T,,(z) minimizes all integrals of the type

1 k
Ipn ()]
B 7\/@(&’ keN. (6)

So the Turdn-Chebyshev formula

[ o S ST ®
i=1 j=0
with z; = cos %,i =1,...,n, is exact for f € Py(s41)p—1. Turdn [14] has raised
Problem 26. Give an explicit formula for \;; and determine its asymptotic behavior as
n — 00.

In this regard, Micchelli and Rivlin [6] have proved the following

! f(z) _m - . 1 29\ pir, 2 2j
[ e = g e+ g () ) ¥

where f[z},...,2%] designates the divided difference of the function f with each z; repeated
2j times. For related work, see [5],[7]-[11] and references cited therein. Recently, Gori and
Micchelli [3] considered the class W,, of weight functions to consist of all nonnegative integrable
functions w on [—1, 1] such that

w1 —22= Z’ Pk Topn (), 9)

where the prime on the summation indicates that the term corresponding to & = 0 is halved.
Accordingly, for every w € W,, and f € C[—1, 1] we have

[ rete)s = 5300 piera (), (10)

k=0

where

/ f@ : _wQ (11)

Thus formula (10), and consequently (7), reduces to explicit expression for Az, (f). Gori and
Micchelli [3] obtained
Theorem A Let j,k,s € No,Vf € Py(s41)n—1. Then

A2kn(f) = ZHkal[l'?J,,l'?i]], (12)

where Hy; is implicitly defined by the following formal power series for j,k > 1, |z| < 4",

o0
S Hyjzd = n7t Ak TR /1 gmntig)2h(1 gt 7E (13)

j=1
for k=0, > 1,
S Hyjz = n i ((1-4M2) b o), fo <4n (14)
2
H, = - 15
00 ’I’L’ ( )
k>1,Hyp = O. (16)

Theorem B Let j,k,s € Ny,Vf € ”P(25+3 yn—1s

A(2k+1 ZHLJ I 2J+17"'xij+1]7 (17)



