
Analysis in Theory and Applications
Anal. Theory Appl., Vol. 33, No. 4 (2017), pp. 301-315

DOI: 10.4208/ata.2017.v33.n4.1

Parameterized Littlewood-Paley Operators on

Weighted Herz Spaces

Yueshan Wang1,∗ and Aiqing Chen2

1 Department of Mathematics, Jiaozuo University, Jiaozuo 454003, Henan, China
2 Department of Mathematics, Jiaozuo Teachers College, Jiaozuo, 454003, Henan,
China

Received 14 November 2016; Accepted (in revised version) 4 July 2017

Abstract. The strong type and weak type estimates of parameterized Littlewood-Paley

operators on the weighted Herz spaces K̇
α,p
q (ω1,ω2) are considered. The boundedness

of the commutators generated by BMO functions and parameterized Littlewood-Paley
operators are also obtained.

Key Words: Parameterized Littlewood-Paley operator, Herz space, weak Herz space, BMO, com-
mutator, Muckenhoupt weight.

AMS Subject Classifications: 42B20, 30H35, 42B35

1 Introduction

Suppose that Sn−1 is the unit sphere in Rn(n≥2) equipped with the normalized Lebesgue
measure dσ. Let Ω be a homogeneous function of degree zero on Rn satisfying Ω ∈
L1(Sn−1) and

∫

Sn−1
Ω(x′)dσ(x′)=0, (1.1)

where x′=x/|x| for any x 6=0. Then for 0<ρ<n, the area integral µ
ρ
Ω,S and the Littlewood-

Paley µ
∗,ρ
λ - function are defined respectively by

µ
ρ
Ω,S( f )(x)=

(

∫∫

Γ(x)
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1

tρ

∫

|y−z|<t

Ω(y−z)

|y−z|n−ρ
f (z)dz
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2 dydt
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)1/2
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and

µ
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λ ( f )(x)=
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,

where λ>1 and Γ(x)={(y,t)∈R
n+1
+ : |x−y|< t}.

Now let us turn to the introductions of the corresponding commutators of the pa-
rameterized Littlewood-Paley operators above. Let b∈L1

loc(R
n), m∈N, the commutators

[bm,µ
ρ
Ω,S] and [bm,µ

∗,ρ
λ ] are defined respectively by

[bm,µ
ρ
Ω,S]( f )(x)

=

(
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|y−z|<t
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[b(x)−b(z)]m f (z)dz
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and

[bm,µ
∗,ρ
λ ]( f )(x)

=
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.

In 1990, Torchinsky and Wang [1] gave the weighted L2(Rn) boundedness of µ
ρ
Ω,S and

µ
∗,ρ
λ for ρ=1 and Ω∈Lipα(Sn−1) (0<α≤1). Here, we say that Ω∈Lipα(Sn−1) if

|Ω(x′)−Ω(y′)|≤ |x′−y′|α, x′,y′∈S
n−1. (1.2)

For general ρ, in 1999, Sakamoto and Yabuta [2] gave Lp(Rn) boundedness for µ
ρ
Ω,S and

µ
∗,ρ
λ when Ω∈Lipα(Sn−1).

Suppose that Ω∈ Lq(Sn−1), q ≥ 1. Then the integral modulus ωq(δ) of continuity of
order q of Ω is defined by

ωq(δ)= sup
‖γ‖≤δ

(

∫

Sn−1
|Ω(γx′)−Ω(x′)|qdσ(x′)

)1/q

,

where γ denotes a rotation on Sn−1 and ‖γ‖=supx′∈Sn−1 |γx′−x′|.
Recently, Ding and Xue obtained the following weighted results.

Theorem 1.1 (see [3]). Suppose ρ>n/2, λ>2 and Ω∈L2(Sn−1) satisfies

∫ 1

0

ω2(δ)

δ
(1+|logδ|)σ

<∞ (1.3)

for some σ>1. If 1< p<∞ and ω∈Ap, then both of µ
ρ
Ω,S and µ

∗,ρ
λ are bounded on the weighted

space Lp(Rn,ω).


