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Abstract. A novel second-order numerical scheme for solving decoupled forward back-

ward stochastic differential equations is proposed. Unlike known second-order schemes

for such equations, the forward stochastic differential equations are approximated by

a simplified weak order-2 Itô-Taylor scheme. This makes the method more implement-

able and enhances the accuracy. If the operators involved satisfy certain commutativity

conditions, the scheme with quadratic convergence can be simplified, which is important

in applications. The stability of the method is studied and second-order optimal error

estimates are obtained.
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1. Introduction

Let (Ω,F , {Ft}0≤t≤T , P) be a complete filtered probability space with the filtration

{Ft}0≤t≤T generated by a standard d-dimensional Brownian motion Wt = (W
1
t , . . . ,W d

t )
⊤,

t ≥ 0. This work is devoted to numerical solution of forward backward stochastic differen-

tial equations (FBSDEs) on the probability space (Ω,F , {Ft}0≤t≤T , P), viz.

X t = X0 +

∫ t

0

b(s, X s)ds+

∫ t

0

σ(s, X s)dWs (SDE),

Yt = ϕ(XT ) +

∫ T

t

f (s, X s, Ys, Zs)ds−

∫ T

t

ZsdWs (BSDE),

(1.1)
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where t ∈ [0, T ], T > 0 is a deterministic terminal time, X0 ∈ F0 the initial condition of

the forward stochastic differential equation (SDE), f : [0, T ] × Rd × R × R1×d → R the

generator of the backward stochastic differential equation (BSDE), and ϕ : Rd → R the

terminal condition. The terms b : [0, T ] × Rd → Rd and σ : [0, T ] × Rd → Rd×d are,

respectively, called drift and diffusion coefficients of SDE.

A triplet process (X t , Yt , Zt) : Ω×[0, T ]→ Rd×R×R1×d is called an L2-adapted solution

of (1.1) if it is Ft -adapted, square integrable and satisfies the FBSDEs (1.1).

Pardoux and Peng [15] established the unique solvability of general nonlinear backward

stochastic differential equations (BSDEs). Such equations found numerous applications in

stochastic control, mathematical finance, risk measurement, partial differential equations

(PDEs), nonlinear expectations — cf. Refs. [7, 9, 12, 17, 18] and are vigorously studied

[11,12,23,25,27]. However, since analytic solutions of FBSDEs are rarely known, they are

often approximated by numerical methods [4–6, 8, 20–30, 32, 33]. In particular, second-

order one-step numerical schemes for decoupled FBSDEs are studied in [3, 28, 30, 33].

Thus Crisan and Manolarakis [3] considered a second-order scheme by introducing new

Gaussian random variables but they did not discretise forward SDE. To enhance the stability

of numerical schemes for FBSDEs, one-step second-order numerical methods using new

Gaussian random variables are proposed in [4, 33]. The accuracy and the effectiveness of

these methods depend on Gaussian random variables and on the methods used in solving

forward SDEs.

There is a vast literature on numerical methods for forward SDEs, including strong

and weak Itô-Taylor schemes, Euler scheme, Milstein scheme [10, 11, 29, 30, 33]. Most of

the approaches incorporate multiple stochastic integrals with respect to Brownian motions.

However, the use of stochastic integrals leads to implementation problems, especially in

multi-dimensional situation. On the other hand, Kloeden and Platen [10] developed an

efficient method for the approximation of multiple stochastic integrals, called simplified

weak order Itô-Taylor schemes for SDEs. Relatively simple second-order schemes for FBS-

DEs, which use a Gaussian process ∆W̃s, are proposed and studied in [3,4,33]. They have

the second order convergence. Nevertheless, the presence of a Gaussian process dimin-

ishes the convergence rates of simplified weak order-2 Itô-Taylor scheme for forward SDE.

In fact, these schemes would have the first-order accuracy.

In this work, we use a nonlinear Feynman-Kac formula and Malliavin calculus to investi-

gate the weak Itô-Taylor schemes of order two and to develop a new one-step second-order

scheme for the FBSDEs (1.1). In particular, a simplified weak order two Taylor scheme is

used to solve the forward SDE in the FBSDEs. In comparison with known second-order

numerical schemes in [2, 3, 11, 30, 33], this approach involves no multiple stochastic inte-

grals, which makes it more efficient and more implementable for multidimensional FBSDEs.

Moreover, under certain regularity conditions on the coefficients b, σ, the generator f and

the terminal condition ϕ, the stability and the second-order convergence of the scheme

with respect to time partition ∆t are rigorously proved. The main features of the new

scheme are:

• It involves no multiple stochastic Itô-type integrals and can be easily applied to mul-

tidimensional FBSDEs.


