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Abstract: Through the paper, a general solution of a mixed type functional equation
in fuzzy Banach space is obtained and by using the fixed point method a generalized
Hyers-Ulam-Rassias stability of the mixed type functional equation in fuzzy Banach
space is proved.
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1 Introduction

The stability problem of functional equation originated from a question of Ulam! in 1940,
concerning the stability of a group hmomorphisms. Heyers[? gave a first affirmative par-
tial answers to the question of Ulam for Banach spaces. Heyers theorem was generalized
by Aokil®l for additive mapping and by Rassias!¥! for linear mappings by considering an
unbounded Cauchy difference. A generalization of the Rassias theorem was obtained by
Gavrutal® by replacing the unbounded Cauchy difference by a general control function in
the spirit of Rassias’ approach.
The functional equation
flat+y) + fl@—y) =2f(x)+2f(y) (L.1)
is said to be a quadratic function.
The following cubic functional equation was introduced by Rassiasl®:
C(zr+2y) +3C(z) =3C(z+y) + C(z —y) +6C(y). (1.2)
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The function f(x) = 2 satisfies (1.2), which is called cubic functional equation. And he
established the general solution and the generalized Hyers-Ulam-Rassias stability for (1.2).

Later, Gordji et all” studied solution and stability of mixed type additive-quadratic-
cubic functional equation:

fle+2y) = flo=2y) =2[f(z+y) — flz—y)]+2fBy) — 6f(2y) + 6/ (y). (1.3)
Choonkill® gave a fixed point approach to the fuzzy stability of an additive-quadratic-
cubic functional equation:

flx+2y) + fle —2y)
=2[fe+y) - flcz—y) + flz—y) - fly—=)]
+f(2y) + f(=2y) + 4f (—x) — 2f (2). (1.4)
By using the fixed point methods, the stability problems of several functional equations
have been extensively investigated by a number of authors, more reference can be seen in
[9]-[10].
In this sequel, we adopt the usual terminology, notations and conventions of the theory
in [10].

Definition 1.11%  Let X be a real linear space. A function N : X x R — [0, 1] is said to
be fuzzy norm on X, if for all z,y € X and all a, b € R,

(1) N(z,a)=0 fora<0o;

(2) =0 if and only if N(x, a) =1 for a > 0;

(3) N(az,b) = N(a:, &) if a #0;

(4) N(xz+y, a+b) >min{N(x,a), N(z,b)};

()

(6)

N(z, -) is a non-decreasing function on for R and lim N(z, a) = 1;
a—r o0

for x # 0, is continuous on R.

The pair (X, N) is called a fuzzy normed linear space, where X is a linear space and
N is a fuzzy norm on X. In the following, we suppose that N(z, a) is left continuous for
every x. A sequence {z,} in X is said to be convergent if there exists an z € X such that
nh_}n;o N(xy, —x,t) = 1 (t > 0). In that case, x is called N-convergent, and denoted by

N — lim z, = z. A sequence {z,} in fuzzy normed space (X, N) is called Cauchy sequence
if forn;z%oh e >0 and d > 0, there exists an ng € N such that
N(xp — T, 0) > 1 —¢, m, n > ng.

If each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the
fuzzy normed space is called a fuzzy Banach space.

Let X be a set. A function d : X x X — [0, +00] is called a generalized metric on X if
d satisfies:

(1) d(z, y) =0 if and only if z = y;

(2) d(z,y) =d(y, z) for all z,y € X;
(3) d(z, 2) < d(z, y) +d(y, 2).



