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Abstract

This is one of our series works on discrete energy analysis of the variable-step BDF
schemes. In this part, we present stability and convergence analysis of the third-order
BDF (BDF3) schemes with variable steps for linear diffusion equations, see, e.g., [STAM
J. Numer. Anal., 58:2294-2314] and [Math. Comp., 90: 1207-1226] for our previous works
on the BDF2 scheme. To this aim, we first build up a discrete gradient structure of the
variable-step BDF3 formula under the condition that the adjacent step ratios are less than
1.4877, by which we can establish a discrete energy dissipation law. Mesh-robust stability
and convergence analysis in the L? norm are then obtained. Here the mesh robustness
means that the solution errors are well controlled by the maximum time-step size but
independent of the adjacent time-step ratios. We also present numerical tests to support
our theoretical results.
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1. Introduction

In this paper, we aim to develop a discrete energy technique for the stability and convergence
of three-step backward differentiation formula (BDF3) with variable time-steps. To this end,
we consider the linear reaction-diffusion problem in a bounded convex domain €2,

Ou —eAu = k(z)u+ f(t,z) forxeQand 0<t<T, (1.1)
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subject to the Dirichlet boundary condition © = 0 on a smooth boundary 0f2, and the initial
data u(0,2) = ug for z € Q. We assume that the diffusive coefficient £ > 0 is a constant and
the reaction coefficient x(z) is smooth and bounded by x* > 0.

The BDF schemes are widely used for stiff or differential-algebraic problems [7,8]. Recently,
they were also applied for simulating hyperbolic systems with multiscale relaxation [1] and stiff
kinetic equations [5]. For such applications, BDF schemes with variable steps are shown to be
computationally efficient in capturing the multi-scale time behaviors [1,2,4,6,8,12,19]. However,
rigorous theoretically analysis (stability and convergence) for variable-step BDF schemes is
challenging. This motivates our serious works on this topic, and one can find our previous
works on the variable-step BDF2 scheme [11,13,14,16].

To begin, we consider the temporal mesh

O=tg<ti<to<---<tny=T

with the variable time-step
T =t —tp—1, 1<k<N.

The maximum step size and the adjacent time-step ratios are defined respectively as

-
T:= max Tk, Tk = —F for 2<k<N.
1<k<N Th—1
For any sequences {v"}Y_ . we denote d,0" := (v —v""1)/7,. Let II, 3v be the Newton

interpolating polynomial of a function v over the nodes ¢,,_3, t,—2, t,—1 and t,. By taking
v™ = v(t,), the variable-step BDF3 formula [3,10] is defined by Dsv" := (IT, 3v)’ (t,) for
n > 3, which yields

D3v"™ = do(rn, 1n—1)070" + dy (s, rn,l)aﬂ)n_l + do(rn, rn,l)aTU"_Q, (1.2)

where the variable ceofficients dy, d; and do are defined by

1422 Ty
d = 1.
2

T Ty Ty 142z
di(z,y) = — — — , 14
(@) 1+ 1+4+y+ozy 14+y+tayl+ty (14)

2

1

do(z,y) = S e for z,y > 0. (1.5)

14 y+ayl+y’

Without losing the generality, we assume that the discrete solution u' and u? are given. We
now consider a time-discrete solution for the diffusion equations, u*(x) ~ u(ty, ) for x € Q, by
the following variable-step BDF3 time-stepping scheme

Dyu® = eAuP + ku* + fF for 3<k <N, (1.6)

where f*(z) = f(tg,z).

To the best of our knowledge, there are very few theoretical results on the variable-step
BDF3 scheme in literature. For linear diffusion problems, Calvo and Grigorieff [3] established
the following L? norm stability estimate under the step-ratio condition rp < 1.199,

H“nH < Cexp(CT,) (Huo” + ZTJHfJ!D forn>1,
j=1



