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Abstract

This is one of our series works on discrete energy analysis of the variable-step BDF

schemes. In this part, we present stability and convergence analysis of the third-order

BDF (BDF3) schemes with variable steps for linear diffusion equations, see, e.g., [SIAM

J. Numer. Anal., 58:2294-2314] and [Math. Comp., 90: 1207-1226] for our previous works

on the BDF2 scheme. To this aim, we first build up a discrete gradient structure of the

variable-step BDF3 formula under the condition that the adjacent step ratios are less than

1.4877, by which we can establish a discrete energy dissipation law. Mesh-robust stability

and convergence analysis in the L2 norm are then obtained. Here the mesh robustness

means that the solution errors are well controlled by the maximum time-step size but

independent of the adjacent time-step ratios. We also present numerical tests to support

our theoretical results.
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1. Introduction

In this paper, we aim to develop a discrete energy technique for the stability and convergence

of three-step backward differentiation formula (BDF3) with variable time-steps. To this end,

we consider the linear reaction-diffusion problem in a bounded convex domain Ω,

∂tu− ε∆u = κ(x)u+ f(t, x) for x ∈ Ω and 0 < t < T , (1.1)

* Received January 25, 2021 / Revised version received May 9, 2022 / Accepted July 7, 2022 /

Published online February 23, 2023 /
1) Corresponding author



326 H.L. LIAO, T. TANG AND T. ZHOU

subject to the Dirichlet boundary condition u = 0 on a smooth boundary ∂Ω, and the initial

data u(0, x) = u0 for x ∈ Ω. We assume that the diffusive coefficient ε > 0 is a constant and

the reaction coefficient κ(x) is smooth and bounded by κ∗ > 0.

The BDF schemes are widely used for stiff or differential-algebraic problems [7,8]. Recently,

they were also applied for simulating hyperbolic systems with multiscale relaxation [1] and stiff

kinetic equations [5]. For such applications, BDF schemes with variable steps are shown to be

computationally efficient in capturing the multi-scale time behaviors [1,2,4,6,8,12,19]. However,

rigorous theoretically analysis (stability and convergence) for variable-step BDF schemes is

challenging. This motivates our serious works on this topic, and one can find our previous

works on the variable-step BDF2 scheme [11,13,14,16].

To begin, we consider the temporal mesh

0 = t0 < t1 < t2 < · · · < tN = T

with the variable time-step

τk := tk − tk−1, 1 ≤ k ≤ N.

The maximum step size and the adjacent time-step ratios are defined respectively as

τ := max
1≤k≤N

τk, rk :=
τk
τk−1

for 2 ≤ k ≤ N.

For any sequences {vn}Nn=0, we denote ∂τv
n := (vn − vn−1)/τn. Let Πn,3v be the Newton

interpolating polynomial of a function v over the nodes tn−3, tn−2, tn−1 and tn. By taking

vn = v(tn), the variable-step BDF3 formula [3, 10] is defined by D3v
n := (Πn,3v)

′
(tn) for

n ≥ 3, which yields

D3v
n = d0(rn, rn−1)∂τv

n + d1(rn, rn−1)∂τv
n−1 + d2(rn, rn−1)∂τv

n−2, (1.2)

where the variable ceofficients d0, d1 and d2 are defined by

d0(x, y) :=
1 + 2x

1 + x
+

xy

1 + y + xy
, (1.3)

d1(x, y) := − x

1 + x
− xy

1 + y + xy
− xy2

1 + y + xy

1 + x

1 + y
, (1.4)

d2(x, y) :=
xy2

1 + y + xy

1 + x

1 + y
, for x, y ≥ 0. (1.5)

Without losing the generality, we assume that the discrete solution u1 and u2 are given. We

now consider a time-discrete solution for the diffusion equations, uk(x) ≈ u(tk, x) for x ∈ Ω, by

the following variable-step BDF3 time-stepping scheme

D3u
k = ε∆uk + κuk + fk for 3 ≤ k ≤ N, (1.6)

where fk(x) = f(tk, x).

To the best of our knowledge, there are very few theoretical results on the variable-step

BDF3 scheme in literature. For linear diffusion problems, Calvo and Grigorieff [3] established

the following L2 norm stability estimate under the step-ratio condition rk < 1.199,

∥∥un∥∥ ≤ C exp (CΓn)
(∥∥u0∥∥+

n∑
j=1

τj
∥∥f j∥∥) for n ≥ 1,


