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Abstract. The article considers the controllability of a diffusion equation with frac-
tional integro-differential expressions. We prove that the resulting equation is null-
controllable in arbitrary small time. Our method reduces essentially to the study of
classical moment problems.
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1 Introduction

Let f(x) be an arbitrary function of class L1(0,0), (0 < ¢ < c0). Then the Riemann-
Liouville fractional integral of f(x) with the origin at the point x = 0 is taken to be the
function

D f(x) = F(la) /0 Sx— ) (Dd x e (0,0).

The corresponding fractional derivative of « is defined as follows
D*f(x) = 7 (D" f(x)
dx? ’

where p is an integer satisfying p —1 < a < p.
Let us fix T, ¢ > 0 and let {'Yj}?:o be a set of parameters such that

3
1/2<9,13<1, 0<y,72<1, ) 7=3 (1.1)
j=0
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All fractional integrals and derivatives are of Riemann-Liouville type. The fractional in-
tegrals of f of order a > 0, left- and right-handed, respectively, are denoted by (D, *f(x)
and ,D,*f(x) respectively for 0 < x < £. Define the set of fractional integro-differential
expressions associated with the aforementioned parameters (see pp. 178-191 of [1])

_ 1 d .
Lof(x) =0 Dy f(x), Lif(x) =0 Dx "(Z=Liaf(x)), j=123,
and we also define the fractional integro-differential expression by
Aj2f(x) =0 Dy "7 oD 4D oDY*f(x).

We consider the following diffusion equation with fractional integro-differential expres-
sions
ou(x,t)
ot

x € (0,¢),t € (0,T), with the boundary conditions

— Ayyau(x,t) = a(x)o(b), (12)

Lytu(x,t) =0 (1.3)

form = 0,1,2, where a(x) € L%(0,¢), {’yj ?:0 is a set of parameters defined in (1.1) and
0D?>" 12Dy (L,t) =0, u(x,0) =up, u(l,t)=0. (1.4)

The function v in the above equation is called a control.

The problem which we consider for this fractional order diffusion equation is con-
nected to the null-controllability, by which we mean that, for any given initial state uy,
find (if possible) a control v such that the solution of (1.2) satisfies u(x,T) = 0 for all
x € (0,¢). It is well known that the method and theory of fractional differential equa-
tions have many applications in various fields of engineering and science, for exam-
ple, vibration, control and electromagnetic theory. We believe that the study of null-
controllability of fractional differential equations is a worthwhile endeavor. There are
many recent works which are devoted to study in this filed. For example, in [8], S. Micu
and E. Zuazua studied the null-controllability property of a parabolic equation involving
a fractional power of the Laplace operator, i.e., (—A)%; in [9], S. Micu, J. H. Ortega and
A. F. Pazoto considered a diffusion equation perturbed by a vanishing viscosity term,
they characterized the null-controllability property of the diffusion equation involving
a fractional power of the Laplace operator, i.e., (—A)l/ 2. K. Balachandran, Y. Zhou and
J. Kokila investigated controllability for nonlinear dynamical systems of fractional order
with delays in [2]; the controllability for a class of fractional integro-differential evolution
equations with nonlocal initial conditions was also considered by J. Liang and H.Yang
in the paper [6]. In [12], the Paley-Wiener type theorem for Mittag-Leffer type functions
were used to study the controllability of a fractional order diffusion equation.



