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1 Introduction

In 1992, Matthews introduced partial metric spaces as a generalization of the metric space
[8]. In the partial metric space the distance of a point from itself is not necessarily zero [8].
Recently, these spaces have been considered by some authors [1, 2, 11]. There are a lot of
fixed and common fixed point results in different types of spaces. After the remarkable
contribution of Matthews, many authors have studied on partial metric spaces and its
topological properties (see, e.g., [4–7, 10, 12, 13]. Then, Valero [14], Oltra and Valero [9]
and Altun et al. [1] gave some generalizations of the result of Matthews. Also, Romaguera
proved a Kirk type fixed point theorem on partial metric spaces [11].

A partial metric is a function p : X×X→ [0,∞) satisfying the following conditions:

(a) p(x,y)= p(y,x),

(b) If p(x,x)= p(x,y)= p(y,y), then x=y,

(c) p(x,x)≤ p(x,y),

(d) p(x,z)+p(y,y)≤ p(x,y)+p(y,z),

for all x,y,z∈X. A space X with a partial metric p is called a partial metric space denoted
by (X,p). If p is a partial metric p on X, then the function dp : X×X→ [0,∞) given by

dp(x,y)=2p(x,y)−p(x,x)−p(y,y)
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is a metric on X. Also, each partial metric p on X generates a T0 topology τp on X with a
base of the family of open p-balls {Bp(x,ε) : x∈X, ε>0}, where Bp(x,ε)={y∈X : p(x,y)<
p(x,x)+ε} (see, e.g., [1, 2, 11]).

Definition 1.1 ([2, 8]). Let (X,p) be a partial metric space.

(i) A sequence {xn} converges to x∈X whenever limn→∞ p(xn,x)= p(x,x);

(ii) {xn} is called a Cauchy sequence if limn,m→∞ p(xn,xm) exists (and finite);

(iii) (X,p) is said to be complete if every Cauchy sequence {xn} in X converges, with
respect to τp, to a point x∈X, that is, limn,m→∞ p(xn,xm)= p(x,x).

Definition 1.2. Let (X,p) be a partial metric space and T:X→X a selfmap. We say that T is
orbitally continuous whenever limn→∞ p(xn,x)= p(x,x) implies that limn→∞ p(Txn,Tx)=
p(Tx,Tx).

We need the following results.

Lemma 1.1 ([2, 8]). Let (X,p) be a partial metric space. Then

(a) {xn} is a Cauchy sequence if and only if {xn} is a Cauchy sequence in the metric space
(X,dp);

(b) (X,p) is a complete partial metric space if and only if (X,dp) is a complete metric space.
Moreover, limn→∞ dp(x,xn)=0 if and only if

lim
n→∞

p(x,xn)= lim
n,m→∞

p(xn,xm)= p(x,x).

One can easily prove the next results.

Lemma 1.2. Let (X,p) be a partial metric space. Then

(a) If p(x,y)=0, then x=y;

(b) If x 6=y, then p(x,y)>0.

Lemma 1.3. Let (X,p) be a partial metric space and xn→z with p(z,z)=0. Then limn→∞ p(xn,y)=
p(z,y) for all y∈X.

For a partial metric space (X,p), let CB(X) denote the collection of all nonempty,
bounded and closed subsets of X. Let Hp be defined on CB(X) by

Hp(A,B)=max
{

sup
a∈A

p(a,B), sup
b∈B

p(b,A)
}

,

where p(x,A) := inf{p(x,y) : y∈ A}. Note that p(x,Tx)≤ p(x,y)+p(y,Tx) for all x,y∈X.
In fact, for each y∈X and a∈Tx we have

p(x,a)≤ p(x,y)+p(y,a)−p(y,y)≤ p(x,y)+p(y,a)

and so p(x,Tx)= infa∈Tx p(x,a)≤ p(x,y)+infa∈Tx p(y,a)= p(x,y)+p(y,Tx). In this paper,
we prove some results on fixed point of multivalued operators on partial metric spaces.


