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The author of [1] raised an optimal investment problem in time interval [0,77], in
which the financial market is characterized by the parameters r, b, o, the attitude of the
investor to the risk versus the gain at the final time is described by a utility function
g(y), the purpose is to find out an optimal portfolio to maximize the profit of the
investor. To this end, in [1] the following initial value problem is derived:
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where V' = V (s, y) is the unknown function, constants r > 0,0 > 0,b—r > 0,0 = T,
o
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is a typical case, where A is a positive constant. The relation between the optimal
investment problem and (1) lies in
Lemma 1  Suppose (1) admits a classical solution V (s,y) such that the function
. def  OVy(s,y)
w(sy) = ————=, (s59)€[0,T] xR 3)
aVyy(s,y)
is Lipschitz continuous in y. Then V (s,y) is the value function of the optimal problem
with the optimal portfolio given by
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where Y (+) is the solution of
+or(t, Y (1)dW(t), te€ s, T], (5)
Y

Which is proved in [1].

The equation in (1) is called parabolic Monge-Ampere equation in [1], which is
indeed a nonlinear and un-uniformly parabolic equation. But there is not any existence
result for it in [1].

We obtain a general approach to both the solution to (1) and the optimal portfolio
to the optimal investment problem, which goes like this:

Let f(s,y) be a smooth function, which is Lipschitz continuous in y. Insert

Vy

v, f(s:9) (6)

into (1), then (1) becomes a Cauchy problem for a homogeneous linear partial differ-
ential equation of first order, which is our key observation. And, by the known result,
the unique solution of this Cauchy problem is g(Y (7% s,y)), where y = Y (s; so, o) is
the solution of the initial value problem for its characteristic equation

d
{ dfg; :f(say) - Ty,
y|8280 = Yo.

(7)

Now it is obvious that, in order that the function g(Y (T s,y)) can be the solution to
(1), we need and only need that the function V' (s,y) = g(Y (T s,y)) satisfies (6), which
can be expressed in a formula; since, by the theorem of differentiability of the solution
09(Y(Tss,y)) o O*9(Y(T5s,y))

dy Oy®
We may summarize the above general approach into the following

of (7) w.r.t. the initial value, we can calculate

Theorem 1 Suppose f(s,y) is a smooth function, which is Lipschitz continuous
iny. Then (1) will have a solution V (s,y) with the property

#o.0) S = - D). ()€ 0.T) xR oOF

if and only if the following condition holds:
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= f(&y), (8)
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where Y (s; s0,y0) s defined by the general solution to (6). When (8) is valid, (1) has
a solution satisfying (8)¢, which is

Vis,y) = g(Y(T;s,v)) 9)



