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Abstract The aim of this paper is to discuss the Cauchy problem for degzencrate
quasilinear hyperbolic equations of the form

@ dgu™

5 +~E=—u1’, 1, p=d0

with measures as initial conditions. The existence and uniqueness of sclutions are
obtained, In particular, we prove the following results:

(1) I < p < 11is a necessary and sufficient condition for the above equations to have
extinction property;

(2) 0 < p < m is a necessary and sufficient condition for the above equations to
have localization property of the propagation of perturbations.

Key Words  Degenerate quasilinear hyperbolic equations; existence and unique-
ness; extinction and positivity; localization.

Classification 35L80, 35160, 35L15, 35840, 35F25.

1 Intmdﬁctimn

In this paper we consider the degenerate quasilinear hyperbolic equations of the

form : %
outt gt

. it 3 dz
in ¢ = R x (0, +oc) with the following initial conditions

= —uF (1.1)

w(x, 0) = plx) (1.2)

for all z € R, where m > 1, p = 0, and g is a nonnegative non-zero finite Borel measure
in R, and R = (—og, +co). !

The equation (1.1) appears in the theory of traffic flow with the velocity mu™"!,
where u is the density of the traffic flow in general, see M. J. Lighthill and G.B. Whitham
[1], P.I. Richards [2], G.B. Whitham [3]. It is degenerate at u = 0, and therefore has
no classical solution in general. We consider its generalized solutions.
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Definition 1.1 A nonnegafive function v : @@ — R s said fo be a solution of
(1.1), if w € L(0, +oc; LY (R)) N C(0, +oo; LY (R)) satisfies the following conditions:

(i) For any 7 € (0, 400}, we have u € L¥(R x (1, +00));

(ii) For any ¢ € C§°(Q) with ¢ = 0, we have

f[@ sign (u — k) [l[u - F:]%% + (u™ — k’“}% - upqé]dﬂrdt >0, VEeR

wheresign(u—k)=1dfu>kysign(u—-k)=-1ifu <k sipn{u—k)=04iu=1i

Definition 1.2 A nonnegoative function w: ) — R is said to be a solution of the
Cauchy problem (1.1}-(1.2), if u is a solution of (1.1) and satigfies the inilial conditions
(1.2) in the sense of the distribution:

=0

ess lim w{ﬂ?}ﬂ{ﬂrrﬁjd:ﬂ:f Pdp, Vi e G (R).
R R

For p € L®(R), the Cauchy problem (1.1}-(1.2) has been studied by a number
of authors, ¢f. Guigiang Chen [4], E. Conway and J. Smoller [5], R. Courant [G], R.
Courant and K. Friedrichs [7], R. Courant and P.D. Lax [8], M.G. Crandall and A.
Majda [9], C. Dafermos [10], R. DiPerna [11, 12], J. Glimm [13], S. Kruzkov [14], A.L
Vol'pert and S.I. Hudjaev [15], A.I. Vel'pert [16], Wu Zhuoqun and Yin Jingxue [17].

Our nain results are the following theorems.

Theorem 1.1 (Existence) Left( < p < m + 1. Then the Cauchy problem
(1.1)(1.2) has af least one solution.

Such existence of solutions for the equation

du  dalu)

——— ===

it dr

has been obtained by T.P. Liu and M. Pierre [18] under suitable assumptions on ¢.

=0

Recently, F.R. Guarguaglini [19] has constructed a solution for the equation of the

form
du gu™

it ar

with d{x) as initial value, where §(x) is the Dirac measure at the origin in R. But, the

proofs in [18] and [19] are based on the regularizing effects in [20] and [21], and can not

be applied to our case p > 0. Our method is different from [18] and [19], it is based on
some local BVi-estimates and some local BV -estimates (See Proposition 4.2-4.4).

Femark 1.1 Inthecasep >m+1 and pu(x) = d(z), F.R. Guarguaglini proved

that the Cauchy problem (1.1)—(1.2) has no solution (See [19]). This implies that the

=—uf, m>1, p>1 (1.3)

conclusion of Theorem 1.1 is optimal,

Theorem 1.2 (Unigueness) [Let0 <p < m+ 1. Then the Cauchy problem
(1.1)-(1.2) has at most one solution.

Such unigueness has been obtained by F.R. Guarguaglini [19] for the equation (1.3)
with é(x) as initial value. But, the proof in [19] is based on the symmetric property



