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Abstract In this paper we prove some general existence theorems of harmonic
maps from complete noncompact manifolds with the positive lower bounds of spec-
trum into convex balls. ¥We solve the Dirichlet problem in classical domains and some
special complete noncompact manifolds for harmonic maps into convex balls. We also
study the existence of harmonic maps from some special complete noncompact mani-
folds into complete manifolds with nonpositive sectional curvature which are not simply
connected.
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1. Introduction

In this paper we study mainly the existence problem of harmonic maps from com-
plete noncompact Riemannian manifolds into small convex balls. Let (M, g) and (N, 1)
be two complete Riemannian manifolds of dimension m and n respectively, then a
mapping 1w : M — N is a harmonic map il and only if it is a classical solution of the
Euler-Lagrange equation of the enercy functional

E()= [ e(f)av. feC(MN)

where e( f) is the energy density and in local coordinates we have
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e(f) = g"(z)hag(f ()

(As a convention, Latin letters run from 1 to m, greek letters run from 1 to n, and
repeated indices are to be summed.) The Euler-Lagrange equation is given by
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7% u) = Au®™ + gijI‘ET{u}

where 7(u) is called the tension field of .
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We need also the following formulation of these equations later: Let {ey, -+, em},
[£1. -+, &x} be local orthonormal frames for the tangent bundles of neighborhoods
of ¢ € M and u(g) € N, respectively. Then Du = usife @ &; € T'(u*(TN) @ T* M),
where u.(e;) = uqéq and {8, -+ .8y} 1s the orthonormal coframe dual to {e1, -, em}.
Let D%u = upijfa @ # @ 0; denote the covariant differential of Du as a section of
u* (TN} @ T* A, it is not hard to see that, in terms of local coordinates,
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where l" 5 and ['4., are the Christoffel symbols of the metrics on M and N respectively.
Then, u lE a htmxmlu-r: map if and only if Trace (D#u) = 0, that is, iff va; = 0, for all
.

Throughout this paper E.(p) shall always denote the closed geodesic ball of radius

™
7 and center at p in a complete, C% Riemannian manifold N. Here = < min { 5

injectivity radius of N at ;,i-}: where k% = (1 is an upper bound for sectional curvatures
of V.

In [1] W-Y. Ding and the author of this paper obtained the following results (The-
orem 3.1 in [1]).

Theorem 1 Let (M, g) be o complete Riemannien manifold with A(M) > 0. Let
(N, h) be a complete Rimannian manifolds with Ky < 0. Assume that ¢ € C (M, N
satisfies |v{¢}| € LP(M) for some p = 2. Then

(i) There erists a harmonic map v € C®(M,N), which is homotopic to ¢ and
satisfies

da(ulz), ¢{z))Pde < oo
Af

such o harmonic map is unigue if N is stimply connected,
(ii) If we assume in addition that p > B, Ric(M) = =K for some constant k > 0,
and
inf Vol {(By{z))=a>0
rEM

then the harmonic map u satisfies
dylu(z), ¢(z)) =0, as T —co

In Section 3 we shall prove the following theorem which is analogous to the above
theorem.

Theorem A Let (M,g) be a complete noncompact Riemannian manifold with
AM) > 0 and B:(p) be a closed geodesic conver ball. Assume that ¢ € C?(M, B-(p))
satisfies |7(@)| € LP (M) and e(d) € LP(M) for p = 2. Then

(i) There exists a harmonic map u from M. into N which satisfies

f d{u, §)FdM < oo
A




